ISSN 2075-9827 e-ISSN 2313-0210 https://journals.pnu.edu.ua/index.php/cmp
Carpathian Math. Publ. 2023, 15 (1), 306-314 KapmaTcbki MmaTem. my6a. 2023, T.15, Nel, C.306-314
do0i:10.15330/cmp.15.1.306-314

[\

Sub-Gaussian random variables and Wiman’'s inequality for
analytic functions

Kuryliak A.O., Skaskiv O.B.

+o00
Let f be an analytic function in {z : |z| < R} of the form f(z) = Y a,z". In the paper, we con-
n=0

—+o0

sider the Wiman-type inequality for random analytic functions of the form f(z,w) = Y, Z,(w)a,z",
n=0

where (Z,) is a sequence on the Steinhaus probability space of real independent centered sub-

Gaussian random variables, i.e. (3D > 0) (Vk € N) (YA € R): E(e*%) < ¢P», and such that
(3B > 0) (Ing € N): inf E|Z,| P < +oo.
n>ng

It is proved that for every § > 0 there exists a set E(J) C [0, R) of finite h-logarithmic measure
(ie. [ph(r)dInr < 4o0) such that almost surely for all 7 € (ro(w), R)\E we have

7

>1/4+5

My(r,w) :=max {|f(z,w)|: |z| = r} < \/h(r)yf(r)(ln‘gh(r) In{h(r)ps(r)}

where h(r) is any fixed continuous non-decreasing function on [0; R) such that h(r) > 2 for all
r € (0,R) and [rlj h(r)dInr = +oo for some rg € (0, R).
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random variables.
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1 Introduction

Let &g be the class of analytic functions f represented by power series of the form
“+00
f(z) = Z anz" (1)
n=0

with the radius of convergence R € (0; +o0]. For r € [0, R), the maximum modulus and maxi-
mal term of series are denoted by M¢(r) =max{|f(z)|: |z|=r} and pf(r) =max{|a,|r" :n >0},
respectively. We also denote by Hg the class of continuous non-decreasing on [0; R), R < +oo,
functions such that i(r) > 2 for all r € (0,R) and frI; h(r)dInr = +oo for some ry € (0,R). In
[1], itis proved thatif h € Hg and f € &g, then forany 6 > Othere exist E(6, f,h) := E C (0,R),
ro € (0, R) such that for all r € (79, R)\E we have

Mg(r) < h(r)ps () { Inh(r) In (h(r)pgp(r) } /20 2)
and
h-meas E = /Eh(r)dlnr < +o0.
YAK 517.55
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From this statement, for /i(r) = 2, the classical Wiman-Valiron theorem (see [2-6]) for en-
tire functions follows: for any § > 0 and for every non-constant entire function, the Wiman
inequality In M¢(r) < ps(r) Int/2+0 pf(r) holds for all r € (ro, +00)\E. For h(r) = 2/(1 —r),
the statement implies the theorem (see [7-9]) on the Kovari-type inequality for analytic func-
tions in the unit disk ID. In the Wiman inequality (see [6, 10-12]) on the Steinhaus probability
space (), A, P) exponent 1/2 almost surely (a.s.) can be replaced by 1/4 (Levy’s phenomenon),
where Q) = [0;1], A is the o-algebra of Borel’s subsets of [0; 1] and P is the Lebesque measure.

Let f € €4 be an entire function and (X, (w)) be a multiplicative system (MS), i.e. the
sequence of real random variables on Steinhaus probability space such that

E(X; X, --X;)=0
for any i7 < ip < ... < i, k > 1, where E¢ is the expectation of random variable ¢, i.e.
E¢ = [, &(w)P(dw). We denote

—+00
K(f,2)= {f(z,t) = I;)akzk(t)zk: te [O,l]},

where Z = (Zi(t)) is a sequence complex-valued random variables.
In [12] (see also [6]), it is proved that if f € £, is non-constant entire function, and Z =
(Z ) isa sequence of complex valued variables such that for any k > 0 we get ( Re Z(t)) € MS,

(Im Zi(t)) € MS and |Z;(t)| = 1 a.s., then for every € > 0 a.s. in K(f, Z) there exists a set
E:= (e t, f) C [1,+c0) of finite logarithmic measure such that the inequality
1/4+
Mg (r,t) :=max {|f(z,t)| : |z] =7} < ps(r)(Inpe(r)) £ (3)

holds for r € [1;+00) \ E.

