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New models for some free algebras of small ranks

Zhuchok A.V.1, Pilz G.F.2

Dimonoids, generalized digroups and doppelsemigroups are algebras defined on a set with two
binary associative operations. The notion of a dimonoid was introduced by J.-L. Loday during con-
structing the universal enveloping algebra for a Leibniz algebra. One of the important motivations
for studying doppelsemigroups comes from their connections to interassociative semigroups. Gene-
ralized digroups are dimonoids with some additional conditions while commutative dimonoids
provide the class of examples of doppelsemigroups.

Let V be a variety of universal algebras. One of the main problems is to describe free objects
in V. The purpose of this paper is to construct new more convenient free objects in some vari-
eties of dimonoids, generalized digroups and doppelsemigroups. We first construct a new class of
abelian dimonoids, give a new model of the free abelian dimonoid of rank 2 and extend it to the
case of an arbitrary rank. Then we show that the semigroups of the free generalized digroup are
anti-isomorphic, present a new model of the free monogenic generalized digroup and characterize
the least group congruence on it. We also prove that there do not exist commutative generalized
digroups with different operations. Finally, we construct a new model of the free monogenic com-
mutative doppelsemigroup, characterize the least semigroup congruence on it and establish that
every monogenic abelian doppelsemigroup is the homomorphic image of the free monogenic com-
mutative doppelsemigroup.
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of rank 2, free monogenic generalized digroup, free monogenic commutative doppelsemigroup.
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1 Introduction

Lately, Loday-type algebras such as dialgebras, trialgebras, dimonoids, trioids, g-dimo-
noids, (generalized) digroups and other are actively studied. The idea of doppelsemigroups is
based on the study of dimonoids. At the current paper, we turn our attention to investigate di-
monoids, generalized digroups and doppelsemigroups. The dimonoid structure is introduced
by J.-L. Loday [16] as a non-trivial extension of the concept of a semigroup. These algeb-
ras have applications in dialgebra theory (see, e.g., [5,16,17]). Digroups and generalized di-
groups are dimonoids with some additional conditions. They were considered by R. Felipe [8],

YAK 512.579, 512.53
2020 Mathematics Subject Classification: 08B20, 20M10, 20M50, 17A30, 17A32.

The present paper was written during the research stay of the first named author at the Institute of Algebra of
the Johannes Kepler University Linz (Austria) within the framework of the academic mobility programme “Joint
Excellence in Science and Humanities” (JESH-Ukraine, OeAW). The first named author would like to thank the
second named author for inviting to the Institute of Algebra to work on this project and the Institute of Algebra
for hospitality.

© Zhuchok A.V,, Pilz G.E., 2023



296 Zhuchok A.V.,, Pilz G.F.

M.K. Kinyon [12], K. Liu [13], O.P. Salazar-Diaz, R. Veldsquez and L.A. Wills-Toro [23] and other
authors. The first examples of digroups were given by J.-L. Loday [16]. Digroups play an im-
portant role in Leibniz algebra theory. This theory was actively studied (see, e.g., [14, 12, 16]).
The study of doppelsemigroups was initiated by the first author in [29]. Doppelalgebras intro-
duced by B. Richter [20] are linear analogs of doppelsemigroups. It is well-known that there
exist natural relationships between doppelsemigroups and interassociative semigroups (see,
e.g., [27,29,34]). Finally, note that the following relations between dimonoids, digroups, gene-
ralized digroups and doppelsemigroups take place: every digroup is a generalized digroup,
every commutative dimonoid is a doppelsemigroup [29] and three axioms of a doppelsemi-
group appear in axiomatics of a dimonoid and a (generalized) digroup.

