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Introduction 

Recently much attention has been paid to the physics 

of low-dimensional semiconductor structures. This has 

been stimulated by the rapid progress in nanometer-scale 

fabrication technology. Among them, quantum dots, 

which are also defined as nanocrystals and 

microcrystallites, or nanoclusters, are of particular 

interest. The effect of quantum confinement on electrons 

and holes in semiconductor quantum dots (QD) has been 

studied in [1-3].  

The superlattices of quantum dots InAs in a matrix 

GaAs has been studied in [4]. The superlattices of 

spherical and cubic quantum dots (QD) have been studied. 

Using the method of plane waves for different shapes of 

QD, analytical expressions for calculating the energy 

spectrum have been obtained. The dependences of energy 

zones at high symmetry dots have been constructed. 

Dependences of the the widths of zones have been found. 

The basis for the creation of optoelectronic devices is 

a single-particle character - an electron and a hole. 

Analytical expressions describing the energy spectrum of 

electrons and holes for a quantum dot (QD) arising in a 

self-consistent deformation field created by an array of 

coherently stressed QDs were obtained in the paper [5]. It 

is shown that the internal elastic deformation that occurs 

at the boundary of the QD matrix affects the energy 

spectrum of electrons more significantly than the spectrum 

of holes. The interaction of quantum dots (QDs) between 

themselves and external electromagnetic fields depends 

on the size and geometry of quantum dots [6-9]. These 

dependencies are used in various electronic and 

optoelectronic devices, including lasers [10-12], single-

photon sources [13-15], solar cells [16-18], and 

photodetectors [19, 20]. 

Theoretical models for three-dimensional 

superlattices of cubic and tetragonal InAs/GaAs and Ge/Si 

quantum dots are proposed in works [21, 22]. Electronic 

and phonon spectra of such superlattices, densities of 

electronic states, the effective mass tensor, and 

conductivity were studied. It was established that the 

properties of three-dimensional superlattices of quantum 

dots are more sensitive to the distance between dots than 

to the shape of the dots. 

Real structures can contain various defects. Therefore, 

conditions may change. For heterosystems in which there 

is a large difference between the dielectric constants, the 

effect of polarization charges will be significant. The 

change in the dielectric properties of the matrix taking into 

account the polarization or deformation charges leads to a 
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significant change in the energy of both the electron and 

the hole. It should be reflected in the optical and other QD 

properties.  

In view of this, in our work we have been calculated 

the energies of the electron in singleband model, and the 

hole in both singleband and multiband-band model 

approximation. And we also have been calculated electron 

and hole energies with the deformation and polarization at 

the same time. 

I. Electron energies of semiconductor 

quantum dots 

Let's write the Hamiltonian of the electron in the form

 

 𝐻̂𝑒 = −
1

2
∇

1

𝑚𝑒
∇ + 𝑈(𝑟𝑒) =

1

2
∇

1

𝑚𝑒
∇ + 𝑈𝑐𝑜𝑛𝑓(𝑟𝑒) + 𝑈𝑑(𝑟𝑒) + 𝑈𝑝(𝑟𝑒) = 𝐻̂𝑒
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When 𝑈𝑑(𝑟) = 0, 𝑈𝑝(𝑟) = 0, polarization and deformation can be neglected. The Schrödinger equation with and without 

account the QD deformation can be solved exactly. It has an expression for the ground state 
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where ; se mS  is spin function, 𝑚𝑠 = ±
1

2
,    

𝑘 = √2𝑚𝑒
(1)

𝐸.   𝜂 = √2𝑚𝑒
(2)

(𝑈0;𝑒 − 𝐸) when the QD 

deformation is neglected and  

𝜂 = √2𝑚𝑒
(2)

(𝑈0;𝑒 + 𝑈0,𝑑;𝑒 − 𝐸) when the QD 

deformation is accounted. Taking into account the 

boundary condition and normalize condition, the wave 

functions and electron energies have been defined. The 

influence of polarization charges has been calculated in 

the first-order of perturbation theory. In the same manner 

the hole energies have been obtained in the case when one 

can neglect the complex band structure (only heavy hole 

band is accounted).   

