
ISSN 2075-9827 e-ISSN 2313-0210 https://journals.pnu.edu.ua/index.php/cmp

Carpathian Math. Publ. 2022, 14 (2), 485–492 Карпатськi матем. публ. 2022, Т.14, №2, С.485–492

doi:10.15330/cmp.14.2.485-492

Generalized integral type mappings on orthogonal metric
spaces

Acar Ö., Erdoğan E., Özkapu A.S.

This study is devoted to investigate the problem whether the existence and uniqueness of inte-

gral type contraction mappings on orthogonal metric spaces. At the end, we give an example to

illustrative our main result.
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1 Introduction

In 1922, S. Banach [6] proved that on a complete metric space every contraction mapping

has a unique fixed point and also he established the existence of solutions for integral equa-

tions. Based on usefulness, applications and simplicity of Banach fixed point theorem, it has

become a very popular tool in many branches of mathematical analysis. So, this has led re-

searchers to expand and generalize the principle in many ways. Especially, A. Brianciari [7]

extended the Banach fixed point theorem as follows.

Theorem 1. Let T be a mapping from a complete metric space (M, ρ) into itself. Let c ∈]0, 1[

and T : M → M be a mapping, such that for each x, y ∈ M the inequality

∫ ρ(Tx,Ty)

0
γ(s) ds ≤ c

∫ ρ(x,y)

0
γ(s) ds

holds, where γ : R
+ → R

+ is Lebesque integrable mapping, which is summable on each

compact subset of R
+, nonnegative and

∫ ǫ
0 γ(s)ds > 0 for each ε > 0.

Then T has a unique fixed point a ∈ M such that limn→+∞ Tnx = a for each x ∈ M.

Since then, many authors have established fixed point theorems for several classes of con-

tractive mappings of integral type (see [1, 5, 11, 12]). Especially Z. Liu et al. [13] extended the

result of A. Brianciari in many different ways.

Recently, M.E. Gordji et al. [8] presented a new generalization of the Banach fixed point

theorem by defining the notion of orthogonal sets. The orthogonal set is a non-empty set

equipped with a binary relation having a special structure. The metric defined on the or-

thogonal set is called orthogonal metric space. The orthogonal metric space contains partially

ordered metric space and graphical metric space.
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After defining orthogonality concepts and giving generalization of Banach fixed point the-

orem, many generalizations were made. For example, M.E. Gordji et al. [10] studied fixed point

problems in generalized orthogonal metric spaces. K. Sawangsup et al. [14] showed that for

the first time the existence of fixed point in orthogonal metric spaces using the F-contraction

mapping. Moreover, K. Sawangsup and W. Sintunavarat [15] define the transitive orthogonal

set, giving a different perspective to the representation of the uniqueness of the fixed point in

orthogonal metric spaces. Also, the reader can see [2, 3, 9].

In this paper, we investigate whether the fixed point exists and is unique by establishing an

integral type contraction mapping in orthogonal metric spaces.

In order to do this we first recall some basic definitions and notations of corresponding

mappings and spaces.

Throughout this paper, we denote R
+ := [0, ∞) and

Φ1 :=
{

γ : R
+ → R

+
∣

∣ γ is Lebesque integrable function, summable on each compact subset

of R
+ and

∫ ǫ

0
γ(s)ds > 0 for each ǫ > 0

}

,

Φ2 :=
{

β : R
+ → R

+
∣

∣ lim inf
n→∞

β(an) > 0 ⇐⇒ lim inf
n→∞

an > 0 for each (an)n∈N ⊂ R
+
}

,

Φ3 :=
{

α : R
+ → R

+
∣

∣ α is nondecreasing continuous function and α(t) = 0 ⇐⇒ t = 0
}

.

Lemma 1 ([13]). Let γ ∈ Φ1 and {an}n∈N
be a nonnegative sequence with limn→∞ an = a. Then

lim
n→∞

∫ an

0
γ(s) ds =

∫ a

0
γ(s) ds.

Lemma 2 ([13]). Let γ ∈ Φ1 and {an}n∈N
be a nonnegative sequence. Then

lim
n→∞

∫ an

0
γ(s)ds = 0 ⇐⇒ lim

n→∞
an = 0.

Lemma 3 ([13]). Let β ∈ Φ2. Then β(t) > 0 ⇐⇒ t > 0.