Let V be a variety of universal algebras. One of the main problems is to describe free ob-
jects in V. The motivation for this research comes from the fact that free objects in any variety
of algebras are important in the study of that variety. The above mentioned main problem
has been solved in many cases. For example, free objects are known for the varieties of di-
monoids, g-dimonoids, digroups, trioids, duplexes, (strong) doppelsemigroups and n-tuple
semigroups (see [16,18,19,24,28,29,31,33]). Abelianity in generalized digroups, doppelsemi-
groups, digroups and dimonoids was considered in [21, 35,37, 38], respectively. This property
has different meanings in universal algebra, and in the latter four papers, the term “abelian” is
not equivalent to the term “commutative”. A construction for the free abelian dimonoid was
given in [38]. The free generalized digroup was presented in [22]. The paper [29] establishes
the structure of the free commutative doppelsemigroup. In the present paper, we suggest new
models for some free algebras in the varieties of abelian dimonoids, generalized digroups and
commutative doppelsemigroups. The obtained models look more convenient than the corre-
sponding original constructions.

The paper is organized as follows. In the next section we construct a new class of abelian
dimonoids, give a new model of the free abelian dimonoid of rank 2 and extend it to the case of
an arbitrary rank. Then we show that the semigroups of the free generalized digroup are anti-
isomorphic, present a new model of the free monogenic generalized digroup and characterize
the least group congruence on it (Section 3). We also prove that there do not exist commutative
generalized digroups with different operations. In the final section, we construct a new model
of the free monogenic commutative doppelsemigroup and characterize the least semigroup
congruence on it. In addition, we establish that every monogenic abelian doppelsemigroup is
the homomorphic image of the free monogenic commutative doppelsemigroup.

2 Free abelian dimonoids of rank 2

In this section, we construct a new class of abelian dimonoids, give a new model of the free
abelian dimonoid of rank 2 and extend it to the case of an arbitrary rank.

Following J.-L. Loday [16], a dimonoid is a nonempty set D equipped with two binary
operations - and |- satisfying the axioms
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forall x,y,z € D. Some examples of dimonoids were given in [16,25]. A collection of relatively
free dimonoids can be found in [32]. A dimonoid (D, H, ) is called abelian [38] if

xdy=ykFx (1)

forall x,y € D.
Recall the construction of the free abelian dimonoid suggested in [38].

Let X be an arbitrary nonempty set and let FCm(X) be the free commutative monoid on X
with the empty word 6. Put FAd(X) = X x FCm(X) and define operations - and I- on FAd(X)
as follows

(x,0) 4 (y,q9) = (x,vyq), (x,0)F (y,9) = (y, xvq).

Theorem 1 ([38, Theorem 1]). The algebra (FAd(X), —,F ) is the free abelian dimonoid on
X x {6}.

The dimonoid (FAd(X), -, ) is denoted by FAd[X]. The free abelian dimonoid of rank 1
was considered in [38]. In the latter paper it was shown that the operations of the free mono-
genic abelian dimonoid coincide and it is a variant of the additive semigroup of all non-
negative integers. In order to present a new model of the free abelian dimonoid of rank 2
we construct a new class of abelian dimonoids. As usual, we denote by INO the set IN of all
positive integers with zero. Let A, B be arbitrary nonempty subsets of IN? and let

p:A—=>B:x— ¢y, P:A—=>B:iy— iy
be arbitrary maps. Define operations 4 and - on NY x A x IN? by

(n,a,m) 4 (p,b,s) = (n+ @y + p,a,m + Py +5), @

(n,a,m)t (p,b,s) = (n+@a+p,b,m+ 1P, +5s) (3)

for all (n,a,m),(p,b,s) € N° x A x N°. The algebra (IN? x A x N°,H,F) is denoted by
N°(A, B)§.

Lemma 1. For any nonempty A, B C IN? and any maps ¢, { from A to B, the algebraIN"( A, B)i
is an abelian dimonoid.

Proof. Tt is easy to verify that multiplications in IN?(A, B)z are associative and it is an abelian
dimonoid. O

Now we give a new model of the free abelian dimonoid of rank 2.
Let A=B=1{0,1} and

1 x:O 1 x:l
— 4 4 — 4 4 4
P {0, =1, " {0, x=0. @)

Using (4), define operations = and - on IN? x {0, 1} x INY by formulas (2) and (3). Then, by
Lemma 1, we get the abelian dimonoid N°({0,1}, {0,1}) 1(16 which denote by FAd,.
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Theorem 2. Let X = {x,y}. Then FAd[X] is isomorphic to the dimonoid FAd,.

