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I ntr oduction

Larmor [1-4] for the first time established that a
single charged point particle, which moves with
acceleration in vacuum, always radiates electromagnetic
waves. The Larmor formula for the power of radiation of
point charged particles, which was obtained for the
nonrelativistic case, was generalized by the Lienard [5]
and Heaviside [6] to therdativistic case.

In 1907, Schott [7-9] for the firg time strictly within
the framework of classical € ectrodynamics investigated
the radiation spectrum of eectrons that move in a circle
in vacuum. Later G.A. Schott developed classical theory
of the radiation of charges moving in the circle and used
it for the investigations of a modd of atom [9]. His
attempt to explain the radiation of the atom on the basis
of classical physics was not successful. Due to these
reasons, the work of Schott over the course of 40 years
has only become an area of academic interest and has
practically been forgotten. After 40 years, the Schott
formula has been applied to the study of the radiation
spectrum of charged particles moving on a macroscopic
scale (synchrotron radiation). The main properties of
synchrotron radiation of charged particles that movein a
magnetic field in vacuum are analyzed in a review of
[10] and monographs [11-14].

The Schott formula [10] being only of academic
interest for so long period of time is aso related to the

fact that Schott only in 1933 [15] established the
conditions under which the distributions of charged
particles moving with acceeration and performing
periodic motion, do not emit electromagnetic waves.
Interest in this class of distributions of charged particles
and their fields is also due to the possibility of their
application to classical, stable models of dementary
particles, atoms, and in other cases [16-20].

The radiation spectrum of a sequence of non-
interacted charged particles that move along a spira in
vacuum is investigated in [21, 22]. Superhigh-power
short-wave coherent synchrotron radiation by a sequence
of charged particles bunches was sudied in [23-25].

The classical theory of radiation emitted by charged
particles moving with superluminal velocities were
traced back to Heaviside [26], Des Condres [27], and
Sommerfeld [28-31]. The classical theory of the
Cherenkov phenomenon in a dispersive medium was firs
formulated by Frank and Tamm in 1937 [32].

The peculiarity in the radiation of charges and
multipoles uniformly moving in a medium is analyzed in
monographs [33-36].

The generalized Cherenkov-like effects based on
four fundamental interactions have been investigated and
classified in [37].

Current results from Cherenkov radiation near the
Cherenkov barrier [36, 38-40] and from anomalous
Cherenkov rings [41, 42] simulated new theoretical
studiesin thisarea[43-44)].
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Tsytovich [45], for the first time, examined the case
of oscillations in the radiation spectrum of a relativistic
charged particle, which moves in a circle, in a constant
magnetic field in a medium with dispersion.

Above the Cherenkov barrier, for electrons that
move in a spiral, the appearance of oscillations [46-50]
and hopping changes [51-53] of the function of spectral
distribution of radiation power was established.

The aim of this work is to obtain by the improved
Lorentz self-interaction method the basic formulae for
the spectral-angular and spectral digributions of the
time-average power of the radiation of a sequence
(system) moving along an arbitrary given tragjectory in a
transparent isotropic medium. Using the numerical
method of direct numerical calculation of the spectral
distribution function of the radiation power of eectrons,
the fine structure of the radiation spectrum of a sequence
of electronsmoving along a spira in amagnetic fieldina
transparent isotropic medium was studied. Considerable
attention is paid to the study of oscillations and coherent
radiation near the Cherenkov barrier.

I.  Time-Averaged Radiation Power of
Charged ParticlesMovingin a
Transparent Medium

According to [46, 47, 54, 55] the time-averaged

radiation power p rad of charged particles moving in a
transparent isotropic medium is determined by the
relationship:
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Here, (I ) isthe current density and r (f t) is the
charge density. The integration is performed over some
volumet . According to the hypothesis of Dirac [55, 56],
the scalar F 2 ( t) and vector AP" (t) potentials are
defined as a haf-difference of the retarded and advanced
potentials

Retarded and advanced scalar F'™®@({ ) and

vector ,IA\”EI"'j“"’(rr t) potentials of charged particles
moving in a medium, taking into account the frequency
dispersion of the dielectric e(w) and magnetic mw)
permesbilities, are determined by the relations [54, 55]:
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Here, a is a positive infinitesimal, which turns into
zero after integration, refraction index

) = o)

The instantaneous radiation power P (t), which is
expressed in terms of the spectra-angular distribution of
the radiation power Wl(t,w,q,j ) of charged particles,
taking into account relations (1), (2), (3), takesthe form:
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The instantaneous radiation power P (t), which is
expressed in terms of the spectra-angular distribution of
the radiation power Wz(t,w,q), can be obtained from (4),
(5) using the relation for the Bessd function of the
integer index (seep. 416in [57]):
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where J,(x) isthe Bessel function of zero index..
Then wefind:
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The instantaneous radiation power, which is
expressed in terms of the spectral distribution of the
radiation power, can be obtained from (7), (8) using the
relation for the Bessdl functions of an integer index (see
p. 757 in 57]):

Wz(t!W,Q) =
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Relation (11) for the spectral distribution of the
instantaneous radiation power W3(t,w), is obtained and

investigated by Schwinger et a. [58], using the sources
theory.

