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On positive Cohen weakly nuclear multilinear operators

Bougoutaia A.!, Belacel A.!, Macedo R.2, Hamdi H.!

In this article, we establish new relationships involving the class of Cohen positive strongly
p-summing multilinear operators. Furthermore, we introduce a new class of multilinear opera-
tors on Banach lattices, called positive Cohen weakly nuclear multilinear operators. We establish a
Pietsch domination-type theorem for this new class of multilinear operators. As an application, we
show that every positive Cohen weakly p-nuclear multilinear operator is positive Dimant strongly
p-summing and Cohen positive strongly p-summing. We conclude with a tensor representation of
our class.

Key words and phrases: Banach lattice, Pietsch domination theorem, positive p-summing operator,
tensor norm.
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1 Introduction

Great mathematicians such as A. Grothendieck in the 1950s and A. Pietsch in 1967 devel-
oped the theory of linear operators. Over the years, several authors have extended different
summability concepts to multilinear operators between Banach spaces. Now we are inter-
ested in extending these concepts to positive multilinear mappings between Banach lattices.
The multi-ideals NV} of Cohen p-nuclear multilinear operators between Banach spaces was
defined by D. Achour and A. Alouani in [1] as a natural extension of the classical ideal of
p-nuclear multilinear operators that were studied in [9]. These multi-ideals have excellent
properties such as Pietsch domination theorem and Kwapieni’s factorization. In [7], the con-
cept of positive Cohen p-nuclear multilinear operators between the spaces of the Banach lattice
is discussed, and a natural analogue to Pietsch domination theorem for this class of operators
is presented.

In this article, we extend the class of positive Cohen p-nuclear multilinear operators to a
new class of positive multilinear operators between two Banach lattices, called positive Cohen
weakly p-nuclear multilinear operators. We prove that this new class lies between the class
of Cohen strongly p-summing multilinear operators and the class of Cohen p-nuclear multi-
linear operators and study some their properties. Furthermore, we obtain a new relationship
between Cohen positive strongly p-summing multilinear operators and those involving multi-
linear operators resulting from the composition method.
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The letters X, X, ..., Xy, Y will be used for Banach spaces. By Bx we denote the closed
unit ball of X. Let E, Ey, ..., Ey, F stand for Banach lattices. Our spaces are over the field of
real scalars R. Recall that all Banach lattices are Archimedean. We denote by £(X3, ..., Xu; Y)
the Banach space of all bounded m-linear operators T : X; X --- X X;;; — Y endowed with the
norm

IT| = sup [|T(x,...,x")].
x]eBX].
1<j<m
When m = 1 we say that T is a bounded linear operator instead of saying that it is a bounded
1-linear operator.

Let X* be the topological dual of X, that is X* = L(X;R). The elements of the topo-
logical dual will be called linear functionals. Given T € L(Xj,..., X;;Y), it is known that
there is a unique bounded linear operator Ty, : Xi®r - @2 Xm — Y, where Xi®x -+ - @2 Xom
denotes the completed projective m-fold tensor product, such that T = T o J,, where
St Xy X oo X Xy = X1 @5+ @ Xy is given by 8y (x1, ..., Xm) = X1 @ - @ Xpy.

For a Banach lattice E, by ET we denote its positive cone, and for each x € E, x™ and x~
stand for the positive and the negative part of x, respectively.

Recall that a linear functional x* € E* is positive if (x,x*) > 0 for all x € ET and x* is
called regular if such a functional is the difference of two positive linear functionals. Denote by
E** the set of all positive functionals on E. The order dual E™ of E is the Dedekind complete
Banach lattice E™ generated by E* and it is well-known that E™ coincides with the topological
dual E* of E. We consider the unit ball in E** as the set B, := Bg- NE*" = {{ € Bg-: ¢ > 0}.
An m-linear operator T : Ey X - -+ X Ep, — F, satisfying |T(x1, ..., xm)| = T(|x1],...,|xs|) for
all x, € Ex withk =1,...,m, is called a lattice m-morphism. In the case m = 1, we say that T is
a lattice homomorphism.