Definition 1 ([8]). Let M be a non-empty set and f be a binary relation defined on M. If binary

relation f fulfils the following criteria

∃ ς0 [(∀ ω ∈ M, ω f ς0) or (∀ ω ∈ M, ς0 f ω)],

then pair (M,f) known as an orthogonal set. The element ς0 is called an orthogonal element.

We denote this O-set or orthogonal set by (M,f).

Definition 2 ([8]). Let (M,f) be an orthogonal set (O-set). Any two elements ς, ω ∈ M, such

that ς f ω, are said to be orthogonally related.

Definition 3 ([8]). A sequence {ςn} is called an orthogonal sequence (briefly O-sequence) if

(∀n ∈ N, ςn f ςn+1) or (∀n ∈ N, ςn+1 f ςn).

Similarly, a Cauchy sequence {ςn} is said to be an orthogonally Cauchy sequence if

(∀n ∈ N, ςn f ςn+1) or (∀n ∈ N, ςn+1 f ςn).
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Definition 4 ([8]). Let (M,f) be an orthogonal set and ρ be a metric on M. Then (M,f, ρ) is

called an orthogonal metric space (O-metric space for short).

Definition 5 ([8]). Let (M,f, ρ) be an orthogonal metric space. Then M is said to be an

O-complete if every Cauchy O-sequence converges in M.

Definition 6 ([8]). Let (M,f, ρ) be an orthogonal metric space. A function f : M → M is said

to be orthogonally continuous (f-continuous) at ς if for each O-sequence {ςn} converging to ς

it follows f (ςn) → f (ς) as n → ∞. Also f is f-continuous on M if f is f-continuous at every

ς ∈ M.

Definition 7 ([8]). Let a pair (M,f) be an O-set, where M( 6= ∅) is a non-empty set and f

be a binary relation on M. A mapping f : M → M is said to be f-preserving if f (ς) f f (ω)

whenever ς f ω and weakly f-preserving if f (ς) f f (ω) or f (ω) f f (ς) whenever ς f ω.

Definition 8 ([15]). We say that an O-set is a transitive orthogonal set if f is transitive.

Definition 9 ([15]). Let (M,f) be an O-set. A path of length k in f from x to y is a finite

sequence {z0, z1, . . . , zk} ⊂ M such that

z0 = x, zk = y, zi f zi+1 or zi+1 f zi

for all i = 0, 1, . . . , k − 1.

Let λ(x, y,f) denotes the set of all paths of length k in f from x to y.

2 Main results

Definition 10. Let (M,f, ρ) be an orthogonal metric space. A mapping T : M → M is called

an generalized O-integral type mapping if ∀x, µ ∈ X with x f µ the inequality

α

(

∫ ρ(Tς,Tµ)

0
γ(s)ds

)

≤ α

(

∫ ρ(ς,µ)

0
γ(s)ds

)

− β

(

∫ ρ(ς,µ)

0
γ(s)ds

)

(1)

holds, where α ∈ Φ3, β ∈ Φ2, γ ∈ Φ1.

Theorem 2. Let (M,f, ρ) be an O-complete orthogonal metric space, a0 is an orthogonal ele-

ment of M and T be a self mapping on M such that:

(i) (M,f) is a transitive orthogonal set;

(ii) T is f-preserving;

(iii) T is a generalized O-integral type mapping;

(iv) T is f-continuous.

Then T has a unique fixed point in M.

Proof. From the definition of the orthogonality, we have a0 f T(a0) or T(a0)f a0. Let

a1 := Ta0, a2 := Ta1 = T2a0, · · · , an := Tan−1 = Tna0

for all n ∈ N ∪ {0}. If an∗ = an∗+1, then an∗ is a fixed point of T for some n∗ ∈ N ∪ {0}. So, we

suppose that an 6= an+1 for all n ∈ N ∪ {0}. Thus, we get ρ(an, an+1) > 0 for all n ∈ N ∪ {0}.

