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MODELLING OF DERIVATIVES PRICING USING METHODS OF 

SPECTRAL ANALYSIS  

IVAN BURTNYAK, ANNA MALYTSKA 

Abstract.  In this article expands the method of finding the approximate price for a wide class of 
derivative financial instruments. Using the spectral theory of self-adjoint operators in Hilbert space 
and the wave theory of singular and regular perturbations, the analytical formula of the 
approximate asset price is established. Methods for calculating the approximate price of options 
using the tools of spectral analysis, singular and regular wave theory in the case of fast and slow 
factors are developed. Combining methods from the spectral theory of singular and regular 
perturbations, it is possible to estimate the price of derivative financial instruments as a schedule 
by eigenfunctions. The approximate value of securities and their rate of return are calculated. 
Applying the theory of Sturm-Liouville, Fredholm’s alternative and analysis of singular and 
regular perturbations at different time scales have enabled us to obtain explicit formulas for the 
approximate value of securities and their yield on the basis of the development of their 
eigenfunctions and eigenvalues of self-adjoint operators using boundary value problems for 
singular and regular perturbations. The theorem of closeness estimates for bond prices 
approximation is proved. An algorithm for calculating the approximate price of derivatives and 
the accuracy of estimates has been developed, which allows to analyze and draw precautionary 
conclusions and suggestions to minimize the risks of pricing derivatives that arise in the stock 
market. A model for finding the value of derivatives corresponding to the dynamics of the stock 
market and the size of financial flows has been developed. This model allows you to find the prices 
of derivatives and their volatility, as well as minimize speculative changes in pricing, analyze the 
progress of stock market processes and take concrete steps to improve the situation to optimize 
financial strategies. The used methodology of European options pricing based on the study of 
volatility behavior and analysis of the yield of financial instruments allows to increase the accuracy 
of the forecast and make sound management strategic decisions by stock market participants. 

Keywords:  stock market, derivatives, spectral analysis, spectral theory, singular perturbation 
theory, regular perturbation theory. 
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1. INTRODUCTION 

Short-term interest rate dynamics models were considered in the paper by [12] for derivatives 

pricing. Significant contributions to the theory of rate of interest were made by [1], [8–10], namely: 

finding a credit spread of credit market instruments, calculating option prices for interest rates, 

determining the risk and derivatives’ rate of return of the stock market financial instruments. The 
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models developed by these scholars have their advantages and disadvantages, but each of them is used 

to increase the liquidity of financial markets. Applying more sophisticated models, despite their 

theoretical justification, leads to obtaining of complex multi-parameter functions of the yield curve, 

which results in significant errors in calculations. 

Using spectral analysis, [5] applied a spectral theory of self-adjoint operators to different models, 

and to the Vasicek model, in particular. [11] considered the short-term interest rates described by the 

Vasicek model with stochastic volatility, depending on two factors, one of which is fast, and the other is 

slowly variable. In our paper, the spectral theory and the theory of singular and regular perturbations 

are applied to self-adjoint operators in Hilbert spaces that describe processes with multidimensional 

stochastic volatility having l-fast variables, r-slowly variables, 𝑙 ≥ 1, 𝑟 ≥ 1, 𝑙 ∈ 𝑁, 𝑟 ∈ 𝑁. This theory is 

applied to the short-term interest rates described by the Vasicek model, in particular. The approximate 

value of securities and their yield are calculated. Applying the Sturm-Liouville theory, Fredholm 

alternatives, as well as analysis of singular and regular perturbations at different time scales, we 

obtained explicit formulas for convergence of bond prices and their yield. To obtain explicit formulas, 

we need to solve 2l Poisson equations. 

 

2. THEORETICAL BACKGROUND 

The purpose of the article is to establish bond indicative prices and their profitability by methods of 

spectral theory and theory of perturbations. 

Let (Q, F, P) be the probability space that supports a correlated Brownian motion 

(W𝑥 ,W𝑦1 , … ,W𝑦𝑙 ,W𝑧1 , … ,W𝑧𝑟)  and an exponential random variable ε~Exp (1), which is independent 

of (W𝑥 ,W𝑦1 , … ,W𝑦𝑙 ,W𝑧1 , … ,W𝑧𝑟). We will assume that the economy with (l+r+1) factors is described by 

the homogeneous time and continuous Markov process χ =  (X, Y1, … , Yl, Z1, … , Zr), which is defined in 

some state space E =  𝐼 × R𝑙  ×  Rr, where (Y1, … , Yl) ∈ R
𝑙, (Z1, … , Zr) ∈ R

r.  𝐼 is the interval at R with 

points 𝑒1and 𝑒2, such that −∞ < 𝑒1 < 𝑒2 < ∞. We assume that χ has the beginning at 𝐸 and instantly 

disappears once 𝑋 goes beyond 𝐼. In particular, the dynamics of χ with physical measure ℙ is as 

follows: 

χ𝑡 = {
(𝑋𝑡, Y1𝑡 , … , Ylt, Z1t, … , Zrt)), 𝜏𝐼 > 𝑡,
                    ∆,                                     𝜏𝐼 ≤ 𝑡,

     𝜏𝐼 = inf(𝑡 > 0: 𝑋𝑡 ∉ 𝐼), 

 

where (X, Y1, … , Yl, Z1, … , Zr), are set 
 

𝑑𝑋𝑡 = 𝑣(𝑋𝑡)𝑑𝑡 + 𝑎(𝑋𝑡)𝑓(Y1𝑡, … , Ylt, Z1t, … , Zrt)𝑑𝑊𝑡
𝑥 , 

𝑑𝑌𝑗𝑡 =
1

𝜖𝑗
𝛼𝑗(𝑌𝑗𝑡)𝑑𝑡 +

1

√𝜖𝑗
𝛽𝑗(𝑌𝑗𝑡)𝑑𝑊𝑡

𝑦𝑗 ,  𝑗 = 1, 𝑙. 

 𝑑𝑍𝑖𝑡 = 𝛿𝑖𝑐𝑖(𝑍𝑖𝑡)𝑑𝑡 + √𝛿𝑖𝑔𝑖(𝑍𝑖𝑡)𝑑𝑊𝑡
𝑧𝑖 ,  𝑖 = 1, 𝑟. 

𝑑(𝑊𝑥 ,𝑊𝑦𝑗)𝑡 = 𝜌𝑥𝑦𝑗𝑑𝑡,  𝑗 = 1, 𝑙. 

𝑑(𝑊𝑥 ,𝑊𝑧𝑖)𝑡 = 𝜌𝑥𝑧𝑖𝑑𝑡,  𝑖 = 1, 𝑟.   