In real situation for the InAs/GaAs heterosystem the 

multiband model for hole states should be used. In the 

multiband model approximation in the case of 

intermediate spin-orbit interaction (so-called 6-band 

model), the solutions of the Schrödinger equation with the 

Hamiltonian [23-25] have the form like in [23]: 
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where 𝛷k
(4)

, 𝛷k
(2)

are four-dimensional and two-

dimensional vectors-columns [24] based on spherical 

harmonics 𝑌𝑙,𝑚(𝜃, 𝜑). We obtain two systems of equations 

for the radial components of the holes eigenfunctions, 

𝑅ℎ1, 𝑅ℎ2, 𝑅𝑠 are located in the QD and outside QD 

(𝑗 =
1

2
,

3

2
,

5

2
… ).. 

Systems of differential equations have exact solutions 

for even and odd states. In the inner region for a spherical 

QD, the solutions of the equations system (radial 

functions), are written using the sum of the three spherical 

Bessel functions of the first kind:
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 𝑅ℎ1
𝑗+(𝑟) = 𝐶1𝐽𝑗+1/2(𝑘𝑙𝑟) + 𝑐2𝐽𝑗+1/2(𝑘ℎ𝑟) + 𝐶3𝐽𝑗+1/2(𝑘𝑠𝑟),  

 𝑅ℎ2
𝑗+(𝑟) = −𝐶1√

3(2𝑗−1)

2𝑗+3
𝐽𝑗−3/2(𝑘𝑙𝑟) + 𝐶2√

3(2𝑗+3)

3(2𝑗−1)
𝐽𝑗−3/2(𝑘ℎ𝑟) − 𝐶3√

3(2𝑗−1)

2𝑗+3
𝐽𝑗+3/2(𝑘𝑠𝑟),  (7) 

 𝑅𝑠
𝑗+(𝑟) = −𝐶1√

𝑗

2𝑗+3

2𝐸−(𝛾1+2𝛾)𝑘𝑙
2

𝛾𝑘𝑙
2 𝐽

𝑗+
1

2

(𝑘𝑙𝑟) + 𝐶3√
𝑗

2𝑗+3

2𝐸−(𝛾1+2𝛾)𝑘𝑠
2

𝛾𝑘𝑠
2 𝐽

𝑗+
1

2

(𝑘𝑠𝑟),  

 

and solutions for odd states 
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 𝑅ℎ2
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where  

 

 𝑘ℎ
2 =

2𝐸

𝛾1−2𝛾
 ,  

  (9) 

 𝑘𝑙,𝑠
2 =

2𝐸(𝛾1+𝛾)−∆(𝛾1+2𝛾)±√[2𝐸(𝛾1+𝛾)−∆(𝛾1+2𝛾)]2−4𝐸(𝐸−∆)(𝛾1−2𝛾)(𝛾1+4𝛾)

(𝛾1−2𝛾)(𝛾1+4𝛾)
.  

 

Δ is the value of spin-orbit interaction. In the matrix (r>a), the solutions of the equations can be represented using 

modified Bessel functions of the second kind for even and odd states: 

 

 𝑅ℎ1
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2

𝛾𝑘𝑙
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𝑗
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2
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𝑗−

= 𝑐4√2𝑗 − 1 𝐾𝑗−1/2(𝑘𝑙𝑟) + 𝑐5√2𝑗 − 1 𝐾𝑗−1/2(𝑘ℎ𝑟) + 𝑐6√2𝑗 − 1 𝐾𝑗−1/2(𝑘𝑠𝑟),  

 𝑅ℎ2
𝑗−

= 𝑐4√3(2𝑗 + 3) 𝐾𝑗+3/2(𝑘𝑙𝑟) − 𝑐5
√2𝑗−1

√3(2𝑗+3)
 𝐾𝑗+3/2(𝑘ℎ𝑟) + 𝑐6√3(2𝑗 + 3) 𝐾𝑗+3/2(𝑘𝑠𝑟),  (11) 