In the cases Z = R, Z = H and Z = S we obtain suitable results from [10], [11] and
[13], respectively (see also [14]), where R = (Rk(t)) is the Rademacher sequence, i.e. a sequence
of independent random variables, such that P{t: Ry(t) = —1} = P{t: Ri(t) = 1} = 0,5,
k € N,and H = (Hy(t)) is the Steinhaus sequence, i.e. a sequence independent random variables
Hy(t) = exp{2mini(t)}, where {n,(t)} is a sequence independent uniformly distributed on
[0;1] random variables, S = (exp{27ify - t}), where (6x) is the sequence of integer numbers
such that 6, 1/6; > q > 2, k > 0. We remark that (cos(27t6t)) € MS, (sin(27t6t)) € MS in
this case (see [13] for g > 1).

Let us denote by © the class of the sequences of real independent sub-Gaussian random
variables (Z,) on Steinhaus probability space, i.e. such that

(3D > 0) (Vk € N) (VA € R): E(eM%) < PV, (4)

In general, the exponent 1/4 + ¢ in the inequality (3) cannot be replaced by the number
1/4. From one result in [15] it follows that for any sequence of complex valued variables
Z = (Zy) € MS and |Z(t)| > 1 a.s., k > 0, there exists an entire function f € € such that

‘m M f (1’, t)
oo i (1) (In i (1)) 172

=+o00 as.in K(f, 2).

Similar results regarding to the Lévy fenomenon were also proved in the classes of random
analytic functions in the unit disk (see [16,17,20]).
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Note that in above cited results all sequences (MS, R, H, S) are uniformly bounded a.s.
Therefore, a natural question arises (see [19]): is the Lévy phenomenon valid in the case of
an unbounded sequence of random variables? From result obtained in [19] it follows that for
any sequence Z € O there exists a set E(J) of finite logarithmic measure such that for all
r € (ro(t), +00)\E we have

M (r,t) < pg(r) Int/4+0 ue(r) as.in K(f, 2). (5)

In this paper, we prove a similar statement regarding the inequality (2) for the analytic
functions f € &g, R € (0, +0c0], and the some sub-Gaussian sequences Z € ©.

2 Auxiliary lemmas

We need the following elementary statement (see also [21,22]).

Proposition 1. If a sequence of random variables (Z,(w)) satisfies the conditions

(Ja > 0) (In; € N): sup{E|Z,|*: n>mn1} < 4oo, (6)
(38 > 0) (Iny € N): inf{E|Z,| P: n>n} < +oo, ?)
then a.s.
(IN1(w) > max{ny, na}) (Vn > Ny(w)): 1 < |Zu(w)] < nV/*1n?/* n.
nl/B1n?Fp

Indeed, by Markov’s inequality and conditions (6) and (7) we get

+o00 +o00 ElZ o
Y. Pl{w: |Zy(w)|* > nin?n} < ) ‘ni(;))‘ < 00,
n=ny n=n; nln“n
iy &2 E|Zy(w)| P
Y P{w: 1 Z(w)| 7P > nin?n} < ) M < +o00.
n=ny n=n, nln“n

Therefore, the First Lemma of Borel-Cantelli implies the statement of Proposition 1.
By conditions (6) and (7) the radius of convergence of a series

+0c0
flz,w) = Z Zn(w)ayz" (8)
n=0
is a.s. equal to the radius of convergence of series (1).
Suppose that Z = (Z,) € O is a sequence of real centered independent sub-Gaussian
random variables such that condition (7) holds. The class of such random variables is denoted
by L.