𝑑(𝑊𝑦𝑗 ,𝑊𝑧𝑖)𝑡 = 𝜌𝑦𝑗𝑧𝑖𝑑𝑡,   𝑗 = 1, 𝑙,   𝑖 = 1, 𝑟. 

𝑑(𝑊𝑦𝑗 ,𝑊𝑦𝑟)𝑡 = 𝜌𝑦𝑗𝑦𝑠𝑑𝑡,   𝑗 = 1, 𝑙,   𝑠 = 1, 𝑙. 

𝑑(𝑊𝑧𝑖 ,𝑊𝑧𝑘)𝑡 = 𝜌𝑧𝑖𝑧𝑘𝑑𝑡,  𝑖 = 1, 𝑛,   𝑘 = 1, 𝑟. 

 (𝑋0, Y10, … , Yl0, Z10, … , Zr0) = (𝑥, 𝑦10, … 𝑦𝑙0, 𝑧10, … , 𝑧𝑟0) ∈ 𝐸. 
 

where 𝜌𝑦𝑗𝑦𝑠 = 0, 𝑗 ≠ 𝑟, 𝜌𝑧𝑖𝑧𝑘 = 0, 𝑖 ≠ 𝑘  𝜌𝑥𝑦𝑗 , 𝜌𝑥𝑧𝑖 ,  𝜌𝑦𝑗𝑧𝑖 , meet the conditions |𝜌𝑥𝑦𝑗| , |𝜌𝑥𝑧𝑖|, |𝜌𝑦𝑗𝑧𝑖| ≤ 1, and 

correlation matrices of the form: 

(

1 𝜌𝑥𝑦𝑗 𝜌𝑥𝑧𝑖
𝜌𝑦𝑗𝑥 1 𝜌𝑦𝑗𝑧𝑖
𝜌𝑧𝑖𝑥 𝜌𝑧𝑖𝑦𝑗 1

) 

semipositively defined, that is  1 + 2𝜌𝑥𝑦𝑗𝜌𝑥𝑧𝑖𝜌𝑦𝑗𝑧𝑖 − 𝜌𝑥𝑦𝑗
2 − 𝜌𝑥𝑧𝑖

2 − 𝜌𝑦𝑗𝑧𝑖
2 ≥ 0, 𝑗 = 1, 𝑙,   𝑖 = 1, 𝑟. 

Process 𝑋 may represent many economic phenomena and processes. 
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3. RESEARCH OBJECTIVE, METHODOLOGY AND DATA 

For example, the reserve size, the index price and reliable short-term interest rates, etc. Even more 

broadly, 𝑋 is an external factor that characterizes the value of any of the above-mentioned processes. 

Physical measure ℙ of process 𝑋 is understood as the process 𝑋, which has an instant drift 𝑣(𝑋𝑡) and 

stochastic volatility 𝑎(𝑋𝑡)𝑓(Y1𝑡, … , Ylt, Z1t, … , Znt) > 0, which contains both components: local 𝑎(𝑋𝑡) and 

nonlocal 𝑓(Y1𝑡, … , Ylt, Z1t, … , Znt). Note that infinitesimal generators (infinitized) for 𝑌𝑗 and 𝑍𝑖  have the 

form ∀ 𝑖, 𝑗 
 

𝔏𝑌𝑗
𝜖𝑗 =

1

𝜖𝑗
(
1

2
𝛽𝑗
2(𝑦𝑗)𝜕𝑦𝑗𝑦𝑗

2 + 𝛼𝑗(𝑦𝑗)𝜕𝑦𝑗) , 𝔏𝑍𝑖
𝛿𝑖 = 𝛿𝑖 (

1

2
𝑔𝑖
2(𝑧𝑖)𝜕𝑧𝑖𝑧𝑖

2 + 𝑐𝑖(𝑧𝑖)𝜕𝑧𝑖),  

 

are characterized by the measures 
1

𝜖𝑗
  and 𝛿𝑖, respectively. Thus, Y1, … , Yl and Z1, … , Zn have an internal 

time scale 𝜖𝑗 > 0  and 
1

𝛿𝑖
> 0. We consider 𝜖𝑗 << 1  and 𝛿𝑖 << 1, so that the internal time scale 𝑌𝑗 is small, 

and the internal time scale 𝑍𝑖 is large. Consequently, 𝑌𝑗  , 𝑗 = 1, 𝑙,   are fast variables, and 𝑍𝑖  , 𝑖 = 1, 𝑛 are 

slowly variables. Note that 𝔏𝑌𝑗
𝜖𝑗  and 𝔏𝑍𝑖

𝛿𝑖 have the form [6] 

 

𝐿 =
1

2
𝑎2(𝑥)𝜕𝑥𝑥

2 + 𝑏(𝑥)𝜕𝑥 − 𝑘(𝑥), 𝑥 ∈ (𝑒1, 𝑒2), з  𝑘(𝑥) = 0 

 

for all 𝑥 ∈ 𝐼, are always self-adjoint in the Hilbert space 𝐻 = 𝐿2(𝐼,𝑚), where 𝐼 ∈ 𝑅 is the interval with 

the points 𝑒1 and 𝑒2 and 𝑚 is the diffusion density rate. 

Dom(𝔏){𝑓 ∈ 𝐿2(𝐼, 𝔪): 𝑓, 𝜕𝑥𝑓 ∈ 𝐴𝐶loc(𝐼), 𝔏𝑓𝐿
2(𝐼,𝔪), 𝐵𝐶𝑠 𝑜𝑛 𝑒1 𝑎𝑛𝑑 𝑒2} where 𝐴𝐶loc(𝐼) is the space of 

functions which are absolutely continuous on each compact subinterval 𝐼 [3]. The boundary conditions 

for 𝑒1  and 𝑒2 are applied on the output, input, and regular bounds.  

We will evaluate the derivatives with payoff at time 𝑡 > 0, which may depend on the trajectory 𝑋. 

In particular, we will consider the forms of payoff: 
 

Payoff = 𝐻(𝑋𝑡)𝕀(𝜏>𝑡), 
 

where τ is a random moment of time during which there is a failure to make a payment of premium. 