Given the m-fold tensor product E; ® --- ® E; of Banach lattices Eq, ..., Ey, in [10, 11]
D.H. Fremlin introduced the vector lattice tensor product E;® - - - ®E,, in such a way that
X1 @ @xm| = |x1|® - @ |xp| forall x; € E;, i =1,...,m. Moreover, if 0 € E1® - - - QE,,
then there exist x; € Ef, i = 1,...,m, such that |f]] < x;® - @ Xy, and E; @ - - - @ Eyy is
order dense in E1® - - - ®E,,, that is, for any 6 > 0in E;® - - - ®E,, there exist x; > 0 in E;,
i=1,...,msuchthatf > x; ®---®xy > 0. The positive projective tensor norm |||, ;| of an
element 6 € E1® - - - ®E,;, is defined by

n on , , "
o1 =i { ST o e, wem o< Eaton o)

i=1j=1 i=1

It is well known that [ - ||| is a lattice norm on E;®- - ®E;. By [11], the tensor pro-
duct E1 ® - -+ ® Ey, is norm dense in E1® - - - ®E,, and the cone generated by the elements
{1 ® - @xpy : x; € E;r,i =1,...,m} is norm dense in (E1® - - -@Em)Jr. We call the space
E1&®)|| - - - || Em a positive m-fold projective tensor product, and such a space is the Banach lattice

defined as the completion of <E1®- “+ QEm, |||l \ﬂl) = E1®|| " * * ®||Em-
According to [11], E1®|| - - - @/ Em is the completion of <E1 ® -+ ® Ep, H.Hw). More-

over, ® : E X -+ X E,;, — E1®‘n|--~®|n‘Em, with ®(xq,..., %) = X1 Q-+ @ Xy, x; € Ej,
i=1,...,m,is alattice m-morphism.
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For any Archimedean vector lattice F there is a one-to-one correspondence between lattice
m-morphisms T : E; X -+ X E,, — F and lattice homomorphisms T® : E;® - - - ®E, — F
givenby T = T% o ®.

The positive cone in Ey&|, -+ &7 Em is the closure in Eq&); -+ &7 Em of the cone
in £y ® -+ ® E, generated by {x;®---®@xy:x; € Ef,i=1,...,m}. Let us denote by
E ®--- ®E}}, such a cone, that is

n .
Ef@---@EZ::{Zx}@---@x;ﬂ:xgGE;r,jzl,...,m,nG]N}.
i=1

Recall that an m-linear operator T : E; x ---x E,;, — F is called positive if T(xl, ,aMm e
F*, whenever x! € Ef,...,x™ € E}. We denote by L* (Ey,...,Ey; F) the collection of
all positive m-linear operators from E; X --- X Ey, to F, and L' (Ey, ..., Ey; F) stands for the
space of all reqular m-linear operators from Ey X --- X E,, to F, thatis, T € L' (Ey,...,Ey; F)
if T can be written as T = Ty — T, with T}, T, € L' (Ey,...,En; F). If F is Dedekind
complete, then L" (Ey,..., Ey; F) is a Banach lattice with the norm || T, = [/|T|||, for each
T e L (Ey,...,En; F). Note that L (E;R) = E~ = E*.

Q. Buand G. Buskes studied the relation between spaces of regular m-linear mappings (and
spaces of regular m-homogeneous polynomials), as the spaces of linear operators defined on
positive m-fold projective tensor products.

From [8, Proposition 3.3], it follows that if E;, ..., E; and F are Banach lattices such that
F is Dedekind complete, then for every T € L" (Ey,...,E;; F) there is an unique operator
T® € E’(E1®|n| e @)‘H‘Em;lf) suchthat T® (x! ® - - - @ x™) = T(x},...,x™).