Proof. Words of FCm(X) we write as x"y™, where n,m € INY. Define the map

(n,0,m), z=x,

. . n, m n, m —
lXFAd[X] —>FAd2 (Z,x y )'_> (Z/x ]/ )[X_{ (n,l,i’H), Z:y-

We show that « is an isomorphism. Let n;, m; € N, where 1 < i < 4. We have

((rxmy™) (g, x"2y™) Yo = (3 rmymoemed) g

= (m +n,0,my +my+1) = (n + @1+ n,0,my + p1 + my)
= (n1,0,mq) 4 (np,1,mp) = (x, x"y"™)a = (y, x"y"™)a,

((]// anymz) 4 (x, XMy ) <y no+nq+1 m2+m1> "

ny +m +1,1,my +my) = (n2+ @o+ n1,1,ma + o + mq)
1’12,1 mz) (nl,O ml) = (y’ xnzymz)oé - (x,x”ly’”l)a,

= (
= (
((x’ xnlyml) " (x, xn3y ) <x, ny1+nz+1 m1+m3> o

= (n1 +n3+1,0,my +m3) = (ny + @o + n3,0, my + P + ms3)
= (n1,0,mq) % (n3,0,m3) = (x, x™y"™ )a * (x, xy"™)a,

<<]/, xnzymz) % (]/, xn4y ) <y N1y mz+m4+1) Q

= (np+ng,1,my+my+1) = (na+ @1+ n4,1,my +1p1 + my)

(
(

= (np,1,my) * (n4,1 my) = (yx y ) *(y,xm;yrm;)oc,

where * € {4,-}, and
((ramy™) b (v xy™) Ja = (y,xmtrettymene) o
= (

= (

((% x"2y"2) b= (x, xMy™ ) <x, o m2+m1+1)

= (np+mn,0,my+my +1) = (ny+ @1+ n1,0,mp + p1 + myq)
= (np,1,my) F (n1,0,my) = (y, x"2y"™)a k= (x, x"y™)a.

Moreover, it is clear that « is a bijection. So, « is a dimonoid isomorphism.
It is natural to extend the dimonoid FAd, to the case of an arbitrary rank.
Remark 1. Let X = {a; |i € I}, INY = N foralli € I and
o |1, i=k
Pi = { 0, itk
for any ay. € X, k € I. Define operations + and - on X x HieI]N? by

(ﬂj/ (xi)iel) - (ﬂk/ (yi)iel) = (ﬂjz (xi + @?k +]/i)iel),
(ﬂj/ (xi)ier) & (ax (vi)ier) = (ak, (xi + Go?j + vi)ier)

n +ny+1,1,my +myp) = (ny + @o+ ny, 1, my + o + my)
n1,0,my) b (nz,1,mp) = (x, x"y"™)a b (y, x"2y")a,

0
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for all (aj, (xi)ic1), (ax, (yi)ie1) € X x [1;e; INY, where j, k € I. An immediate check shows that
the map

T:(x,0) — (x,0)t = (x,0%),
where the ith component of the element v* is equal to the number of occurrences of an element
a; € X inv, is an isomorphism of FAd[X] onto the algebra (X x [T;c;IN?, -, ).

3 Free monogenic generalized digroups

In this section, we show that the semigroups of the free generalized digroup are anti-
isomorphic, give a new model of the free monogenic generalized digroup and present the
least group congruence on it. We also prove that there do not exist commutative generalized
digroups with different operations.

The notion of a digroup first appeared in J.-L. Loday’s work [16] as a dimonoid (see Sec-
tion 2) satisfying some additional identities. There exist two different definitions of a digroup
and examples of such algebras (see [36]). Bar-units are used in the definitions of digroups.
Recall that an element e of a dimonoid (D, -,I) is a bar-unit if x 4 e = x = e - x for every
x € D [16]. Note that in contrast to monoids a dimonoid may possess not only one bar-unit;
and the set of all bar-units of a dimonoid (D, -, ), denoted by E ((D, -, l—)), is called the halo.
If a dimonoid has a unit then its operations coincide, which follows from the axioms of a di-
monoid.