Since we are interested in the derivatives estimation, we must determine the dynamics 

(X, Y1, … , Yl, Z1, … , Zr),  under the evaluation of the degree of neutral risk, which we denote as ℙ̃. We 

have the following dynamics [7]: 
 

𝑑𝑋𝑡 = (𝑏(𝑋𝑡) − 𝑎(𝑋𝑡)𝑓(Y1𝑡, … , Ylt, Z1t, … , Zrt)𝛺(Y1𝑡, … , Ylt, Z1t, … , Zrt))𝑑𝑡 

                                       +𝑎(𝑋𝑡)𝑓(Y1𝑡, … , Ylt, Z1t, … , Zrt)𝑑𝑊̃𝑡
𝑥 , 

𝑑𝑌𝑗𝑡 = (
1

𝜖𝑗
𝛼𝑗(𝑌𝑗𝑡) −

1

√𝜖𝑗
𝛽𝑗(𝑌𝑗𝑡)𝛬𝑗(Y1𝑡, … , Ylt, Z1t, … , Zrt))𝑑𝑡 +

1

√𝜖𝑗
𝛽𝑗(𝑌𝑗𝑡)𝑑𝑊̃𝑡

𝑦𝑗 , 

𝑑𝑍𝑖𝑡 = (𝛿𝑖𝑐𝑖(𝑍𝑖𝑡) − √𝛿𝑖𝑔𝑖(𝑍𝑖𝑡)𝛤𝑖(Y1𝑡, … , Ylt, Z1t, … , Zrt)) 𝑑𝑡 + √𝛿𝑖𝑔𝑖(𝑍𝑖𝑡)𝑑𝑊̃𝑡
𝑧𝑖 , 

𝑑〈𝑊̃𝑥 , 𝑊̃𝑦𝑗〉𝑡 = 𝜌𝑥𝑦𝑗𝑑𝑡,  𝑗 = 1, 𝑙. 

𝑑〈𝑊̃𝑥 , 𝑊̃𝑧𝑖〉𝑡 = 𝜌𝑥𝑧𝑖𝑑𝑡,  𝑖 = 1, 𝑟           (1) 

𝑑〈𝑊̃𝑦𝑗 , 𝑊̃𝑧𝑖〉𝑡 = 𝜌𝑦𝑗𝑧𝑖𝑑𝑡,  𝑗 = 1, 𝑙,   𝑖 = 1, 𝑟. 

𝑑〈𝑊̃𝑦𝑗 , 𝑊̃𝑦𝑠〉𝑡 = 𝜌𝑦𝑗𝑦𝑠𝑑𝑡,  𝑗 = 1, 𝑙,   𝑠 = 1, 𝑙. 

𝑑〈𝑊̃𝑧𝑖 , 𝑊̃𝑧𝑘〉𝑡 = 𝜌𝑧𝑖𝑧𝑘𝑑𝑡,  𝑖 = 1, 𝑛,   𝑘 = 1, 𝑛. 

(𝑋0, Y10, … , Yl0, Z10, … , Zr0) = (𝑥, 𝑦10, … 𝑦𝑙0, 𝑧10, … , 𝑧𝑟0) ∈ 𝐸, 

where 

𝑑𝑊̃𝑡
𝑥 ≔ 𝑑𝑊𝑡

𝑥 + (
𝑣(𝑋𝑡)−𝑏(𝑋𝑡)

𝑎(𝑋𝑡)𝑓(Y1𝑡,…,Ylt,Z1t,…,Znt)
+ 𝛺(Y1𝑡, … , Ylt, Z1t, … , Zrt))𝑑𝑡,  

𝑑𝑊̃𝑡
𝑦𝑗 ≔ 𝑑𝑊𝑡

𝑦𝑗 + 𝛬𝑗(Y1𝑡, … , Ylt, Z1t, … , Zrt)𝑑𝑡, 

𝑑𝑊̃𝑡
𝑧𝑖 ≔ 𝑑𝑊𝑡

𝑧𝑖 + 𝛤𝑖(Y1𝑡, … , Ylt, Z1t, … , Zrt)𝑑𝑡, 



Modelling of Derivatives Pricing Using Methods of Spectral Analysis   131 

 

where 𝜌𝑦𝑗𝑦𝑠 = 0, 𝑗 ≠ 𝑠, 𝜌𝑧𝑖𝑧𝑘 = 0, 𝑖 ≠ 𝑘. 

We establish such conditions so that the system (1) has the only strong solution. 

Random time τ is the time of the derivative asset. In our case, default can occur in one of two ways: 

1) when 𝑋 fall outside the interval 𝐼, 

2) at random time 𝜏ℎ, which is managed by the risk level ℎ(𝑋𝑡) ≥ 0. 

This can be expressed as follows: 
 

𝜏 = 𝜏𝐼^𝜏ℎ,

𝜏𝐼 = 𝑖𝑛𝑓{𝑡 ≥ 0: 𝑋𝑡 ∉ 𝐼},

𝜏ℎ = 𝑖𝑛𝑓 {𝑡 ≥ 0: ∫ ℎ(𝑋𝑠)𝑑𝑠 ≥ 𝜀(𝑋, Y1, … , Yl, Z1, … , Zn)
𝑡

0

} ,

𝜀~𝐸𝑥𝑝(1) ⫫.

 

 

Note that the random variable ε is independent of (𝑋, Y1, … , Yl, Z1, … , Zn). 

To track 𝜏ℎ, we use the process indicator: 𝐷𝑡 = 𝕀{𝑡≥𝜏ℎ}, where 𝔻 = {𝔇𝑡, 𝑡 ≥ 0}, is a filter generated 

by 𝐷 and 𝔽 = {𝔉𝑡, 𝑡 ≥ 0} is filter’s generator (𝑊𝑥,𝑊𝑦1 , …𝑊𝑦𝑙 ,𝑊𝑧1 , … ,𝑊𝑧𝑛). We use the filtering 

𝔾 = {𝔊𝑡 , 𝑡 ≥ 0}, where 𝔊𝑡 = 𝔉𝑡⋁𝔇𝑡. Note that (𝑋, Y1, … , Yl, Z1, … , Zn) are applied to 𝔾 and 𝜏 is a stopping 

time ({{𝜏 ≤ 𝑡}} ∈ 𝔊𝑡  for all  𝑡 ≥ 0). 

