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Diffractograms of rotated polyaniline fiber grating were studied experimentally. Based on the obtained results, 

the diffraction patterns were analyzed and set of experimental data obtained after image digitization was 

approximated by the least squares method. The angle of rotation of the diffraction grating was calculated using the 
determined coefficients of the second-order curves. 
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Introduction 

Off-plane diffraction of light (or conical diffraction 

CD) causes the distortion of the diffraction pattern 

(diffracted rays spread along to the surface of a cone) 

when the laser beam is obliquely incident on the 

diffraction grating (DG) [1–7]. The position of the 

individual diffraction maxima (or a band formed by 

intersection of the diffraction maxima) in this case will be 

in general described by a second order curve on the screen 

projection of the resulting diffractogram. The shape of this 

curve (e.g., hyperbola, ellipse or parabola) depends on the 

orientation of the grating in space (or on the angular 

position of the laser if the position of the grating is fixed). 

This effect is observed for both transmission and 

reflection DG, in particular, for phase gratings with a 

spatially modulated refractive index (see e.g., [4]). 

Furthermore, the problem of rays diffraction for arbitrary 

space orientation of DG is important not only for visible 

radiation, but, for example, in the design of X-ray 

spectrometers [8], etc. 

An important and promising application of the CD 

effect is the construction of technologically simple and 

low-priced sensors, which can be used to determine the 

spatial position of the source of optical radiation [9]. The 

polyaniline fibers DG (refractive index n ≃ 1.5) can be 

easily integrated into various materials. The CD effects 

will be observed when the laser radiation incident 

obliquely on such system and, as a result, the geometric 

parameters (i.e., curve shape, curvature, etc.) of the 

diffraction curves can be easily determined using 

regression methods (see e.g., [10–12, 14]). 

The purpose of this article is to determine the angular 

position of the polyaniline fibers DG based on the analysis 

of the shape and geometric parameters of the diffraction 

curves. 

I. Experimental Details 

The scheme of the experiment is depicted in Fig. 1. A 

grating consisting of two layers of polyaniline fiber (the 

diameter of fiber and the distance between the grating 

layers was ≃ 0.16, and 1 mm) as well as a source of light 

(He-Ne laser with wavelength λ = 632.8 nm) formed an 

optical system. The DG was placed on a rotary table with 
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the angle measuring scale (the accuracy was no worth than 

±1). 

The screen projections of diffraction patterns were 

recorded using a Canon 80d digital camera (CMOS-matrix 

with ∼24 MP resolution). 

 

 
Fig. 1. The scheme of the experiment. 

 

Diffraction curves were stored for each fixed position 

of the DG. The rotation angle of the grating 0 was varied 

with a step of 5° from 5° to 45°, respectively. The obtained 

images were digitized applying the trial version of 

GetData Graph Digitizer 2.26 program. 

The images of the diffraction curves obtained for 

various grating orientation angles are presented in the Fig. 

2. In addition, these curves have hyperbolic shape and this 

feature is typical for the given orientation angles of the 

diffraction element (see e.g., [9]). 

A general approximation method of data which are 

described by a second-order curve (2.1) was used in our 

investigation. 

 

 𝑎𝑥̃2 + 𝑏𝑥̃𝑦̃ + 𝑐𝑦̃2 + 𝑑𝑥̃ + 𝑒𝑦̃ + 𝑓 = 0.  (1.1) 

 

An unknown a, b, c, d, e, f coefficients were 

determined using a Python program (see e.g., the code of 

the program in [13]) based on algorithm [10]. 

II. Results and Discussion 

Let us consider the problem of the light beam 

propagation at an angle θ0 relatively to the normal of the 

DG (in the plane perpendicular to the grating plane and 

perpendicular to the direction of the grooves). In this case 

the position of the diffraction maxima is determined by the 

well known equation [15, 16]: 

 

 sin 𝜃0 ∓ sin 𝜃𝑚 = ∓
𝑚𝜆

𝑑
,   𝑚 = 0, ±1, ±2, … (2.1) 

 

where θm denotes the angle at which the m order 

diffraction maximum is observed, λ is the wavelength of 

light, d is the grating period. The sign “+” corresponds to 

the reflection and “−” to the transmission diffraction 

grating, respectively. 

In contrast, the diffractogram will have the form of a 

second-order curve when a laser beam is obliquely 

incident on a DG. The diffraction equations in the 

direction cosines approximation for an arbitrary space 

orientation of the grating are expressed as follows [1–3]: 

 

 𝛼𝑖 ∓ 𝛼𝑚 = ∓
𝑚𝜆

𝑑
sin 𝜓,   𝛽𝑖 ∓ 𝛽𝑚 = ∓

𝑚𝜆

𝑑
cos 𝜓, (2.2) 

 

where the index i corresponds to the incident beam with 

the direction cosines which are described by the following 

equations: 

 

 𝛼𝑖 = − sin 𝜃0 cos 𝜑0,    𝛽𝑖 = − sin 𝜑0.  (2.3) 