Using f-preserving of T, we obtain

an f an+1 or an+1 f an.
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Thus {an} is an 0-sequence. Set ςn = ρ(Tna0, Tn+1a0) and show that

ςn ≤ ςn−1, ∀ n ∈ N. (2)

Suppose that (2) does not hold. It follows that there exists some n0 ∈ N satisfying

ςn0 > ςn0−1. (3)

Noting (3) and using γ ∈ Φ1, we obtain
∫ ςn0

0
γ(s) ds > 0. (4)

Using (1), (3) and α ∈ Φ3, β ∈ Φ2, γ ∈ Φ1, we conclude that

α

(

∫ ςn0−1

0
γ(s) ds

)

≤ α

(

∫ ςn0

0
γ(s) ds

)

= α

(

∫ ρ(Tn0 a0,Tn0+1a0)

0
γ(s) ds

)

≤ α

(

∫ ρ(Tn0−1a0,Tn0 a0)

0
γ(s) ds

)

− β

(

∫ ρ(Tn0−1a0,Tn0 a0)

0
γ(s) ds

)

= α

(

∫ ςn0−1

0
γ(s) ds

)

− β

(

∫ ςn0−1

0
γ(s) ds

)

≤ α

(

∫ ςn0−1

0
γ(s) ds

)

,

which yields that

α

(

∫ ςn0−1

0
γ(s)ds

)

= α

(

∫ ςn0

0
γ(s)ds

)

(5)

and

β

(

∫ ςn0−1

0
γ(s)ds

)

= 0. (6)

Combining (6) and Lemma 3 we get
∫ ςn0−1

0
γ(s)ds = 0,

which together with α ∈ Φ3 and (5) means that

α

(

∫ ςn0−1

0
γ(s) ds

)

= α

(

∫ ςn0

0
γ(s) ds

)

= α(0) = 0,

that is

α

(

∫ ςn0

0
γ(s) ds

)

= 0,

which contradicts (4). Hence, (2) holds. Now we show that,

lim
n→∞

ςn = 0. (7)

From (2), we deduce that the nonnegative sequence {ςn} is nonincreasing, which means that

there exists a constant c with limn→∞ ςn = c ≥ 0. Suppose that c > 0. Then from (1) we get

α

(

∫ ςn

0
γ(s) ds

)

= α

(

∫ ρ(Tna0,Tn+1a0)

0
γ(s) ds

)

≤ α

(

∫ ρ(Tn−1a0,Tna0)

0
γ(s) ds

)

− β

(

∫ ρ(Tn−1a0,Tna0)

0
γ(s) ds

)

= α

(

∫ ςn−1

0
γ(s) ds

)

− β

(

∫ ςn−1

0
γ(s) ds

)

, ∀n ∈ N.

(8)
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Taking upper limit in (8) and using Lemma 1 and α ∈ Φ3, β ∈ Φ2, γ ∈ Φ1, we get

α

(

∫ c

0
γ(s) ds

)

= lim sup
n→∞

α

(

∫ ςn

0
γ(s) ds

)

≤ lim sup
n→∞

[

α

(

∫ ςn−1

0
γ(s) ds

)

− β

(

∫ ςn−1

0
γ(s) ds

)]

≤ lim sup
n→∞

α

(

∫ ςn−1

0
γ(s) ds

)

− lim inf
n→∞

β

(

∫ ςn−1

0
γ(s) ds

)

= α

(

∫ c

0
γ(s) ds

)

− lim inf
n→∞

β

(

∫ ςn−1

0
γ(s) ds

)

< α

(

∫ c

0
γ(s) ds

)

which is a contradiction, so c = 0.

Let us show that {Tna0} is an O-Cauchy sequence. Suppose that {Tna0} is not an O-Cauchy

sequence, which means that there is a constant ǫ > 0, such that for each positive integer k there

are positive integers m(k) and n(k) with m(k) > n(k) < k satisfying

ρ(Tm(k)a0, Tn(k)a0) > ǫ. (9)

For each positive integer k, let m(k) denote the least integer exceeding n(k) and satisfying (9).

It follows that

ρ(Tm(k)a0, Tn(k)a0) > ǫ

and

ρ(Tm(k)−1a0, Tn(k)a0) ≤ ǫ, ∀ k ∈ N. (10)

Note that

ρ(Tm(k)a0, Tn(k)a0) ≤ ρ(Tm(k)−1a0, Tn(k)a0) + ρ(Tm(k)−1a0, Tm(k)a0), ∀ k ∈ N.