We will evaluate the derivative asset of some payoff (payment) using the neutral pricing risk and 

Markovian chain 𝑋, the price 𝑢𝜖,𝛿
′
(𝑡, 𝑥, 𝑦1, … 𝑦𝑙 , 𝑧1, … , 𝑧𝑟) of some derivative assets at the initial moment 

of time has the form: 
 

𝑢𝜖,𝛿
′
(𝑡, 𝑥, 𝑦1, … 𝑦𝑙 , 𝑧1, … , 𝑧𝑟)  = 𝔼̃𝑥,𝑦1,…𝑦𝑙,𝑧1,…,𝑧𝑟 [𝑒𝑥𝑝 (−∫ 𝑟(𝑋𝑠)𝑑𝑠

𝑡

0

)𝐻(𝑋𝑡𝕀{𝑡>𝜏})], 

 

where 𝜖 = (𝜖1, … , 𝜖𝑙), 𝛿′ = (𝛿1, … , 𝛿𝑟), and (𝑥, 𝑦1, … 𝑦𝑙 , 𝑧1, … , 𝑧𝑟) ∈ 𝐸 is a starting point of the process 

(𝑋, Y1, … , Yl, Z1, … , Zr). By Feynmann-Kac formulas, we can show that 𝑢𝜖,𝛿
′
(𝑡, 𝑥, 𝑦1, … 𝑦𝑙 , 𝑧1, … , 𝑧𝑟) satisfies 

the following Cauchy problem [3]: 
 

(−𝜕𝑡 + 𝔏
𝜖,𝛿′)𝑢𝜖,𝛿

′
= 0,       (𝑦1, … 𝑦𝑙 , 𝑧1, … , 𝑧𝑟) ∈ 𝐸, 𝑡 ∈ ℝ

+,             (2) 

 𝑢𝜖,𝛿
′
(0, 𝑥, 𝑦1, … 𝑦𝑙 , 𝑧1, … , 𝑧𝑟)  = 𝐻(𝑥),  (3) 

 

where the operator 𝔏𝜖,𝛿
′
 has the form:  

𝔏𝜖,𝛿
′
= ∑

1

𝜖𝑗
𝔏0𝑗 + ∑

1

√𝜖𝑗
𝔏1𝑗

𝑙
𝑗=1 + 𝔏2𝑗 + ∑ √

𝛿𝑖

𝜖𝑗
𝔐3𝑖𝑗𝑖,𝑗 + ∑ √𝛿𝑖𝔐1𝑖𝑖 + ∑ 𝛿𝑖𝔐2𝑖𝑖

𝑙
𝑗=1 , 

𝔏0𝑗 =
1

2
𝛽𝑗
2(𝑦𝑗)𝜕𝑦𝑗𝑦𝑗

2 + 𝛼𝑗(𝑦𝑗)𝜕𝑦𝑗 , 𝑗 = 1, 𝑙. 

𝔏1𝑗 = 𝛽𝑗(𝑦𝑗)(𝜌𝑥𝑦𝑗𝑎(𝑥)𝑓(𝑦1, … 𝑦𝑙 , 𝑧1, … , 𝑧𝑟)𝜕𝑥 − 𝛬𝑗(𝑦1, … 𝑦𝑙 , 𝑧1, … , 𝑧𝑟))𝜕𝑦𝑗 , 

𝔏2𝑗 =
1

2
𝑎2(𝑥)𝑓2(𝑦1, … 𝑦𝑙 , 𝑧1, … , 𝑧𝑟)𝜕𝑥𝑥

2 + (𝑏(𝑥) − 𝑎(𝑥)𝛺(𝑦1, … 𝑦𝑙 , 𝑧1, … , 𝑧𝑟)𝑓(𝑦1, … 𝑦𝑙 , 𝑧1, … , 𝑧𝑟))𝜕𝑥 − 𝑘(𝑥), 

𝔐3𝑖𝑗 = 𝜌𝑥𝑧𝑖𝛽𝑗(𝑦𝑗)𝑔𝑖(𝑧𝑖)𝜕𝑦𝑗𝑧𝑖
2 , 

𝔐1𝑖 = 𝑔𝑖(𝑧𝑖) (𝜌𝑥𝑧𝑖𝑎(𝑥)𝑓(𝑦1, … 𝑦𝑙 , 𝑧1, … , 𝑧𝑟)𝜕𝑥 − 𝛤𝑖(𝑦1, … 𝑦𝑙 , 𝑧1, … , 𝑧𝑟)) 𝜕𝑧𝑖 , 

𝔐2𝑖 =
1

2
𝑔𝑖
2(𝑧𝑖)𝜕𝑧𝑖𝑧𝑖

2 + 𝑐𝑖(𝑧𝑖)𝜕𝑧𝑖 ,   𝑘(𝑥) = 𝑟(𝑥) + ℎ(𝑥),     𝔏0𝑗 = 𝔏𝑌𝑗
1 . 

We assume that the diffusion with the infinitesimal generator 𝔏𝑌𝑗
1  has an invariant distribution Π 

with density 𝜋𝑗(𝑦𝑗). 
 

𝜋𝑗(𝑦𝑗) =
2

𝛽𝑗
2(𝑦𝑗)

exp {∫
2𝛼𝑗(𝜃)

𝛽𝑗
2(𝜃)

𝑦𝑗
𝑦𝑗0

𝑑𝜃},   ∀𝑗 = 1, 𝑙.  

 

Besides the initial condition (3), the function 𝑢𝜖,𝛿
′
(𝑡, 𝑥, 𝑦1, … 𝑦𝑙 , 𝑧1, … , 𝑧𝑟) must meet boundary 

conditions at the points of 𝑒1  and 𝑒2 of the interval 𝐼. The boundary conditions at points 𝑒1 and 𝑒2 
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belong to the domain 𝔏𝜖,𝛿
′
 and will depend on the nature of process 𝑋 on the points of 𝐼 and are 

classified as natural, output, input or regular [1]. The Cauchy problem (2)-(3) for 

(𝑓, 𝛼1, … 𝛼𝑙 , 𝛽1, … , 𝛽𝑟 , 𝛬1, …𝛬𝑙 , 𝑐1, … , 𝑐𝑟 , 𝑔1, …𝑔𝑟 , Γ1, … , 𝛤𝑟) has no analytical solution. However, for fixed 𝛿′, 

the conditions containing 𝜖 and are arbitrarily deviated in the 𝜖 -axis, which causes singular 

perturbations. For a fixed 𝜖𝑗 condition containing 𝛿𝑖 are small for some small 𝛿′ -axis, which causes 

regular perturbations. Thus, the 𝜖-axis and 𝛿′-axis yields the combined singular-regular perturbation of 

𝒪(1) of the operator 𝔏2.To find the asymptotic solution of the Cauchy problem (2)–(3), we develop 𝑢𝜖,𝛿
′
 

in orders √𝜖𝑗 and √𝛿𝑖 [2]: 
 