 

In addition, both αm and βm expressed in terms of the 

coordinates of the mth order diffraction maximum for the 

diffracted beam are as follows: 

 

 𝛼𝑚 =
𝑥𝑚

√𝑥𝑚
2 +𝑦𝑚

2 +𝑧𝑚
2

,    𝛽𝑚 =
𝑦𝑚

√𝑥𝑚
2 +𝑦𝑚

2 +𝑧𝑚
2

. (2.4) 

 

The ψ is the angle between the direction of the 

grooves and the X axis, 0 corresponds to the angle of DG 

rotation (the angle between the beam propagation 

direction i.e. Z axis and the z axis, see Fig. 1). In addition, 

there are ψ = /2 and θ0 = 0 for our experiment. As a 

result, substituting both (3.3) and (3.4) into the equation 

(3.2) we obtained the following formula: 

 

 𝑥𝑚
2 + 𝑧𝑚

2 − 𝑦𝑚
2 cot2 𝜑0 = 0.  (2.5) 

 

This equation describes a cone with axis along y 

direction (parallel to the grating grooves) and with a 

circular section with radius: 𝑅 = 𝑦𝑚 cot 𝜑0. Furthermore, 

the cross-section of the diffraction cone (3.5) will be 

described by a second-order curve [9] on the plane of the 

screen placed perpendicular to the Z axis at a distance of 

l:

 
Fig. 2. The diffraction patterns obtained for 0 = 5°…45°, orientations of DG. 
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 𝑥𝑚
2 cos4 𝜑 + 𝑧𝑚

2 cos 2𝜑 + 2𝑧𝑚𝑙 sin3 𝜑 − 𝑙2 sin2 𝜑 = 0.  (2.6)

 

where  = /2–0. 

As can be seen from the equation (3.6) there are the 

ellipse curves with the diffraction maxima for angles 

 < /4. In addition, there are a hyperbola and a parabola 

observed for  > /4 and  = /4, respectively. It is 

necessary to note, that there is a possibility to transform 

the discrete coordinates of maxima {xm, zm} in to 

continuous {x, z} ones in the equation (3.6) taking into 

account the diffraction phenomena on individual fibers 

and unfocusing effects (polymer fiber can be considered 

as a cylindrical lens). In addition, there is a sufficiently 

large period of our DG (the linear distance between the 

diffraction maxima on the screen is inversely proportional 

to the grating period [1]). Therefore, the diffractograms 

have the form of solid curves, and there are no separated 

diffraction maxima on the screen in our experiment. It is 

necessary to note, that the position of the main diffraction 

maximum for different orientation of the grating is clearly 

seen on the Fig. 2 (the brightest point). 

The equation that can be used for the analysis of the 

experimental results (in the screen (𝑥̃, 𝑦̃) coordinate 

system) is expressed as follows (the transformation 𝑥𝑚 →
𝑥̃, 𝑧𝑚 → 𝑦̃ cos 𝜑⁄  of the coordinate system was applied): 

 

𝑥̃2 cos4 𝜑 + 𝑦̃2 cos 2𝜑 

cos2 𝜑 
+ 2𝑦̃𝑙

sin2 𝜑

cos 𝜑
− 𝑙2 sin2 𝜑 = 0.   (3.7) 

 

The results of the digitized data for all range of the 

change of 0 grating rotation angle are presented in Fig. 3, 

4 and 5, respectively. 

As a matter of fact, the coefficients of the equation 

(2.1) could be multiplied by an arbitrary parameter (the 

same curve is observed), therefore, the normalized 

coefficients (e.g., c/a, etc) were used for further data 

analysis. An additional coefficient γ in the equation (3.7) 

was entered (by replacing the 𝑦̃ → 𝛾𝑦̃) to match the 

geometric parameters of projected images on the screen 

and digitized curves. Thus, there are two parameters l and 

γ, the value of which can be chosen to best agree the curves 

constructed by the equation (3.7) with the experimental 

data. Finally, to determine the unknown angle , one can 

use the equation: 𝑐 𝑎⁄ = 𝛾2 cos 2𝜑 cos6 𝜑⁄ . 

The obtained curves (two applied parameters were 

used in our case:γ = 1.2 ± 0.4 and l = 0.6 ± 0.2) are 

presented in Fig. 3, 4 and 5. The values of the angle 

0C =f(0) determined according to this method are 

presented on the Fig. 6 (the best fit to these data are 

presented as line with intercept parameter – 15° ± 6° and 

slope ones – 0.6 ± 0.2). As can be seen from this figure the 

0C are calculated with significant errors (especially in the 

range from 5° to 20°) with respect to ideal dependence 

(see red lined on the Fig. 6). These particular results are 

due to insufficiently good agreement between the 

experimental data and the calculated curves (using 

equation 3.7) with given l and γ coefficients. In addition 

these peculiarities may be attributed to the influence of 

little change in the distance between the digital camera and 

the screen, as well as focusing (to obtain an optimal image 

of the diffraction pattern on the screen) during the 

experiment. 