 𝑅𝑠
𝑗−(𝑟) = 𝑐4√𝑗 + 1 

(𝛾1+2𝛾)𝑘𝑙
2−2𝐸

𝛾𝑘𝑙
2 𝐾𝑗−1/2(𝑘𝑙𝑟) + 𝑐6√𝑗 + 1 

(𝛾1+2𝛾)𝑘𝑠
2−2𝐸

𝛾𝑘𝑠
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The squares of wave vectors 𝑘𝑙 , 𝑘ℎ , 𝑘𝑠  are obtained from 

the formula (9) by substitution  𝐸 → 𝐸 − 𝑈0,ℎ𝛾1 → 𝛾1
𝐼𝐼 ,   

𝛾 → 𝛾𝐼𝐼 , ∆→ ∆𝐼𝐼.𝛾, 𝛾1 - are the Luttinger parameters which 

set the effective masses of heavy and light holes: 

 

 𝑚𝑙 = 𝑚0/(𝛾1 + 2𝛾),  𝑚ℎ = 𝑚0/(𝛾1 − 2𝛾),   

 

 {
𝛾1,    𝑟 ≤ 𝛼,

𝛾1
𝐼𝐼 ,    𝑟 > 𝛼,

           {
𝛾,    𝑟 ≤ 𝛼,

𝛾𝐼𝐼 ,    𝑟 > 𝛼.
  

 

𝑚0 - is free-electron mass. 

If in formulas (7) - (11) the value of Δ is very large, 

then we obtain the results, which describe multiband hole 

model in the case of strong spin-orbit interaction (so-

called 4-band model) which doesn’t take into account the 

spin-orbital band. If we assume that ml = mh and Δ is very 

large, then we get single band model.  

To account the deformation in (7)-(11), the 

substitution 𝑈0,ℎ → 𝑈𝑜,ℎ + 𝑈𝑜,𝑑;ℎ should be done. When 

we use the boundary condition [23] and normalize 

condition the hole energy spectrum can be calculated with 

take into account the QD-matrix deformation. Polarization 

charges can be accounted in the perturbation theory. 

II. Results 

Specific calculations have been performed for 

heterosystem InAs/GaAs. The parameters are given in 

table 1. We have proposed the model which accounts for 

the polarization charges at the QD surface and 

deformation of the QD and matrix.  

 

Table 1.  

The effective masses 

 m(1) m(2) U0 

Electron 0.023 0.067 0.83 

heavy hole 0.41 0.51 0.262 

light hole 0.026 0.082 0.33 
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In fig. 1 shows the dependence of the electron energy 

on the QD radius without polarization and deformation 

(curve 1), with polarization (curve 2), with deformation 

(curve 3), with both polarization and deformation (curve 

4). We see that for an electron, the energy with only 

polarization is the highest, and only with deformation is 

the lowest in compare without them. If we consider the 

energy with both polarization and deformation, it can be 

seen that the effects of deformation are stronger for the 

electron than the effects of polarization. This can be 

explained as follows: large constants of the hydrostatic 

deformation potential for electrons and a small difference 

between the values of the dielectric constant of the QD and 

the matrix. 

In fig. 2 shows the dependence of the heavy hole 

energy on the radius without polarization and deformation 

(curve 1), with polarization (curve 2), with deformation 

(curve 3), and also with polarization and deformation 

(curve 4). We can see that for the hole the energy plot with 

only polarization is the highest. And only with 

deformation is the lowest. But for a hole, the deformation 

effects are weaker than the polarization effects. The reason 

for this is the smaller values of the constants of the 

hydrostatic deformation potential of the holes. And in total 

energy are lager (curve 4 is higher than curve 1). 