𝑢𝜖,𝛿
′
= ∑…∑∑…∑√𝜖1

𝑗1
…√𝜖𝑙

𝑗𝑙

𝑗𝑟≥0𝑗1≥0𝑖𝑙≥0𝑖1≥0

√𝛿1
𝑖1
…√𝛿𝑟

𝑖𝑟

𝑢𝑗1,…,𝑗𝑛,𝑖1,…𝑖𝑙 , 

 

where  ∑ …∑ ∑ …∑ √𝜖1
𝑗1 …√𝜖𝑙

𝑗𝑙
𝑗𝑟≥0𝑗1≥0𝑖𝑙≥0𝑖1≥0 √𝛿1

𝑖1
…√𝛿𝑟

𝑖𝑟

𝑢𝑗1,…,𝑗𝑟,𝑖1,…𝑖𝑙 = 

lim𝑖→∞∑ …∑ ∑ …∑ √𝜖1
𝑗1 …√𝜖𝑙

𝑗𝑙
√𝛿1

𝑖1
…√𝛿𝑟

𝑖𝑟

𝑢𝑗1,…,𝑗𝑟,𝑖1,…𝑖𝑙 ,    𝑚1 → ∞,… ,
𝑚𝑙+𝑟
𝑗𝑛≥0

𝑚𝑙+1≥0
𝑗1≥0

𝑚𝑙≥0
𝑖𝑙≥0

𝑚1
𝑖1≥0

𝑚𝑙+𝑟 → ∞ . 

The approximate price is calculated 

𝑢𝜖,𝛿
′
≈ 𝑢

0,0′
+∑√𝜖𝑗𝑢1𝑗,0′

𝑙

𝑗=1

+∑√𝛿𝑖𝑢0,1𝑖
′

𝑟

𝑖=1

. 

The choice of development in half-integer orders 𝜖𝑗 and 𝛿𝑖 are natural for 𝔏𝜖,𝛿
′
. 

By conducting an analysis of singular perturbations at the corresponding levels, we obtain that 

𝑢
0,0′
, 𝑢

1𝑗,0
′ , 𝑢0,1𝑖

′  do not depend on 𝑦1, … 𝑦𝑙. The basic findings of the asymptotic analysis are given 

using the following formulas [4] 
 

𝒪(1):  ∑ 𝔏0𝑗𝑗=1 𝑢
2𝑗,0

′ + (−𝜕𝑡 + 〈𝔏2〉)𝑢0,0′ = 0, 𝑢0,0′(0, 𝑥, 𝑧1, … , 𝑧𝑟) = 𝐻(𝑥),   (4) 

𝒪(√𝜖𝑗): 𝔏0𝑗𝑢3𝑗,0′
+ 𝔏1𝑗𝑢2𝑗,0′

+ (−𝜕𝑡 + 〈𝔏2〉)𝑢1𝑗,0′
+∑𝔏1𝑘𝑢1𝑘𝑗,0′
𝑘≠𝑗

+∑𝔏1𝑖
𝑖≠𝑗

 

= 𝒜𝑗𝑢0,0′ ,     𝑢1𝑗,0′
(0, 𝑥, 𝑧1, … , 𝑧𝑛) = 0,  (5) 

1𝑘𝑗 = ( 0,… 1⏟  
𝑘

 0,1,0,… .0⏟      
𝑗

). 

 

According to the analysis of regular perturbations we have 
 

𝒪(√𝛿𝑖): (−𝜕𝑡 + 〈𝔏2〉)𝑢0,1𝑖
′ = ℬ𝑖𝜕𝑧𝑖𝑢0,0′ , 𝑢0,1𝑖

′(0, 𝑥, 𝑧1, … , 𝑧𝑟) = 0, 𝑖 = 1, 𝑟.  (6) 

 

Operators 〈𝔏2〉, 𝒜𝑗, ℬ𝑖 and 𝜕𝑧𝑖 are defined by the formulas 

〈𝔏2〉 =
1

2
𝜎̅2𝑎2(𝑥)𝜕𝑥𝑥

2 + (𝑏(𝑥) − 𝑓𝛺̅̅ ̅̅ 𝑎(𝑥))𝜕𝑥 − 𝑘(𝑥),     𝑥 ∈ (𝑒1, 𝑒2),    

𝒜𝑗 = −𝜈3𝑗𝑎(𝑥)𝜕𝑥𝑎
2(𝑥)𝜕𝑥𝑥

2 − 𝜈2𝑗𝑎
2(𝑥)𝜕𝑥𝑥

2 −𝒰2𝑗𝑎(𝑥)𝜕𝑥𝑎(𝑥)𝜕𝑥 −𝒰1𝑗𝑎(𝑥)𝜕𝑥 , 

ℬ𝑖 = −𝜈1𝑖𝑎(𝑥)𝜕𝑥 − 𝜈0𝑖 and    𝜕𝑧𝑖 = 𝜕𝑧𝑖𝜎̅𝜕𝜎̅ + 𝑓𝛺
̅̅ ̅̅ ′𝜕𝑓𝛺̅̅ ̅̅ ,   𝜈1𝑖 ≔ 𝑔𝑖𝜌𝑥𝑧𝑖〈𝑓〉,   𝜈0 = 𝑔𝑖〈𝛤𝑖〉, ∀ 𝑖 = 1, 𝑛 and norm 

function 

〈𝒳〉𝑗: = ∫𝒳(𝑦1, … 𝑦𝑙)𝜋𝑗(𝑦𝑗)𝑑𝑦𝑗 ,    ∀𝑗 = 1, 𝑙,   

〈𝒳〉1,2 = ∫ 𝒳(𝑦1, … 𝑦𝑙)𝜋1(𝑦1)𝜋2(𝑦2)𝑑𝑦1𝑑𝑦2𝑅2
,… 〈𝒳〉𝑙−1,𝑙 = 

∫ 𝒳(𝑦1, … 𝑦𝑙)𝜋1(𝑦1)…𝜋𝑙(𝑦𝑙)𝑑𝑦1…𝑑𝑦𝑙𝑅𝑙
, 〈𝒳〉𝑙−1,𝑙 = 〈𝒳〉, 〈𝑓𝛺〉 ≔ 𝑓𝛺̅̅ ̅̅ , 〈𝑓2〉 = 𝜎̅2. 