The correspondence T — T% is an isometric isomorphism and lattice homomorphism be-
tween L (Eq,...,Ey; F) and L7 (E1®\ﬂ\ e @)‘H‘Em;lf). The linear mapping T}, is called the
(lattice or Riesz) linearization of T. In particular, when F = R then L" (Ey,...,E,;;R) and

~ ~ *
<E1®|n| " ®‘H‘Em> are isometrically isomorphic and lattice homomorphic. In light of the
above, we can consider

Bir, enr) = 19 €LT(EL... Em;R) : [lpl] <1},

and identify it with B(+E S BrmEn)"” which is compact for the weak*-topology. Given
LS| | B
¢ < (E1®|n‘ e ®|H|Em)*, we will denote by ¢ the unique regular m-linear operator in
L" (Eq, ..., En; F) such that ($)® = ¢.
Now we briefly recall some classic sequence spaces that will be very useful for the theory.
Considering 1 < p < oo, we remind that

* (y(X) consist of absolutely p-summable X-valued sequences with the usual norm || - || ,;

* £, weak (X) consist of weakly p-summable X-valued sequences with the norm

wp((xi)24) = H(xi)?ilHep,mk(x) = sup <i} (xi, 9) ‘p> ;

o 0 e (E) = { )y 5 (1)) € €0 o (E) }.
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If x1,...,x, > 0, with x; € E forevery i = 1,...,n, then we have

1

n P

|Gl (E) = SUP <Z<xir€>p> -
p,|weak| {:GBE* i—1

Recall that when the sequences are finite (with n terms) we write £} (X) and 0y weak (X)
instead of £, (X) and ¢, year (X) , respectively. When there is no ambiguity about the space
worked, to simplify the notation, we will sometimes just use ||-|| e rather than ||| o (E)”

p,|wea p,|wea
Given yy,...,yy € E, we have (see [12])

n % n n *
Yo lvil" ) =supq Yayiai €R Y Jul” <1¢,
i=1 i=1 =1

where 1 < p, p* < oo are such that % + % =1.
In the case p = oo, we have

, y
Y lwil” | = sup |yil.
i=1

1<i<n

We conclude this section by recalling the definitions of important operators, which we will
use later. It is possible to show that all these spaces are Banach spaces with their respective
norms. In all cases we consider 1 < p < oo, with the exception of item (v), where p must
always be finite.

i) Introduced by O. Blasco in [3], a continuous linear operator u : E — Y is positive
p-summing (notation u € H;(E, Y)), if there exists a constant C > 0 such that the in-
equality such that for any (x;);_; C E, we have

H (1 (x7) )?:1

<C H(xi)?:luz”

Hp pjweak| (E)

For p = oo,
sup ||u (x;) || < Csup sup (|xi],¢).

1<i<n geBg*lgign

The infimum of the constant C > 0, with respect to previous inequalities, defines a norm

i (-) on ITH(E, Y).

ii) By [2], alinear operator u : X — F is positive strongly p-summing if there exists a constant
C > 0, such that foralln € N, (x;)_; C X and (y;);_, C [*, we have

n
} (u(xi), yi) ‘ <C H(xi)?::al H(]/?)?:l”ﬁ” (F*) "
i—1 p*,|weak|
The class of all positive strongly p-summing operators between X and F will be denoted
by Dy (X, F). The infimum of all the constant C with respect to the previous inequality

defines the norm d;; (-) on D (X, F).
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iii) According to [5], a multilinear operator T € L (Xy,..., Xw; F) is called Cohen positive
strongly p-summing if there is a constant C > 0, such that for any x/,...,x), € X;j, with
1<j<m,andanyyj,...,y; € F*, we have

J((r () < e (E0T

Again, the class of all Cohen positive strongly p-summing m-linear operators from
X7 x -+ x Xy, into F, will be denoted by DZ’JF (X1,...,Xm; F). The infimum of all
the constants C with respect to the previous inequality defines the norm 4y (-) on
Dy (X1, Xm; F).