For Z € £ we have (see [18, Exercise 7.8, p.81])

supE(Z7) =supD(Z;) <2D and E(Z) =0, Vk€ N,
keN keN

where D(Z;) := E(Z2) — (EZ)? is the variance of random variable Z; and D is positive con-
stant from (4).
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Remark that any sequence of random variables {Z,} € L satisfies conditions of Proposi-
tion 1 with « = 2 and the radius of convergence R,, of random power series of the form (8) is
a.s. equal to the radius of convergence of series (1).

For r > 0 and an analytic function of the form (1) we denote

ve(r) = max{n: |a,|[r" = yf(r)}

—+00
= Z lan|r", Mf(r,N,w = max ZZ w)ay ein?|

0<0<2m
+00 N 1/2
SH0) = X lanPr Sy =) = (L)
n=0 n=0

In what follows, [x] denotes an integer part of a real x € R.
Similarly to [19] one can prove the following analogue of the Salem-Zygmund theorem
(see [18,23]).

Lemmal. LetZ € L,h € Hg, f € Er, N € N. Then there exist an absolute constant C > 0 and
a set E of finite h-logarithmic measure such that

2
P{Mf(r,N,w) > CSNlnlnSNvlnN} < NeL r— R. 9)

Lemma 2. LetZ € L, f € g, h € Hr, N = [I°(r) In°{(r)us(r)}] and D is the positive
constant from (4). There exist an absolute constant C > 0 and a set E of finite h-logarithmic
measure such that forr — R, r ¢ E, we have

lP{w: Mg (r,w) > CSN(r) InIn Sy (r)4/In N(r) +yf(r)} <

(10)
Proof. For § > 0 we denote

Ei = {r: r% In 9 (r) > h(r) In'*+? Me(r), InMe(r) > e}.

Then
—lnf)ﬁ +o du
or f
/ /151 1n1+5£m </1 A S Fo0.
Therefore for r ¢ E; we get
—+00
Y nlan|r™ < h(r)M(r) In'*? Me(r).
n=0
Let
+o00 +0oo 5
fi(z) =) na,z", fa(z) =) n*anz".
n=0 n=0

So, there exists a set E; of finite h-logarithmic measure such that

3 Pl < HOY, ()1 )
< (1), (1) I 0y (1) 1025 ()90, (1) I o, (1))
< 12 (r) In h(r)IMg, (r) In**30 9, (r)
< () I ) () T 0 () I3 L )0 () I 001}

< T (r) M (r) In* 70 M4 (r).
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For n > N(r) we consider events B, = {w: |Z,(w)| > n%/?}. Using Markov’s inequality
we can estimate the probabilities of these events

DZ 2D
— . 2 3 n
P(By) = P{w: |Z,(w)|* > n°} < 3 < ey
= =1 2D
Y. P(B D ) -—g NGy — R
n=N(r) n=N(r
+o0
LetB= |J By ThenP(B) < sz—[()r), r — R.From (2) for w ¢ B and r ¢ E; we get
n=N(r)
» (EDY P v
max ‘ Zn(w)are™| < |Zn(w)||an|r" < |an|r
0=f<27 n=N(r) n=N(r) ( )

o |
< Nir) Z(r) 1 || < ﬁhgw(r)mf (N ™7 90t (r)
< S O ) (In((y (1)

1
1

N(r)h (Npp () I (kg (r)) < pp(r), r— R

Therefore,

]P{w: max‘ Z Zn )an yeint
0<0<2m n=N(r

> 1 0}< Ry
Finally, from Lemma 1 for r ¢ E;, ¥ — R, we obtain

2D +2
N2(r) -

{ w: max )ZZ anr”eme
0<6<2m

> CSyInlnSy/In N(r) + yf(r)}g

Similarly to [12] (see also [6,13]) we get the following lemma.