We find solutions to the equations (4)-(6) on the basis of eigenfunctions, eigenvalues of the operator 

〈𝔏2〉, each of which meets a corresponding Poisson equation 

𝔏01𝜑1 = 𝑓
2 − 〈𝑓2〉1 , 𝔏02𝜑2 = 〈𝑓

2〉1 − 〈𝑓
2〉1,2, … , 𝔏0𝑙𝜑𝑙 = 〈𝑓

2〉𝑙−2,𝑙−1 − 〈𝑓
2〉𝑙−1,𝑙 , 

𝔏01𝜂1 = 𝑓𝛺 − 〈𝑓𝛺〉1 , … , 𝔏0𝑗𝜂𝑗 = 〈𝑓𝛺〉𝑗−2,𝑗−1 − 〈𝑓𝛺〉𝑗−1,𝑗 , … ,  𝔏0𝑙𝜂𝑙 = 〈𝑓𝛺〉𝑙−2,𝑙−1 − 〈𝑓𝛺〉𝑙−1,𝑙. 
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Theorem 1: Assume that we can solve the following equation to find an eigenvalue: 
 

−〈𝔏2〉𝜓𝑛 = 𝜆𝑛𝜓𝑛,         𝜓𝑛 ∈ 𝑑𝑜𝑚(〈𝔏2〉),  (7) 

and also that 𝐻 ∈  ℋ. Then the solution 𝑢
0,0′

 has the form: 

𝑢
0,0′

=∑𝑐𝑛𝜓𝑛𝑇𝑛

∞

𝑛=1

 ,         𝑐𝑛 = (𝜓𝑛, 𝐻),        𝑇𝑛 = 𝑒
−𝑡𝜆𝑛 . 

Theorem 2: Let 𝑐𝑛, 𝜓𝑛 , 𝑇𝑛 be described using Theorem 1. We define 
 

𝒜𝑗𝑘,𝑛 ≔ (𝜓𝑘,𝒜𝑗𝜓𝑛), 𝑈𝑘,𝑛 ≔
𝑇𝑘−𝑇𝑛

𝜆𝑘−𝜆𝑛
. 

 

Then the solution 𝑢
1𝑗,0

′  of equation (5) has the form: 
 

𝑢
1𝑗,0

′ = ∑ ∑ 𝑐𝑛𝐴𝑗𝑘,𝑛𝑘≠𝑛𝑛 𝜓𝑘𝑈𝑘,𝑛 − ∑ 𝑐𝑛𝒜𝑗𝑛,𝑛𝜓𝑛𝑡𝑇𝑛𝑛 . 

 

Note that 𝑢
1𝑗,0

′ is linear in the parameter group (𝜗3𝑗 , 𝜗2𝑗 , 𝓊2𝑗 , 𝓊1𝑗). 

Theorem 3: Let 𝑐𝑛, 𝜓𝑛 and 𝑇𝑛 be defined with Theorem 1, and 𝑈𝑘,𝑛 with Theorem 2, we have 

ℬ̃𝑖𝑘,𝑛 ≔ (𝜓𝑘, ℬ𝑖𝜕𝑍𝑖𝜓𝑛),   ℬ𝑖𝑘,𝑛 ≔ (𝜓𝑘, ℬ𝑖𝜓𝑛),     𝑉𝑖𝑘,𝑛 ≔
𝑇𝑘−𝑇𝑛

(𝜆𝑘−𝜆𝑛)
2 +

𝑡𝑇𝑛

𝜆𝑘−𝜆𝑛
. 

Then the solution 𝑢
0,1𝑖

′  has the form: 

 

𝑢
0,1𝑖

′ =∑∑𝑐𝑛
𝑘≠𝑛𝑛

ℬ̃𝑖𝑘,𝑛𝜓𝑘𝑈𝑖𝑘,𝑛 −∑𝑐𝑛ℬ̃𝑖𝑛,𝑛𝜓𝑛𝑡𝑇𝑛
𝑛

 

+∑∑(𝜕𝑍𝑖𝑐𝑛
𝑘≠𝑛

)

𝑛

ℬ𝑖𝑘,𝑛𝜓𝑘𝑈𝑖𝑘,𝑛 −∑(𝜕𝑍𝑖𝑐𝑛)ℬ𝑖𝑛,𝑛𝜓𝑛𝑡𝑇𝑛
𝑛

                                   

+∑∑𝑐𝑛
𝑘≠𝑛𝑛

ℬ𝑖𝑘,𝑛𝜓𝑘(𝜕𝑍𝑖𝜆𝑛)𝑉𝑖𝑘,𝑛 −∑𝑐𝑛ℬ𝑖𝑛,𝑛𝜓𝑛(𝜕𝑍𝑖𝜆𝑛)
1

2
𝑡2𝑇𝑛

𝑛

. 

 

We draw attention to the fact that 𝑢
0,1𝑖

′  is linear in (𝜈1𝑖𝜎̅′, 𝜈1𝑖𝑓𝛺′̅̅ ̅̅ ̅, 𝜈0𝑖𝜎̅′, 𝜈0𝑖𝑓𝛺′̅̅ ̅̅ ̅). 

Having obtained the approximate solution 𝑢𝜖,𝛿
′
≈ 𝑢

0,0′
+ ∑ √𝜖𝑗𝑢1𝑗,0′

𝑙
𝑗=1 + ∑ √𝛿𝑖𝑢0,1𝑖

′
𝑛
𝑖=1  for the 

derivative asset pricing. 

 

4. RESULTS AND DISCUSSION 

For a more exact result we assume that the Payoff function 𝐻(𝑥) and its derivative are smooth and 

limited functions. Thus, we limit our derivative analysis to a smooth and limited payoff; in this case, 

the closeness estimates is based on the following theorem: 

Theorem 4: For the fixed (𝑡, 𝑥, 𝑦1, … , 𝑦𝑙 , 𝑧1, … , 𝑧𝑟) there exists an invariable 𝐶 such that for any 𝜖𝑗 ≤ 1, 

𝛿𝑖 ≤ 1 we have: 
 

|𝑢𝜖,𝛿
′
− (𝑢

0,0′
+ ∑ √𝜖𝑗𝑢1𝑗,0′

𝑙
𝑗=1 + ∑ √𝛿𝑖𝑢0,1𝑖

′
𝑛
𝑖=1 )| ≤ 𝐶(∑ 𝜖𝑗

𝑙
𝑗=1 +∑ 𝛿𝑖

𝑟
𝑖=1 ). 

 

Theorem 4 gives us information on how the approximate price behaves when 𝜖𝑗 → 0 and 𝛿𝑖 → 0. 