Hence, for all k ∈ N

∣

∣

∣
ρ(Tm(k)a0, Tn(k)+1a0)− ρ(Tm(k)a0, Tn(k)a0)

∣

∣

∣
≤ ςn(k),

∣

∣

∣
ρ(Tm(k)+1a0, Tn(k)+1a0)− ρ(Tm(k)a0, Tn(k)+1a0)

∣

∣

∣
≤ ςm(k),

∣

∣

∣
ρ(Tm(k)+1a0, Tn(k)+1a0)− ρ(Tm(k)+1a0, Tn(k)+2a0)

∣

∣

∣
≤ ςn(k)+1.

(11)

From (10) and (11), we obtain

ǫ = lim
k→∞

ρ(Tm(k)a0, Tn(k)a0) = lim
k→∞

ρ(Tm(k)a0, Tn(k)+1a0)

= lim
k→∞

ρ(Tm(k)+1a0, Tn(k)+1a0)= lim
k→∞

ρ(Tm(k)+1a0, Tn(k)+2a0).
(12)

From (1), we have for all k ∈ N,

α

(

∫ ρ(Tm(k)+1a0,Tn(k)+2a0)

0
γ(s)ds

)

≤ α

(

∫ ρ(Tm(k)a0,Tn(k)+1a0)

0
γ(s)ds

)

− β

(

∫ ρ(Tm(k)a0,Tn(k)+1a0)

0
γ(s)ds

)

.

(13)
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Taking upper limit in (13) and using (12), α ∈ Φ3, β ∈ Φ2, γ ∈ Φ1 and Lemma 1, we obtain

α

(

∫ ǫ

0
γ(s) ds

)

= lim sup
k→∞

α

(

∫ ρ(Tm(k)+1a0,Tn(k)+2a0)

0
γ(s) ds

)

≤ lim sup
k→∞

[

α

(

∫ ρ(Tm(k)a0,Tn(k)+1a0)

0
γ(s) ds

)

− β

(

∫ ρ(Tm(k)a0,Tn(k)+1a0)

0
γ(s) ds

)]

≤ lim sup
k→∞

α

(

∫ ρ(Tm(k)a0,Tn(k)+1a0)

0
γ(s) ds

)

− lim inf
k→∞

β

(

∫ ρ(Tm(k)a0,Tn(k)+1a0)

0
γ(s) ds

)

= α

(

∫ ǫ

0
γ(s) ds

)

− lim inf
k→∞

β

(

∫ ρ(Tm(k)a0,Tn(k)+1a0)

0
γ(s) ds

)

< α

(

∫ ǫ

0
γ(s) ds

)

,

which is impossible. Thus {Tna0} is a O-Cauchy sequence. Since M is O-complete, then there

exists z∗ ∈ M such that an → z∗. Since orthogonal continuity of T implies that Tan → Tz∗,

then

Tz∗ = T( lim
n→∞

an) = lim
n→∞

Tan = lim
n→∞

an+1 = z∗,

so, z∗ is a fixed point of T. Now, we can show the uniqueness of the fixed point. Suppose that

there exists two distinct fixed point z∗ and w∗. Since λ(ς, µ,f) is nonempty for all ς, µ ∈ M,

there exists a path {z0, z1, . . . , zk} of some finite lenght k in f from z∗ to w∗ such that

z0 = z∗, zk = w∗, zi f zi+1 or zi+1 f zi.

Since (M,f) is a transitive orthogonal set, we get z∗ f w∗ or w∗
f z∗. Then from (1) we obtain

α

(

∫ ρ(z∗,w∗)

0
γ(s) ds

)

= α

(

∫ ρ(Tz∗,Tw∗)

0
γ(s) ds

)

≤ α

(

∫ ρ(z∗,w∗)

0
γ(s) ds

)

− β

(

∫ ρ(z∗,w∗)

0
γ(s) ds

)

< α

(

∫ ρ(z∗,w∗)

0
γ(s) ds

)

,

which is a contradiction. So, z∗ is a unique fixed point of T.