 
Fig.1. Dependence of the electron ground state energy on the radius of the QD:  

1 – without taking into account polarization and deformation effects; 2 – with account only polarization charges;  

3 – with account only deformation; 4 – with account both polarization and deformation. 

 

 
Fig.2. Dependence of the heavy hole ground state energy on the radius of the quantum dot:  

1 – without taking into account polarization and deformation effects; 2 – with account only polarization charges;  

3 – with account only deformation; 4 – with account both polarization and deformation. 
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Fig. 3 and fig. 4 show the dependences of the energies 

on the radius in the 4-band and 6-band approximation. The 

effects of deformation and polarization are similar to those 

of an electron, but they are different in magnitude. That is 

why we compare energies in all presented model for hole 

(fig. 5). It shows the dependence of the hole energy of 

various QD radius, taking into account both polarization 

and deformation. Curve 1 is responsible for the electron, 

curves 2 and 5 are energies of the light and heavy hole, 

curve 3 and 4 describe the hole energy in the 4-band and 

6-band models, respectively. We can see that the energy 

for the hole is lower than that for the electron. It caused by 

effective masses, which for the electron is larger. Also, we 

have been noted, that in the case of the model with 

intermediate spin-orbit interaction (6-band model) the 

energies are larger than in the 4-band model (with large 

spin-orbit interaction, when spin-off band are neglected). 

Those result obtained when polarization and deformation 

are accounted. If polarization and deformation are 

neglected, the hole energy in the 6-band model are smaller 

 
Fig.3. Dependences of ground state hole energies on the QD radius in the 4-band model approximation:  

1 – without taking into account polarization and deformation effects; 2 – with account only polarization charges;  

3 – with account only deformation; 4 – with account both polarization and deformation. 

 

 
Fig.4. Dependences of ground state hole energies on the QD radius in the 6-band approximation:  

1 – without taking into account polarization and deformation effects; 2 – with account only polarization charges;  

3 – with account only deformation; 4 – with account both polarization and deformation. 
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than 4-band [23]. Those results for hole are caused by the 

larger influence of the polarization in the 6-band model 

than deformation. 

Conclusions 

In this paper for InAs/GaAs heterosystem we perform 

calculation of electron and hole energies in single and 

multiband models with account both QD-matrix 

deformation and polarization charges on the surface. For 

electron the deformation effects are stronger. Form holes 

the polarization are stronger. If we compare hole models, 

the deformation and polarization are partially 

compensated, but in the total effect the polarization is 

stronger (curves 4 are higher than 2 in fig.2-3) in all 

models. Also, in the 6-band model total hole energies 

(with account polarization and deformation) are larger 

than in the case of 4-band model for all QD radiuses, 

especially for small QD radiuses the difference is 

signified. For large QD radiuses the difference is 

vanished. 
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Електронно-дірковий спектр з урахуванням деформації та поляризації у 

квантовій точці гетероструктури InAs/GaAs  

Дрогобицький державний педагогічний університет імені Івана Франка, м. Дрогобич, Україна, 

galinka.bandura@gmail.com  

У роботі досліджено сферичні квантові точки InAs в матриці GaAs. Енергії електронів і дірок в одно- і 

багатозонних моделях (із сильною, слабкою і проміжною спін-орбітальною взаємодією) розраховано з 

урахуванням як деформації матриці квантових точок, так і поляризаційних зарядів на поверхні квантових 

точок. . Розглянуто залежність енергетичних рівнів електронів і дірок від радіуса квантової точки. 

Показано, що для електрона ефекти деформації сильніші, ніж поляризація. Для дірок ці ефекти протилежні. 

Енергії електронів і дірок порівнювалися в усіх моделях наближення. 

Ключові слова: обмінна взаємодія, деформація, 4-зонна модель або багатозонна діркова модель, 6-

зонна модель, поляризаційні заряди, напружений гетеросис. 
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