Let 𝑋 be short interest rates. One of the most widely known models of short interest rates is the 

Vasicek model, in which 𝑋 is modeled as the Ornshtein-Ulenbeek process with multidimensional 

stochastic volatility. ℙ dynamics of 𝑋 are given, in particular 
 

𝑑𝑋𝑡 = (𝜅(𝜃 − 𝑋𝑡) − 𝑓(Y1, … , Yl, Z1, … , Zr)𝛺(Y1, … , Yl, Z1, … , Zr))𝑑𝑡 

+𝑓(Y1, … , Yl, Z1, … , Zr) + 𝑑𝑊̃𝑡
𝑥 ,  𝑟(𝑋𝑡) = 𝑋𝑡,  ℎ(𝑋𝑡) = 0,  

 

where Y1, … , Yl, and Z1, … , Zr are fast and slowly variable volatility factors as described. We calculate the 

approximate price for a zero coupon bond. 
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We write the operator 〈𝔏2〉 and the density associated with it at a rate 𝑚(𝑥) 
 

〈𝔏2〉 =
1

2
𝜎̅2𝜕𝑥𝑥

2 + 𝜅(𝜃̅ − 𝑥)𝜕𝑥 − 𝑥,    (8) 

𝑚(𝑥) =
2

𝜎̅2
𝑒𝑥𝑝 (

−𝑘

𝜎̅2
(𝜃̅ − 𝑥)2) , 𝜃̅ = 𝜃 −

1

𝜅
𝑓𝛺̅̅ ̅̅ , 

𝑚(𝑥) =
2

𝜎̅2
𝑒𝑥𝑝 (

−𝑘

𝜎̅2
(𝜃̅ − 𝑥)2) , 𝜃̅ = 𝜃 −

1

𝜅
𝑓𝛺̅̅ ̅̅ . 

 

To find a bond price with a payoff 𝐻(𝑋𝑡) = 𝕀{𝜏>𝑡} = 1, we need to solve the equation (7) to find the 

eigenvalues for the segment 𝐼 = (− ∞,∞) with 〈𝔏2〉 in compliance with (8). Since both points  ∞  and ∞ 

are natural limits, then the solution has the form [13]. 
 

𝜓𝑛 = 𝒩𝑛 exp (−𝐴𝜉 −
1

2
𝐴2)𝐻𝑛(𝜉 + 𝐴), 

𝒩𝑛 = (√
𝜅

𝜋

𝜎̅

2𝑛+1𝑛!
)
1/2

, 

𝐴 =
𝜎̅

𝜅3/2
,         𝜉 =

√𝜅

𝜎̅
(𝑥 − 𝜃̅), 

𝜆𝑛 = 𝜆𝑛 = 𝜃̅ −
𝜎̅2

2𝜅2
+ 𝜅𝑛,     𝑛 = 0,1,2,…  . 

 

Here, 𝐻𝑛 are Hermite polynomials. We will write the expressions for the operators  𝒜𝑗 and ℬ𝑗: 
 

𝒜𝑗 = −𝜗𝑗3𝜕𝑥𝑥𝑥
3 − (𝜗𝑗2 + 𝔘𝑗2)𝜕𝑥𝑥

2 − 𝔘𝑗1𝜕𝑥 , ℬ𝑗 = 𝜗𝑗1𝜕𝑥 − 𝜗𝑗0. 
 

Operators 𝒜𝑗𝑘,𝑛, ℬ𝑗𝑘,𝑛,   and ℬ̃𝑗𝑘,𝑛 are written on the basis of recurrence relations: 
 

𝜕𝑥𝐻𝑛 = 2𝑛𝐻𝑛−1,            2𝑥𝐻𝑛 = 𝐻𝑛+1 + 𝜕𝑥𝐻𝑛, 𝒜𝑗𝑘,𝑛 = −𝜗𝑗3 

{∑ (
3
𝑚
)(
−1

𝜅
)
3−𝑚

(
2√𝜅

𝜎̅
)

𝑚3˄𝑛

𝑚=0

𝑛!𝒩𝑛
(𝑛 − 𝑚)!𝒩𝑛−𝑚

𝛿𝑘,𝑛−𝑚} 

−(𝜗2 + 𝔘𝑗2) 

{∑ (
2
𝑚
)(
−1

𝜅
)
2−𝑚

(
2√𝜅

𝜎̅
)

𝑚3˄𝑛

𝑚=0

𝑛!𝒩𝑛
(𝑛 − 𝑚)!𝒩𝑛−𝑚

𝛿𝑘,𝑛−𝑚} 

−𝔘𝑗1 {(
−1

𝜅
)𝛿𝑘,𝑛 + (

2√𝜅

𝜎̅
)

𝑛!𝒩𝑛
(𝑛 − 1)!𝒩𝑛−1

𝛿𝑘,𝑛−1}, 

ℬ𝑗𝑘,𝑛 = −𝜗1 {(
−1

𝜅
)𝛿𝑘,𝑛 + (

2√𝜅

𝜎̅
)

𝑛!𝒩𝑛
(𝑛 − 1)!𝒩𝑛−1

𝛿𝑘,𝑛−1} − 𝜗𝑗0𝛿𝑘,𝑛, 

ℬ̃𝑗𝑘,𝑛 = −𝜗𝑗1𝜎̅
′{[(

−1
𝜅
)(
1
2𝜎̅
−
𝜎̅
𝜅3
−
𝑛
𝜎̅
)]𝛿𝑘,𝑛  + [(

−1

𝜅
)(

4

𝜅
3
2

) + (
2√𝜅

𝜎̅
) (

1

2𝜎̅
−
𝜎̅

𝜅3
−
𝑛

𝜎̅
)]

𝑛!𝒩𝑛
(𝑛 − 1)!𝒩𝑛−1

𝛿𝑘,𝑛−1 

+[(
−1

𝜅
)(
−2

𝜎̅
) + (

2√𝜅

𝜎̅
)(

4

𝜅
3
2

)]
𝑛!𝒩𝑛

(𝑛 − 2)!𝒩𝑛−2
𝛿𝑘,𝑛−2 + [(

2√𝜅

𝜎̅
) (
−2

𝜎̅
)]

𝑛!𝒩𝑛
(𝑛 − 3)!𝒩𝑛−3

𝛿𝑘,𝑛−3} 

−𝜗𝑖0𝜎̅
′ {(

1

2𝜎̅
−
𝜎̅

𝜅3
−
𝑛

𝜎̅
) 𝛿𝑘,𝑛 + (

4

𝜅
3
2

)
𝑛!𝒩𝑛

(𝑛 − 1)!𝒩𝑛−1
𝛿𝑘,𝑛−1 + (

−2

𝜎̅
)

𝑛!𝒩𝑛
(𝑛 − 2)!𝒩𝑛−2

𝛿𝑘,𝑛−2} 

−𝜗𝑖1𝑓𝛺̅̅ ̅̅ ′ {(
1

𝜅3
) 𝛿𝑘,𝑛 + (

−4

𝜎̅𝜅
3
2

)
𝑛!𝒩𝑛

(𝑛 − 1)!𝒩𝑛−1
𝛿𝑘,𝑛−1 + (

4

𝜎̅2
)

𝑛!𝒩𝑛
(𝑛 − 2)!𝒩𝑛−2

𝛿𝑘,𝑛−2} 

−𝜗𝑖0𝑓𝛺̅̅ ̅̅ ′ {(
−1

𝜅2
)𝛿𝑘,𝑛 + (

2

𝜎̅√𝜅
)

𝑛!𝒩𝑛
(𝑛 − 1)!𝒩𝑛−1

𝛿𝑘,𝑛−1}. 