I1. Spectral and spectral-angular
distributions of the time-average
radiation power of sequence of
electrons moving along a spiral in a
medium

The current density (I t) and charge density r (} 1)
of N non-interacting charged point particles are defined
by relationships:

(RO, C=A (),

el bR, 12

where 1 (t) and Vit) are the motion law and the

|th

velocity of the particle, respectively, d(x) is the

Dirac delta-function.

We study the case of the sequence of eectrons
moving one by one aong a spiral in a transparent
medium. The law of motion and the velocity of the I
electron in magnetic field are given by the expressions:

rr|(t) = o coslwot + DY, )]'l +rosinfwy(t + D )] ] +V||(t +D )|I< ,
roydnft
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dt , (13)
Here, ry=Vaw;!, wy =c?B®/E , E =c\/p?+mic?,
the magnetic induction vector B I0Z, Vi and v, arethe

components of the veocity, b and E are the
momentum and energy of the electron, € and m, areits
charge and rest mass, respectively, ¢ isvelocity of light
in vacuum.

We will get the time-averaged radiation power of a
sequence of eectrons N by substituting (12), (13) into
(1), (20), (12). Then we find [54, 55]:
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function of spectral distribution of the time-averaged
radiation power, mn(w) is the magnetic permesability,
n(w) istherefraction index, w is cyclic frequency, ¢ is
velocity of light in vacuum. The coherence factor S (W)
is determined by the expression

N
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Here, DY, isthetime shift of the I eectron.

In the case of two eectrons the coherence factor
S,(w) isdefined as:

S;(w) = 2+2costwit, ) (17)

Here, Di, is the time shift between the firg and

second electrons.
The coherence factor S,(w) of three electrons takes

the form
Sy{w) = 3+2cos{WDt, )+ 2c0s(WDt 3) +
+2c0{w (Dt +Dt g )} (18)
Here, Dt,3 isthe time shift between the second and
third electrons.
The coherence factor S, (W) of four eectrons is
defined as
S, (w) = 4+ 2cos(wDt,, ) + 2cos(wDt ) +
+2008(WDty, ) + 2c0s{w(Dty, +Dt )} +
+2008{W(Dt 5+ Dty )} + 2008{w(Dty,+Dt 5+ Dty )}, (19)
where Dt,, is the time shift between the third and fourth

electrons.

After some transformations of relationships (14) and
(15) the contribution of separate harmonics to the time-
averaged radiation power can be expressed as.
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where qzwﬂwgnq, In(@)and Jg(q) are the
c w

Bessdl function with integer index and its derivative,
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respectively.
Each harmonic is a set of the frequencies, which are
the solutions of the equations

war:[- M\/II cosq 9 mw, =0, (21)
e c @

The coherence factor of a single electron is defined
as S(w)=1.

I11. Oscillations in the spectrum of
synchrotron-Cherenkov radiation of
a sequence of electrons moving along
aspiral in amedium

The functions of spectral distribution W(w) of the

synchrotron-Cherenkov radiation power of one, two,
three and four eectrons moving dong a spirad in a
medium are calculated according to (14), (15) for

B® =1Gs, m=1, n=13, Vameg >C/N,
Vi meg =0.267 10 €1V, Vimea =0.15" 10 crvs,
Wo; =0.8112" 10°rad/s, 1, =2984cm (=1, 2, ..., 12)
(Figs 1-9).
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Fig. 1. Spectral  distribution  of the synchrotron-
Cherenkov radiation power at low harmonics for

B =1Gs, N=13, Vapy =0.26" 10" cms,
Vimd = 015 ~ 10 ' cnis. Curve 1 is calculated for

the case of one dectron with  power
P, =0.11201" 10 2 erg/s, curve 2 is calculated for two

electrons at time shift Dt =0.0001" p /wg, with radiation
power P, =3.994" P =0.44738" 10 erg/s.

m=1,

The spectral distribution of synchrotron-Cherenkov
radiation of one, two, three, and four electrons at low
harmonics at Vame>c/nN, n=13,
Vameg =0.26 10 /s, Vg =0.1540° cm/s (Fig. 1-9)
has the character of discrete bands. With further increase
in harmonics number, the function of gspectra
distribution of synchrotron-Cherenkov radiation power of
electrons takes on a near-periodical character due to the

overlapping of the bands of neighboring harmonics and
the contribution of other harmonics (Figs. 1-9).