Following [9,12], a dimonoid (D, -, ) is called a digroup if

(G1) there exists a bar-unite € D;

(G2) for every g € D there exists a unique element g~! € DsuchthatghFg¢ 1 =e=¢"1-g.
Such an element ¢! is said to be inverse to g.

Following [14,15,23], a dimonoid (D, -,+) is called a digroup if (G1) holds and

¢ r r ¢
(G3) for every x € D there exist elements x, ! and x, ! of Dsuch that x - x; ! = e = x; 1 - x.
¢ r

In [23], the latter digroups are called generalized digroups. If in (G3) x, ! = x,!, then we
obtain the first definition of a digroup, that is, the class of all digroups is contained in the
class of all generalized digroups. Obviously, the nonempty halo of a dimonoid (D, H,I) is an
abelian subdimonoid which is a digroup, that is, the digroup E((D,,F)) satisfies (1). If a
dimonoid is a (generalized) digroup, then its bar-units and the halo are called, respectively,
bar-units and the halo of a (generalized) digroup. The problem of adjoining a set of bar-units
to dimonoids was studied in [26,30]. If operations of a (generalized) digroup coincide, then
the (generalized) digroup becomes a group. So, (generalized) digroups are a generalization of
groups. Recall the construction of the free generalized digroup from [22].

Let X be an arbitrary nonempty set and let F(X) be the free group generated by X. Define
operations - and - on F(X) x X x F(X) by

(u,x,a) 4 (v,y,b) = (u,x,avyb),
(u,x,a) - (v,y,b) = (uxav,y,b)

for all (u,x,a), (v,y,b) € F(X) x X x F(X). The algebra (F(X) x X x F(X),,+ ) is denoted
by FD(X). By [22, Proposition 4], FD(X) is the free generalized digroup.
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The following statement establishes a relationship between the semigroups of the free gene-
ralized digroup.

Lemma 2. (F(X) x X x F(X), ) and (F(X) x X x F(X),F ) are anti-isomorphic semigroups.
Proof. Define the mapping
f:(F(X)x XxF(X),4) = (F(X) x X x F(X),F )

by the formula
(1 X, Xig1, Xig o ) f = (X Xig, Xis1, X X7)
forall (x1...x;, Xj11,Xj12...%) € F(X) x X x F(X), wherex; € X,1 <i<k.

An immediate verification shows that f is an anti-isomorphism. Indeed, f is a bijection
and for all (x1...%;,Xjp1, Xig2--- %), (V1. Vi Yis1, Yj42---Ym) € F(X) x X x F(X), where
xi, ¥ € X,1< i <k,1<j<m, weobtain

(Cer oo X Xign, Xigo o) F (1 Y Yisv Yjaz - Ym)) f
= (X1 X0, X 1, Xig 2 XYL Y Ym) f
= (Ym Y- Y1Xk -+ Xig2, Xig1, Xj -+ X1)
= Ym---Yjr2.Yj+1,Yj---y1) B (k- X, Xip, Xi - . X1)

1YY Yiv2- - Ym)f (X1 X0 X1, Xigo - X)) f
O

Now we give a new model of the free monogenic generalized digroup. As usual, by Z we
denote the set of integers. Define operations 4and - on Z x Z by

(n,m)-(p,s)=m,m+p+s+1),
(n,m)F(p,s)=m+m+p+1,s)

for all (n,m), (p,s) € Z x Z. The algebra (Z x Z,,+) is denoted by FD;.
The main result of this section is the following theorem.