 
Fig. 3. The diffraction curves for 0 = 5°, 10°, 15°, 20° orientation angles of the diffraction grating. ● – digitized 

values; the curves built using the equation (3.7) are colored in green. 
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Conclusions 

The diffraction patterns were obtained from 

polyaniline fiber grating in the case of an oblique 

incidence of the laser beam. The main equations which 

describe the conical diffraction were applied to determine 

values of the coefficients a, b, c, d, e, f of the second order 

hyperbolic shape curves. The values of the grating rotation 

angles in the range from 5° to 45° were determined. 
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Fig. 5. The diffraction pattern for 0 = 45°orientation 
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curves built using the equation (3.7) are colored in 

green. 

Fig. 6. The dependence of the calculated 0C angel of 
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– ideal dependence, blue line – best fit of the calculated 

data. 

 



Determination of the angle of rotation of the diffraction grating by the method of conical diffractio 

 829 

[2] J. E. Harvey, C. L. Vernold, Description of Diffraction Grating Behavior in Direction Cosine Space, Applied 

Optics, 37(34), 8158 (1998); https://doi.org/10.1364/AO.37.008158. 

[3] J. E. Harvey, A. Krywonos, A Global View of Diffraction: Revisited, Proc. SPIE, AM100-26, 1 (2004). 

[4] G. Heuberger, J. Klepp, J. Guo, Y. Tomita, M. Fally, Light difraction from a phase grating at oblique incidence 

in the intermediate difraction regime, Applied Physics B, 127, 72 (2021); https://doi.org/10.1007/s00340-021-

07620-x. 

[5] L. G. Phadke, J. Allen, Diffraction patterns for the oblique incidence gratings, American Journal of Physics, 

55(6), 562 (1987); https://doi.org/10.1119/1.15119. 

[6] M. G. Moharam, T. K. Gaylord, Rigorous coupled-wave analysis of planar-grating diffraction, J. Opt. Soc. Am., 

71(7), 811 (1981). 

[7] M. G. Moharam, T. K. Gaylord, Three-dimensional vector coupled-wave analysis of planar-grating diffraction, 

J. Opt. Soc. Am., 73(9), 1105 (1983). 

[8] R. L. McEntafer, W. Cash, A. Shipley, Off-plane reflection gratings for Constellation-X, Proceedings of the 

SPIE, 701107, 1 (2008); https://doi.org/10.1117/12.789543. 

[9] P. Vankevych, V. Dehtyarenko, B. Drobenko, Yu. Nastyshyn, Fiber fabric as an element of signal systems, 

Military Technical Collection, 23, 65 (2020); https://doi.org/10.33577/2312-4458.23.2020.65-74. 

[10] Y. Nievergelt, Fitting conics of specific types to data, Linear Algebra and its Applications, 378, 1 (2004); 

https://doi.org/10.1016/j.laa.2003.08.022. 

[11] P. O’Leary, P. Zsombor-Murray, Direct and specific least-square fitting of hyperbolæ and ellipses, Journal of 

Electronic Imaging, 13(3), 492 (2004); https://doi.org/10.1117/1.1758951. 

[12] M. Harker, P. O’Leary, P. Zsombor-Murray, Direct type-specific conic fitting and eigenvalue bias correction, 

Image and Vision Computing, 26, 372 (2008); https://doi.org/10.1016/j.imavis.2006.12.006.  

[13] URL http://logical.ai/conic/org/fitting.html. 

[14] Y. Wua, H. Wang, F. Tang, Z. Wang, Efficient conic fitting with an analytical Polar-N-Direction geometric 

distance,  Pattern Recognition, 90, 415 (2019); https://doi.org/10.1016/j.patcog.2019.01.023. 

[15] M. Born, E. Wolf, Principles of Optics, Second (revised) edition (Pergamon Press, 1964). 

[16] E. Hecht, Optics, 4th edition (Addison-Wesley, 2011). 

 

 

 

П. П. Ванкевич1, Б. Д. Дробенко1, Н. Є. Фтомин2, Я. М. Чорнодольський2,  

А. Д. Черненко3, П. I. Ванкевич3 А. Й. Деревянчук4, Д. Р. Москаленко4 

Визначення кута повороту дифракційної ґратки методом конічної 

дифракції  

1Iнститут прикладних проблем механіки i математики iменi Я.С. Пiдстригача НАН України, Львiв, Україна, , 

vankevychpetro@gmail.com  
2Львiвський національний університет iменi Iвана Франка, Львiв, Україна, yaroslav.chornodolskyy@lnu.edu.ua 

3Нацiональна академія сухопутних вiйськ iменi гетьмана Петра Сагайдачного, Львів, Україна, 

chernenkoalbert@gmail.com 
4Сумський державний університет, Суми, Україна, Derevjanchuk.Anatoliy@gmail.com 

Отримано дифрактограми розвернутої ґратки, яка складається з волокон полiанiлiну. Проведено аналіз 
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