Lemma 3. Let I(r) be a continuous increasing to +oo function on (rp; R), E C (rp; R) and
sup E = R. Then there is an infinite sequence 1 < r; < --- <r, — R asn — +oo such that

(i) Vn e N: r, € E;
(i) Vn € N: Inl(r,) > 5;
(iii) if (ru; tn41) NE # (ru, rny1), thenl(ry1q) < el(ry);

(iv) the set of indices, for which (iii) holds, is unbounded.
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3 Main result
Theorem 1. Let Z € L, f € Er, h € Hg, § > 0. Then there exists a set E() of finite
h-logarithmic measure such that for all v € (ro(w), R)\E almost surely in KC(f, Z) we have

1/4+6
) (11)

M(r, ) < () ug(r) (100 B(r) I {h(r)pg (1)}

Proof. Choose k(r) = h(r)us(r), aset E and a sequence {ry} from Lemma 2. Let

Fk = {w: Mf(rk,w) > CSN(rk)(rk) Inln SN(rk) (rk)\/lnN(rk) + }lf(?’k)}

By Lemma 3 and by the definition of N(r) we get

= 22D +2 = 2D +2 D+1%& 1
Y P(R) <) 53 ) < 10 10 < —— ) w < oo
k=1 = N2 () — = IO h(r) I (h(ri ) pp(ri)) k=1

Then by Borel-Cantelli’s lemma for almost all w € [0, 1] there exists ko(w) such that for
k > ko(w) we obtain

Mf(l’k, w) < CSN(rk) (T’k) Inln SN(rk) (Tk) A/ In N(T’k> + }lf(?’k)
Using inequalites Sy, (r) < M ¢(r)puf(r) and definition of N(r) we get

Myl w) < Gy {rdhiy () Indn <Smf(rk)yf(rk>> In'/2 <h5(7’k> In® (h(rk)ﬂf(rk))> + ps(rx)
< h(rk)}”f(rk)<11'13h(1’k)1n{h(rk)yf(rk)})1/4+3(5

Let r > 7y () be an arbitrary number outside set the E, € (rp,7p41). By Lemma 3

h(rpr)ps(rpa) < eh(rp)us(rp) < eh(r)ps(r),

and h(rp1) < eh(r), ps(rp41) < eps(r). Therefore for almost all w € [0;1] and r > ro(w)
outside a set of finite h-logarithmic measure E we have

My (r,w) < Mg(rpi1,w)
< \/myf(rp+l)(ln3 h(r 1) In{R(rper ) pg (rppa) V4T
< eyJeh(r)us(rps1)(In®(eh(r)) In{eh(r)ps (r) }) /4%
< H g (rp) O () I (1)) 445

In the case of complex random variables we get such a statement.

Corollary 1. LetReZ € L£,ImZ € L, f € Eg, h € Hg, 6 > 0. Then there exists a set E(J)
of finite h-logarithmic measure such that for all v € (ro(w), R)\E almost surely in K(f, Z) we

have
) 1/4+6

Mj(r,@) < /h(r)ps(r) (100 h(r) In {(r)ps (1)}
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4 Some examples

There exists Z ¢ L such that EZ, = 0, sup,, DZ,, = +c0 and inequality (11) does not hold.
It follows from the following statement for entire functions f € £ .

Theorem 2 ([19]). For any « > 0 there exist a sequence of real independent random variables
satisfying
supDZ,;, = +oo, EZ, =0 forall n € Z,
n

entire function f € £, and h € ‘H . such that almost surely in KC(f, Z)

w) > \/h(r)yf(r)<ln h(r)In {h(r) )})1/4+“, r € (ro(w), +00).

We prove similar statement for f € &;.