Theorem 3. FD; is the free monogenic generalized digroup with the halo
E(FDq) = {(n,m) | n+m+1=0}

and inverses with respect to the bar unit (n, m)

l r

(p,s)(_;l%m) =mm—-s—p—1) and (p,s)(_n%m) =mn—-s—p—1,m), where (p,s)€ FD;.
Proof. Let X = {x}. Define the map
B:FD(X) — FDy : (x",x,x™) — (n,m).
Prove that § is an isomorphism. For all ny, ny, my, my € Z we get
<(x”1,x, ™M) A (22, x, xmz))ﬁ = (x"l,x, xmﬁ”ﬁmﬁl) B = (ny,my+ny+mp+1)
= (n1,my) 4 (ng,mp) = (x™,x,x™)B = (x"2, x,x™)B,
<(x”1, x, x"™M) F (22, x, xmz))ﬁ = (x”1+m1+”2+1, X, xm2> B=(n+m+ny+1,mp)

= (n1,my1) b (ng,mp) = (x™,x,x™)B F (x2,x,x™)B.



New models for some free algebras of small ranks 301

Obviously, B is a bijection. Thus, B is an isomorphism and FD; is the free monogenic genera-
lized digroup.

Further, by [22, Proposition 4], E(FD(X)) = { (2™, x,x™) [n+m+1= O}. It is clear that
E(FD(X))B = {(n,m) |n+m+1=0}. Hence,

E(FD;) = {(n,m) | n+m+1=0}.
Moreover, for all (p,s) € FDy and (m,n) € E(FD7), we have

(P.5) F (P,8) oy = (Pr5) - (n =5 —p—1,m)
l

= (nm) = (mm—s—p=1)4(ps) = (p,5) Ly 1 (p,5)-

So, FD; is the free monogenic generalized digroup with the halo and inverses as in our
theorem. O
l r

Corollary 1. Let (p,s) € FD;y and (n,m) € E(FD1). The inverses (p, s)(_n%m) and (p, s)(_n%m)
coincide if and only if (p,s) € E(FDy). In this case,
l r
(1St = (1) = ().
If p is a congruence on a generalized digroup (D,,F) such that the operations of
(D,H,t)/p coincide and it is a group, we say that p is a group congruence. If y : D; — Dy isa
homomorphism of generalized digroups, the kernel of y is denoted by A, that is,

Ay ={(xy) € Dy x Dy |xp = yu}. ()
Now we present the least group congruence on the free monogenic generalized digroup.
Lemma 3. The map
@:FDy — (Z,4):(n,m)— (n,m)®o =n+m+1
is an epimorphism inducing the least group congruence on the free monogenic generalized
digroup FD;.
Proof. For arbitrary elements (n,m), (p,s) € FD1, we have

((n,m) 4 (p,s))@=mm+p+s+1)@
=n4+m+p+s+2=n+m+1)+(p+s+1)=nm)o+ (ps)o,

(n,m) b (p,s))@=m+m+p+1,5)@
=n4+m+p+s+2=n+m+1)+(p+s+1)=nmwo+ (ps)o.
The map @ is surjective since for any m € Z there exists (m —1,0) € FD; such that
(m—1,0)@ = m. Thus, @ is an epimorphism. Since (Z,+) is the free group of rank 1,
Ao is the least group congruence on FD;. O

We conclude the section with some additional property of generalized digroups. Commu-
tative dimonoids were introduced and studied in [25] (see also [32]). It is natural to introduce
the notion of a commutative generalized digroup. A generalized digroup (D, ,+) will be
called commutative if both semigroups (D, 1) and (D, ) are commutative.
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Proposition 1. There do not exist commutative generalized digroups with different operations.

Proof. Let (D, ,+) be a commutative generalized digroup and let e € D be a bar-unit. From
[25, Lemma 2] it follows that

xF(y-dz)=xF(ytz2)
forall x,y,z € D. If x = ¢, then from the latter equality we obtainy 4z =y I~ z. O

4 Free monogenic commutative doppelsemigroups

In this section, we construct a new model of the free monogenic commutative doppelsemi-
group and characterize the least semigroup congruence on it. Moreover, we establish that
every monogenic abelian doppelsemigroup is the homomorphic image of the free monogenic
commutative doppelsemigroup.

Recall that a doppelsemigroup [29] is a nonempty set D with two binary operations - and
I satisfying the axioms

(xdy)Fz=x4(yFz2),
(xFy)dz=xF (ydz),
(xdy)dz=x4(y12),
(xFy)Fz=xF (yFz2)

forall x,y,z € D.