 

Calculation of 𝑐𝑛 can be found in [12] 

𝑐𝑛 = (𝜓𝑛, 1) =
2

𝜎̅
√
𝜋

𝜅
𝒩𝑛𝐴

𝑛𝑒−𝐴
2/4. 

 

The approximate price of a bond can now be calculated applying the theorems 1-3. 
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For zero-coupon bonds, the bond curve is often considered, and not the bond price itself. The yield 

𝑅𝜖,𝛿
′
 for a zero-coupon bond, on which one dollar is paid at time 𝑡 is defined by the relation: 

 

𝑢𝜖,𝛿
′
= exp(−𝑅𝜖,𝛿

′
𝑡). 

 

We obtain the approximation for a zero-coupon bond, developing in series as bond prices 𝑢𝜖,𝛿
′
, and 

the yield 𝑅𝜖,𝛿
′
 in orders √𝜖𝑗 and √𝛿𝑖: 

 

𝑢
0,0′

+∑√𝜖𝑗𝑢1𝑗,0′

𝑙

𝑗=1

+∑√𝛿𝑖𝑢0,1𝑖
′

𝑟

𝑖=1

+⋯ = 𝑒
−(𝑅

0,0′
+∑ √𝜖𝑗𝑅1𝑗,0

′
𝑙
𝑗=1 +∑ √𝛿𝑖𝑅

0,1𝑖
′

𝑛
𝑖=1 )𝑡

 

= 𝑒
−𝑅

0,0′
𝑡
+∑√𝜖𝑗𝑅1𝑗,0′

𝑙

𝑗=1

𝑒
−𝑅

0,0′
𝑡
+∑√𝛿𝑖𝑅0,1𝑖

′

𝑟

𝑖=1

𝑒
−𝑅

0,0′
𝑡
+⋯. 

 

Grouping in orders √𝜖𝑗 and √𝛿𝑖 we obtain: 
 

𝑅𝜖,𝛿
′
≈ 𝑅

0,0′
+∑√𝜖𝑗𝑅1𝑗,0′

𝑙

𝑗=1

+∑√𝛿𝑖𝑅0,1𝑖
′

𝑟

𝑖=1

, 

𝑅
0,0′

= −
1

𝑡
ln (𝑢

0,0′
) ,   𝑅

1𝑗,0
′ =

−𝑢
1𝑗,0

′

𝑡𝑢
0,0′

,    𝑅
0,1𝑖

′ =
−𝑢

0,1𝑖
′

𝑡𝑢
0,0′

. 

 

Note that figures are constructed component-wise on each corresponding time scale, in much the 

same way as components in [2], [11]. 

 

5. CONCLUSIONS 

The spectral theory and the theory of singular and regular perturbations are applied to investigate 

the short-term interest rates described by the Vasicek model. The approximate price of bonds and their 

yield are calculated. Applying the Sturm-Liouville theory, Fredholm's alternatives, as well as analysing 

singular and regular perturbations in different time scales, we obtained explicit formulas for the 

convergence of bond prices and yields. To obtain explicit formulas, we need to solve 2l Poisson 

equations. The main advantage of our pricing methodology is that by combining methods from spectral 

theory, regular perturbation theory, and the theory of singular perturbations we reduce everything to 

the solution of the equations to find their eigenfunctions and eigenvalues. 

Developed methodology for modeling the pricing of derivatives, makes it possible to predict the 

results of targeted actions of stock market participants, and to correct behavior based on the influence 

of various factors present in the market. 
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Буртняк Іван, Малицька Ганна. Моделювання ціноутворення деривативів методами спектрального 

аналізу. Журнал Прикарпатського університету імені Василя Стефаника, 7 (3) (2020), 128–136. 

У цій статті розширюється метод знаходження наближеної ціни для широкого класу похідних 

фінансових інструментів. Використовуючи спектральну теорію самоспряжених операторів у 

Гільбертовому просторі та хвильову теорію сингулярних та регулярних збурень, встановлено 

аналітичну формулу наближеної ціни активів. Розроблено методи розрахунку цін опціонів за 

допомогою інструментів спектрального аналізу, теорії сингулярних та регулярних хвиль у випадку 

швидких і повільних факторів. Поєднуючи методи із спектральної теорії сингулярних та регулярних 

збурень, можна знайти ціну похідних фінансових інструментів як розклад за власними функціями. 

Розраховується приблизна вартість цінних паперів та їх норма прибутку. Застосовуючи теорію 

Штурма-Ліувілля, альтернативу Фредгольма та аналіз сингулярних та регулярних збурень у різних 

часових масштабах можна отримати явні формули вартості цінних паперів та їх дохідності на основі 

розкладу власних функцій та власних значень самоспряжених операторів, що використовують 

крайові задачі для сингулярних та регулярних збурень. Доведено теорему, за допомогою якої 

знаходяться оцінки наближеної ціни деривативів. Розроблено алгоритм обчислення наближеної ціни 

деривативів і точності оцінок, що дозволяє проводити аналіз та зробити запобіжні висновки і 

пропозиції, щоб мінімізувати ризики щодо ціноутворення деривативів, які виникають на фондовому 

ринку. Розроблено модель знаходження величини ціни деривативів,  що відповідають динаміці 

фондового ринку та величини фінансових потоків. Така модель дозволяє знаходити ціни деривативів 

та їхню волатильність, а також звести до мінімуму спекулятивні зміни в ціноутворенні, здійснювати 

аналіз проходження процесів на фондовому ринку та робити конкретні кроки для покращення 

ситуації щодо оптимізації фінансових стратегій. Використана методика ціноутворення європейських 

опціонів на основі дослідження поведінки волатильності та аналізу дохідності фінансових 

інструментів дозволяє збільшити точність прогнозу та  приймати обґрунтовані управлінські 

стратегічні рішення учасниками фондового ринку. 

Ключові слова:  фондовий ринок, деривативи, спектральний аналіз, спектральна теорія, 

сингулярна теорія збурень, регулярна теорія збурень. 