Example 1. Let M =
[

0, 1
2

]

∪ {1} ∪ {3} be endowed with the standard metric ρ. Assume that

T : M → M and α, β, γ : R
+ → R

+ are defined as in the paper [13] such as

T(ς) =











ς
2 , ∀ς ∈

[

0, 1
2

]

,

0, ς = 1,

1, ς = 3,

β (s) =

{

s2

4 , ∀s ∈ [0, 1] ,
s2

8 , ∀s ∈ (1,+∞) ,

γ (s) =

{ s
2 , ∀s ∈ [0, 1] ,

1, ∀s ∈ (1,+∞) ,
α (s) =

{

s, ∀s ∈ [0, 1] ,
s2+1

2 , ∀s ∈ (1,+∞) .

Define relation f on M by ςf µ ⇐⇒ ςµ ∈ {ς, µ} . Clearly (M,f) is an O-complete orthogonal

metric space and (γ, β, α) ∈ Φ1× Φ2× Φ3. In order to verify (1), we have to consider the

following four cases.
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Case 1. Let ς = 0 and µ = 3. It follows that

α

(

∫ ρ(Tς,Tµ)

0
γ(s) ds

)

= α

(

∫ ρ(0,1)

0
γ(s) ds

)

= α

(

1

4

)

=
1

4
≤

(

9
4

)2
+ 1

2
−

(

9
4

)2

8
= α

(

9

4

)

− β

(

9

4

)

= α

(

∫ 1

0
γ(s) ds +

∫ 3

1
γ(s) ds

)

− β

(

∫ 1

0
γ(s) ds +

∫ 3

1
γ(s) ds

)

= α

(

∫ 3

0
γ(s) ds

)

− β

(

∫ 3

0
γ(s) ds

)

= α

(

∫ ρ(ς,µ)

0
γ(s) ds

)

− β

(

∫ ρ(ς,µ)

0
γ(s) ds

)

.

Case 2. Let ς = 1 and µ = 3. It follows that

α

(

∫ ρ(Tς,Tµ)

0
γ(s) ds

)

= α

(

∫ ρ(0,1)

0
γ(s) ds

)

= α

(

1

4

)

=
1

4
≤

(

5
4

)2
+ 1

2
−

(

5
4

)2

8
= α

(

5

4

)

− β

(

5

4

)

= α

(

∫ 1

0
γ(s) ds +

∫ 2

1
γ(s) ds

)

− β

(

∫ 1

0
γ(s) ds +

∫ 2

1
γ(s) ds

)

= α

(

∫ 2

0
γ(s) ds

)

− β

(

∫ 2

0
γ(s) ds

)

= α

(

∫ ρ(ς,µ)

0
γ(s) ds

)

− β

(

∫ ρ(ς,µ)

0
γ(s) ds

)

.

Case 3. Let ς = 1, µ ∈
[

0, 1
2

]

. It follows that

α

(

∫ ρ(Tς,Tµ)

0
γ(s) ds

)

= α

(

∫ ρ(0,
µ
2 )

0
γ(s) ds

)

= α

(

µ2

16

)

=
µ2

16
≤

|1 − µ|2

4
−

|1 − µ|4

64

= α

(

|1 − µ|2

4

)

− β

(

|1 − µ|2

4

)

= α

(

∫ ρ(1,µ)

0
γ(s) ds

)

− β

(

∫ ρ(1,µ)

0
γ(s) ds

)

= α

(

∫ ρ(ς,µ)

0
γ(s) ds

)

− β

(

∫ ρ(ς,µ)

0
γ(s) ds

)

Case 4. Let ς = 0, µ ∈
[

0, 1
2

]

. It follows that

α

(

∫ ρ(Tς,Tµ)

0
γ(s) ds

)

= α

(

∫ ρ(0,
µ
2 )

0
γ(s) ds

)

= α

(

µ2

16

)

=
µ2

16
≤

µ2

4
−

µ4

64
= α

(

µ2

4

)

− β

(

µ2

4

)

= α

(

∫ ρ(0,µ)

0
γ(s) ds

)

− β

(

∫ ρ(0,µ)

0
γ(s) ds

)

= α

(

∫ ρ(ς,µ)

0
γ(s) ds

)

− β

(

∫ ρ(ς,µ)

0
γ(s) ds

)

.

That is, (1) holds. Thus Theorem 2 guarantees that T has a unique fixed point 0 ∈ M.
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Ця стаття присвячена дослiдженню проблеми iснування та єдиностi стискуючих вiдобра-

жень iнтегрального типу на ортогональних метричних просторах. Наведено приклад, що iлю-

струє основний результат статтi.
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