One of the important motivations for studying doppelsemigroups comes from their con-
nections to interassociative semigroups. Recall that two semigroups defined on the same set
are interassociative (see, e.g., [6,7,10]) provided that they satisfy the first two axioms of a
doppelsemigroup. This definition implies that two interassociative semigroups give rise to a
doppelsemigroup, and therefore, we can study interassociative semigroups via doppelsemi-
groups, applying methods of universal algebra. Commutative dimonoids are examples of dop-
pelsemigroups [25,29]. Some other examples of doppelsemigroups can be found in [29,31].

A doppelsemigroup (D, , ) is called commutative [29] if both semigroups (D, ) and
(D, F) are commutative. Let S be a semigroup and a4 € S. Define a new operation o, on S
by x o, ¥y = xay for all x,y € S. Then o, is associative and hence (S, o,) is a semigroup (see,
e.g., [11]).

Let T* be the free commutative monoid on the two-element set {a,b}.

Lemma 4 (29, Corollary 4.4]). (T*, o4, o) is the free commutative doppelsemigroup of rank 1.

As in Section 2, NV denotes the set IN of all positive integers with zero. Define operations
~and - on N x N by

(n,m) 4 (p,s) =(m+p+1m+s),
(mm)F- (p,s)=m+pm+s+1)

for all (n,m), (p,s) € IN? x INY. The algebra (]N0 x INO 4, I—) is denoted by FCD;.

If p is a congruence on a doppelsemigroup (D, -, ) such that the operations of (D, ,+)/p
coincide, we say that p is a semigroup congruence. If y : D; — D5 is a homomorphism of
doppelsemigroups, the kernel A, of y is defined by (5).

Define a relation € on FCD; by (n,m)e(p,s) ifand only if n +m = p +s.

We are ready to formulate the main result of this section.



New models for some free algebras of small ranks 303

Theorem 4. The relation € is the least semigroup congruence on the free monogenic commu-
tative doppelsemigroup FCD;.

Proof. First we show that (T*, o4, 0}) is isomorphic to the algebra FCD;. Words of T* we write
as a"b™, where n, m € NV, Define the map

v: (T, 04,0p) = FCDy : a"b" — (n,m).

For all ny, 1, my, my € IN? we get

((a’“ bml) Oa n2bm2 < n1+n2+1bm1+m2> ¥ = (ﬂl +ny+1,m + mz)
= (n1,mq) 4 (ng, mp) = (a™b™)y - (a"b™)7,
((a™b™) op (a"b™2)) <a"1+”2bm1+m2+1> v = (1 +ny,my +my+1)

= (n1,my) b (np,mp) = (a"b™)y b (a"2b™2)y.
Clearly, «y is a bijection. Thus, -y is an isomorphism and FCD; is the free monogenic com-
mutative doppelsemigroup.

Further consider the map
@:FCD; — (IN,+) : (n,m) — (n,m)@ =n+m—+ 1.

A direct verification shows that @ is an epimorphism. Indeed, for (n,m), (p,s) € FCD;, we
have

(n,m)d(ps))@o=m+p+lm+s)@=n+p+m+s+2
=mn+m+1)+(p+s+1) =(nm)o+ (p,s)@

(
(
(n,m)E (ps))@=m+pm+s+l)@=n+p+m+s+2
=m+m+1)+(p+s+1)=nme+(ps)o
and (k—1,0) = k for any k € IN.
Since (IN, +) is the free semigroup of rank 1, A, is the least semigroup congruence on
FCD;. From the definition of @ it follows that A, = €. O

Recall that a doppelsemigroup (D, -, ) is called abelian [35] if it satisfies the identity (1).
Note that the variety of abelian doppelsemigroups does not coincide with the variety of com-
mutative doppelsemigroups.

Corollary 2. Every monogenic abelian doppelsemigroup is the homomorphic image of the
free monogenic commutative doppelsemigroup FCD;.