According to relation (21), the expansion of discrete
harmonics into bandsis dueto the Doppler effect.

For small time shifts between the electrons for the
system of two, three, and four electrons in the frequency
range of 0- 50w,; we have found the existence of the

coherent radiation Sy (w)=N?, so far as the dimension
of this system is smaller in comparison to the radiation
wavelength (Figs.1-3). The sequence moving dong a
spiral radiates as a charged particle with a charge Ne
and rest mass Nmy, i.e. by a factor N? more than a
single electron.
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Fig. 2. Spectral  distribution  of the synchrotron-
Cherenkov radiation power at low harmonics for
B =1Gs, N=13, Vapg =0.26" 10" cms,
Vimea =0.15" 10°cnvs. Curve 3 is calculated for three
dectrons at time shifts DtY, = Dt3; = 0.0001" p /wy, Wwith
power P . =8.987" P, =0.10066" 10 *erg/s.
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Fig. 3. Spectral  distribution  of the synchrotron-
Cherenkov radiation power at low harmonics for

B =1Gs, N=13, Vapg =0.26" 10" cms,
Vimea =0.15" 10 cnVs. Curve 4 is calculated for four
electrons at time shifts
Dt, = Diy; =Dty =0.0001 p /wy, ~ with  power
PM.,=15.97" P =0.17892" 10 " erg/s

m=1,
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Fig. 4. Spectral  distribution  of the synchrotron-
Cherenkov radiation power at low and middle harmonics

for B =1Gs, m=1, n=13, Vi =0.26" 10" cm's,
Vimd = 015 ~ 10 '° cnis. Curve 5 is calculated for

the case of one dectron with  power
Pis =054275 10 2 erg/s, curve6 is calculated for two

electrons at time shift Dt} =0.0001" p /wy With radiation
power P . =3992° P =0.21668" 10 ergs.
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Fig. 5. Spectral  distribution of the synchrotron-
Cherenkov radiation power at low and middle harmonics

for B =1Gs, m=1, n=13, Vi =0.26" 10" cm's,
Vimea =0.15" 10°cnvs. Curve 7 is calculated for three
dectrons at time shifts Dt), = DtJ; =0,0001" p/wg, with
power P =8981" PN . =0.48744" 10 M erg/s.

In the radiation spectrum of the studied system of
electrons moving aong a spira a Vagg>c/n,

oscillations of the function of spectral distribution of the
power of synchrotron-Cherenkov radiation are observed

(Figs. 4-9). At high harmonics a V. oy =0.26" 10" cim/s,
Vi =0.15"10°cnvs, the overlap of neighboring

harmonics does not practically lead to near-periodical
variations of the function of spectra distribution of the
power of synchrotron-Cherenkov radiation of electrons,
but only oscillations of this function are observed (Figs.
7-9). With decreasing the longitudinal component of
velocity, the near-periodical variations of the spectra
digtribution of the synchrotron-Cherenkov radiation

become more essential. The obtained results are in good
agreement to those obtained in [50].

160] WWpw, (10°xergls)

120

80+

40

Fig. 6. Spectra distribution of the synchrotron-
Cherenkov radiation power at low and middle harmonics

for B =1Gs, m=1, n=13, Vi =0.26" 10" cm's,
Vimea =0.15" 10 cnYs. Curve 8 is calculated for four
electrons at time shifts
D}, = Dt5; = Dt§, =0,0001 p/wy  with  power
PN =15961" P . =0.86631 10" "erg/s.

100] WW)w, (10™erg/s)
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Fig. 7. Oscillations and near-periodical variations in
synchrotron-Cherenkov  radiation spectrum at low,

middle, and high harmonics for B®' =1Gs, =1,
N=13, Vape = 026" 10 CNVS Vg =0157 101 cri's,
Curve 9 is calculated for the case of one eectron with
power PR =0,23923 10 "erg/s, curve 10 is calculated
for two electrons at time shift DS =0,0001" p /w,, With
power P, =3991° P =0.95484" 10 Merg/s

The oscillations of the function of  spectra
distribution of synchrotron-Cherenkov radiation power of
one, two, three, and four eectrons moving along a spiral
in a medium at Vi, >c/n is determined by the

contribution of the Bessel functions [59] (Fig. 7-9). The
numerical method of direct integration of the function of
spectral distribution of radiation power of one, two, three
and four electrons moving along a spira in a medium
allowed us to determine the fine structure of the radiation
spectrum of these electrons
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Fig. 8. Oscillations and near-periodical variations in
synchrotron-Cherenkov  radiation spectrum at low,
middle, and high harmonics for B®' =1Gs, =1,
N=13, Vi =0.26" 10" CM/S, Vg =0.15 10 c/s.
Curve 11 is calculated for three eectrons at time shifts
Dt = Dt} =0,0001" p /wyy,; with power
P =8974" PN =0.21468" 10 erg/s.
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Fig. 9. Oscillations and near-periodical variations in
synchrotron-Cherenkov  radiation spectrum at low,
middle, and high harmonics for B®' =1Gs, n =1,
N=13, Vi =0.26" 10" cNVS, Vjeq =0.15 10 s,
Curve 12 is calculated for four electrons at time shifts
DtZ =Dt}3 = Dt}2 =0,0001" p/wy,  with  power
P, =15934" P =0.38119" 10 P erg/s.