1
j p ! *\ 1
X; X H(yi)ileE” (F*)’

p*,|weak|

iv) In line with [6], a multilinear operator T € L (Ey,...,Ey; F) is called p_ositive Dimant—
strongly p-summing, if there exists a constant C > 0 such that for every x},...,x), € E].+,
j=1,...,m, wehave

(Blr(t)) s (Bolom)r)

4’€BZ(51,...,EW) i=1
The space of all positive strongly p-summing m-linear operators from E; x - - - X E;, into
F, will be denoted by L’Z;};(El, .+, Em; F). The infimum of all the constants C with respect

to the previous inequality defines the norm df';" () on LI5(Ey, ..., Em; F).

v) Accordingto [7], T € L (Eq,..., Em; F) is called positive Cohen p-nuclear, if there is a con-
stant C > 0, such that for any xfl,...,x{1 € E]-, 1<j<mandanyyj,...,y; € F', we
have

n

y <T(x1-1,...,x;-”),yf>

i=1

m

sc( wp Y TT(

x*eBf,, 1<j<m i=1 j=1
i

1
% P ' *
! XJ > > H (yz )?:1 Hﬁ;*,lweak\(ls*)'

The space of all positive Cohen p-nuclear m-linear operators from E; X - -- X E;; into F will be
denoted by N, ;”Jr (Ey X -+ X Eyy; F). If m = 1, such space consist of all the positive Cohen p-
nuclear operators. The infimum of all the constants C with respect to the previous inequality
defines the norm nj*(-) on V¥ (Ey x - -+ X Ey; F). For p = oo, it is possible to show that
NIH(Ey X -+ X Ey; F) = DI (Ey X -+ X Epy; F).

Our article is organized as follows. In the Section 2, we study the multilinear mappings
generated by the class D}. We also show that the multilinear operators resulting from the
composition method coincide with the space of Cohen positive strongly summing multilinear
operators. In the Section 3, we introduce the notion of positive Cohen weakly nuclear mul-
tilinear operator and prove a natural analogue to Pietsch domination theorem for this class.
As an application, we study its relationships with some classes of positive m-linear operators
(Dimant positive p-summing and Cohen strongly p-summing). These definitions and proper-
ties are inspired by the work done by Q. Bu et al. in [13]. Finally, in the Section 4, we intro-
duce a reasonable crossnorm &(p;p*) such that the space /\/;L”; (Eq, ..., Em; F) of positive Cohen
p-nuclear m-linear mappings is isometric to the dual of E; ® - - - ® E;; ® F* endowed with
W(p;p+)- The results presented in this article can be seen as applications of the Riesz lineariza-
tions to regular multilinear mappings and polynomials provided by Q. Bu and G. Buskes.
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2 Factorization method for Cohen positive strongly p-summing multilin-
ear operators

In this section, we study multilinear mappings generated by the class D; . We show that the
multilinear operators resulting by the composition method coincides with the space of Cohen
positive strongly p-summing multilinear operators.

Given an ideal Z of linear operators, a multilinear operator T € £(Xj, ..., X;;; Y) is said to
be of type L(Z), in symbols T € L(Z)(Xy, ..., Xm;Y), if there exist Banach spaces G, ..., G,
linear mappings ujel (Xj; Gj),]' =1,...,m, and a multilinear operator A € L£(Gy,...,Gm;Y)
such that the following diagram commutes

XLy,

(ul,...,um)l %

G

withX = X3 X -+ X X, G =Gy X -+ X Gy, (U1, th) (X1, Xm) = (ua(x1), -, tm(Xm)) -
In other words, T' = Ao (u1,..., Um).
If 7 is a normed operator ideal and T € £(Z)(Xj, ..., Xm;Y), we can define

[Allg(z) = inf | A [Jurllz - - lumliz,

where the infimum is taken over all possible factorizations T = Ao (uy,...,u,) with
uj € L. LetZ;, 1 < j < m, be ideals of the operator. We will denote by L (Zy,...,Zy)
the ideal of multilinear mappings generated by the factorization method, i.e. in the factorization
T=Ao(uy,... uy) wehaveu; € T; (X]-;G]-),j =1,...,m.

In order to prove an important result related to the factorization method, it is necessary to
resort to the following results.

Proposition 1 ([5, Proposition 3.1]). Let1 < p < oo and T € L(Ey,...,En; F). Then the
operator T is Cohen positive strongly p-summing if and only if its linearization Ty, is positive
strongly p-summing. In this case, d" (T) = d;; (TL).