Theorem 3. For any a > 0 there exist a sequence of real independent random variables satis-
tying
supDZ,;, = +oo, EZ, =0 forall n € Z.,
n

analytic function f € £ and h € H such that almost surely in K(f, Z)

(r,w) >\/7yf In® s (r (ln{h )})1/4, r e (ro(w),1).

Proof. We choose

2 exp(nf)z" pasy
f(z) = Z 7}91(1“ ) , Q(z) = Z exp(n)z"
n=1 n=1
and a sequence of independent random variables (Z,) such that
1
Pl{w: Zy(w) = —n*} = P{w: Z,(w) =n"} = 5
Then
1 1 1 1
EZ, = —H'XE + Tl“i =0, DZ, = nz”‘i + nz”‘i = n*, supDZ, = +o0
Denote
= exp "
w) =), Zn(w) Z Ru(w) exp(n)z" = glz, @), My(r,w) = My(r, @),
=1

where {R,(w)} is a sequence of the Rademacher random variables. In [20], for g(z, w) there
was proved that for g(z,w), h(r) = (1 —r)~! and some C > 0 we have

Mg (r,w) = Mg(r,w) > \/>plg <ln{h(r)yg(r)})l/4, r 1.

Remark that

He(r) = max{exp(ng)r"}: max{n“w}z v (r)ps(r).

nezy nez n%
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From

Inpi(r) —Inpuy(ro) = /YM

<y (r)(Inr —Inrg)
1o t

it follows that for any r > r, > ry there exists a constant ¢ > 0 such that

Inpe(r) —Inpg(ro) S clnpg(r)
Inr —Inr ~ —Inry

ve(r) >

Then pg(r) > v (r)ug(r) = Crps(r) In® ps(r). Finally, almost surely in KC(f, Z) we get

M (r, @) > ,/h(r)yg(r)<1n{h(r)yg(r)})1/4
> \[h(r)Crpp(r) In® g (r) ( In {h(r)Crpf(r) In" yf(r)})1/4
> s ) (0 s 0}) L 7€ (rofw), 1)
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—+o0
Hexait f — aHaniTinuna yHkuisi B {z : |z| < R} Burasay f(z) = Y, a,z". Y craTTi AOBOAUTHCSI
o

“+ o0
HepiBHICTH THIy BiMaHa AASI BUTAAKOBYMX aHAAITUYHMX (PYHKUIN BUTASIAY f(z,w) = Y, Zy(w)a,z",
n=0

Ae (Z,) — HOCAIAOBHICTD Ha MMOBipHicCHOMY rpocTopi IlITelHrayca AlFICHNX He3aAeXHMX LIEHTPO-
BaHIIX Cy6TayCOBMX BUTTAAKOBMX BeawavH, To6To (3D > 0) (Vk € IN) (VA € R): E(e!%) < PV
takux, mwo (3B > 0) (Iny € N): igf E|Z,|F < +c0.
n=no
AoBeaeHo, IO AAST KOXHOTO § > 0 icHye MHOXMHa E(§) C [0, R) ckiHueHHOI AorapmdMiuHOl
h-mipu (To610 [ h(r)dInr < 400) Taka, IO MaiiXe HAIEBHO AAsL BCiX 1 € (ro(w), R)\E MaeMo

)1/4+(5

My (r,w) := max {|f(z,w)|: |z| = r} < \/h(r)yf(r)(ln‘gh(r) In{h(r)us(r)}

7

Ae h(r) — aroBiabHA (pikcoBaHa HenepepBHa HecriaaHa Ha [0; R) doyHKuist Taka, 1o /() > 2 aAAsI BCix
€ (O,R)i er; h(r)dInr = +o0 anst aesikoro 7 € (0, R).
Kntouosi cnosa i ppasu: aHariTwuHa pyHKIis, deHOMeH AeBi, HepiBHicTh BimaHa, cy6raycosi Bu-
ITaAKOBI BEAVUVHIL