These studies confirm the fact that the synchrotron-
Cherenkov radiation of one, two, three, and four
electronsisan unified process [53].

Conclusions

1. For asmall longitudinal velocity component at
low harmonics, the radiation bands of e ectrons, moving
along aspira in amedium, are discrete.

2. The influence of the Doppler effect determines
the boundaries of the bands of individual harmonics in
the spectra of synchrotron-Cherenkov radiation of one,
two, three and four electrons, moving along a spiral in a
medium.

3. For smal time shifts between the eectrons for
the sequence of two, three, and four eectrons in the
frequency range of 0- 50w,; we have found the

exigtence of the coherent radiation S (w)= N2 so far as
the dimension of this system is smaller in comparison to
the radiation wavelength. The sequence moving along a
spiral radiates as a charged particle with a charge Ne

and rest mass Nmy, i.e. by a factor N? more than a

single electron.

4. The oscillations of the function of spectral
distribution of synchrotron-Cherenkov radiation power of
one, two, three, and four eectrons moving along a spiral
in a medium at Vi, >c/n is determined by the

contribution of the Bessel functions.

5. It is confirmed that the synchrotron-Cherenkov
radiation of one, two, three and four eectrons is an
unified process. The influence of the Doppler effect on
the structure of the spectra distribution of the power of
the radiation of electrons becomes significant near the
Cherenkov barrier.
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B3/10B:K TBUHTOBOI JIiHil B cepeaoBHIIi

Yepuiseywiuii nayionaneuuii ynisepcumem, gyn. Koyiobuncerkozeo 2, Yepnisyi, 58012, Vipaina,
e-mail: dj_kneo@ukr.net; aconst@ukr.net
2Il—tcmumym mepmoenexkmpuxu Hayionanvhoi akademii nayx i Minicmepcmea oceimu i nayku Yxpainu,
eyn. Hayxu 1, Yepnisyi, 58029, Vrpaina

VY 10CKOHATIEHUM METOIOM CHiln camozii JIopeHIa 1ocii ke o 1HTerpaibHi BUpa3y CHEKTPaIbHO-KyTOBOIO i
CIIEKTPAIIFHOTO PO3IOAITIB IOTY)KHOCTI BHUIIPOMIHIOBAHHS IOCJIJOBHOCTI €JEKTPOHIB, IIO PYXAarOThCI B
MarHiTHOMY TIOJIi B IPO30pOMY i30TpPOIHOMY cepemoBuini. OCoOJIMBY yBary MpHIICHO IOCIHIIKEHHIO TOHKOL
CTPYKTYPH CIEKTPAJIBHOTO PO3HOJUTY MOTYXKHOCTI CHHXPOTPOHHO-YEPEHKOBCHKOIO BUIIPOMIHIOBAHHS OJIHOTO,
JIBOX, TPHOX Ta YOTHPHOX TOYKOBUX EJIEKTPOHIB, IO PYXArOThCS B3JOBXX TI'BHHTOBOI JIiHII B CEpeIOBHILI.
Po3po0iieHM METOOM MPSMOro YHCIOBOTO PO3PaxyHKY (YHKIIT CIIEKTPaJbHOrO PO3MOIUTY IOTY)KHOCTI
BUIIPOMIHIOBaHHS BCTAHOBJICHO 1 IOCITIDKEHO e(peKTH KOrepeHTHOr0 BUIIPOMIHIOBAHHS TapMOHIK Ta OCIIWIALIT B
CIIEKTPaX CHHXPOTPOHHO-YEPEHKOBCHKOTO BUIIPOMiHIOBaHHS ITOCTIJOBHOCTI ABOX, TPHOX Ta YOTHPHOX TOUKOBUX
€JIEKTPOHIB.

KiouoBi cioBa: CHHXPOTPOHHO-YEPEHKOBCHKE BHUIIPOMIHIOBAHHS, ITOCITIJIOBHICTh EJICKTPOHIB, TOHKa
CTPYKTYpa CIEKTPa, KOrepPeHTHI e(peKTH, OCLIIALI] B CHEKTP] BUIIPOMiHIOBaHHS.
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