Proof. In [35, Corollary 4.2], it is stated that the operations of a singly generated free abelian
doppelsemigroup coincide and it is the additive semigroup (IN°, +) of positive integers. By
the proof of Theorem 4,

@1 : FCDy — (N®, +) : (n,m) = (n,m)@s = n+m+1

is a homomorphism. In addition, there exists a homomorphism from (IN?, +) to an arbitrary
monogenic abelian doppelsemigroup E which we denote by @;,. Obviously, the composition
@1 o @3 of homomorphisms @; and @; is a homomorphism from FCD; to E. O

Remark 2. The models FAd,, FD; and FCD; look more convenient than the corresponding
original constructions since their operations 4 and - reduce to the addition of non-negative
integers.
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AiMOHOIAM, y3araAbHeHi ArpyIM Ta AOTIEABHAIIIBIPYIN € aArebpamy, BU3HAUEHVMIL Ha MHOXM-
Hi 3 ABOMa biHapHMMM acotliaTuBHVMMM onepauisMu. [ToHSTTsI AiMoHOIAa 6yA0 BBeaeHO XK.-A. Aoae
mia gac mobyA0BM YHiBepcaAbHOI 06ropTyrodoi arrebpu aast aarebpu Aeribrina. OaHa 3 BaXXAMBIX
MOTMBALIi AAsI BUBUEHHSI AOTEABHAMIBIPYII BUILAMBAE 3 IX 3B’SI3KiB 3 iHTepacolliaTMBHMMI HalliB-
rpynaMm. YsaraabHeHi AIrpyny € AIMOHOIAAMM 3 AeSIKMMM AOAATKOBMMM YMOBaMM, B TOM Yac sIK
KOMYTaTHMBHi AIMOHOIAM 3a6€3MedyIOTh KAacC IPMKAAAIB AOITEABHATBIPYIL

Hexait V — muOTOBMA VHiBepcarbHMX arTebp. OAHIEO 3 OCHOBHMX IPOOGAEM € OIMC BiABHMX
06’exTiB y V. MeToro 11i€i cTaTTi € M06yA0Ba HOBMX GiABII 3PYUHMX BiABHMX 06'€KTIB y AKX MHO-
TOBMAAX AIMOHOIAIB, y3araAbHEHNX ATPYTI Ta AoneAbHamiBrpy. CriouaTKy o6y A0BaHO HOBMIT KAAC
abeneBUX AIMOHOIAIB, HaBeA€HO HOBY MOAEAD BiABHOTO abeAeBOro AiIMOHOIAA paHTy 2 Ta MOLIMPEHO
JIOr0 Ha BUITAAOK AOBiABHOrO pasry. IIoTiM mokasaHO, IO HAIiBIPyIM BiABHOI y3araAbHEHOI Ai-
TPy € aHTWi30MOPPHNMMM, TIPEACTaBA€HO HOBY MOAEAD BiAbHOI MOHOTEHHOI y3araAbHEHOI Arpy-
I Ta OXapaKTepU30BaHO HaMEHIITy IPYIIOBY KOHTPYEeHIIifo Ha Hill. TakoX AOBeA€HO, 1110 He icHye
KOMYTATVBHIMX y3aTaAbHEHMX AIrpym 3 pisHmmMu onepauismu. HaperTi, mob6yaoBaHO HOBY MOAEAD
BiABHOI MOHOTEHHOI KOMYTaTUBHOI AOTIEABHAIIBIPYIIM, OXapakKTepPU30BaHO HalIMeHIITy HalliBrpyIo-
BY KOHI'PY€HIIif0 Ha Hill Ta BCTAHOBAEHO, III0 KOXKHA MOHOTeHHa abeaeBa AOIEeAbHAIIBIPYyIIa € TOMO-
MOpdHMM 06pa30M BiABHOI MOHOI'€HHOI KOMYTaTUBHOI AOIIeABHAIIi BIPYTIN.

Kontouosi cnosa i gppasu: AIMOHOIA, y3araabHEHa AirpyTa, AOTEABHAMIBIPYTIa, BIABHIIL abeAeBuit
AIMOHOIA paHTy 2, BiAbHa MOHOTEHHA y3araAbHEHa AirpyIma, BiAbHa MOHOTe€HHA KOMYTaTMBHA AO-
IleAbHaIiBrpyTa.