Corollary 1. The class DZ” is generated by the composition method from D; ,1.e.

DZ“L (E1,...,Em;F) = D;oﬁ(El,...,Em;F).

Proposition 2. Consider 1 < p, p1, ..., pm < oo such that % +- + pim = %. Let
uj € D;(Ej ; Fj). Then the positive projective tensor product operator
UL Q| -+ Q| Um - E1®‘n‘ ak ®|H‘Em — F1®‘n‘ e ®|H|Fm
is Cohen positive strongly p-summing.
Proof. We prove the result for the case m = 2, since the other cases are analogous. Let

uy € DZ (Ey; F1) and up € D;Z (Ez; F2), we define the bilinear operator 11 X uy by

Ui Xuy : Ef xE — F1®|7T‘F2
(x1,x2) > ug(x1) ®up (x2).



402 Bougoutaia A., Belacel A., Macedo R., Hamdi H.

Since u1®|n|u2 is the linearization of the operator u; x uj it sufficent to show that u; x

—~ - ~ *

Uy € D§+ <E1 X EZ;F1®|7T|F2>. Indeed, let (x})?zl c Ey, (xiz)?:1 € Eand ¢; € (F1®‘H‘F2) ,
1 <i < n. In this way, we can say that

n

Z<u1 X up (x}, x7), g01> =

i=1

.M:

N
Il
=

(i (x}) @ u2(+2), 3:)
(pi((),12() ) = Y- (i (x1), 910 )

i=1

I

N
Il
=

where @; is the bilinear functional on F; x F, associated with ¢; and ¢, w(x2) F — Kis

defined by ¢; ,,.2) () = @iy, u2(x7)). Asuy € D/ (Ey; Fy), we have
n

u pi\ VP
Y- (11 (5], @) < dfy () || (1)l sup (Z;@W () ) .

i=1 pll%l\ 1

By the functional calculus of Krivine, it follows that

3 (1 (51 gy ) < s () D)y sup (im (yl,uz<x%>)) .

i=1 [lv1l]=1 i=1
| ()il =1
Py

We therefore deduce that

§<u1 X Uy (lerxlz> ’¢i> = dljl (1) H (xll) Hfgl ol (iAi(Pi <y1’u2 (XZZ))> | v

flv1 (=1 i=1

() |y =1
09l

We are interested now in the quantity
g 2 ¢ 2
X;Ai(l)i <y1, 7%} (xl- )) = Z;<”2(xi ), Ai@iy, >r
i= i=

where ¢;, : K, — Kwithy — ¢;,, (v) = ¢; (y1,y). Again, if u € D;Z(Ez; F,), then

n * 1/p
2)\1(P1<y1r”2( )) < d* (1) H(XI.Z)H%(EZ) sup (Z(Ai¢i,y1’(y2))p2> . (2)

i= ly2]=1 \i=1

By the functional calculus of Krivine, we have

D\Z(Pz (v02(d)) <y ) (Dl iy suP Yowihio (2,3).

i= [l =1 =1

” (2)iy || zgzzl

: + + +
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Then
n n
sup sup  sup ) adig;(yi,y2) < sup  sup ) 6i9i (Y1, 12)
Isal=1 @l g, =11l <17 Il =1 @l =1 i1
" " 1/p3
(Z z(szlr yz )
H?/zH 1
n * 1/p*
S sup Z @i y1,y2 .
H?/zH 1 \i=
However, as Bf ® By, := {yl Qya:y; € BE} BE@IHIF , we have

" . 1/p* . . 1/p*
sup (Z (¢i (v, v2)) > = sup (Z(q@(yl ®yz))”)

lyll 1 A=t I8l ooz =1 N

n . 1/p
< sup (Z goz y1 ®y2 ) .

lr1®y2llz+ i=
Fl®\n’\ 2

>_|

Consequently, we obtain

[\1:

" . 1/p* . 1/p*
sup (Z(qvi(yl,yz))p) < sup ( (qu())p) : (3)

=1 \= Bl

I
—_

1
By (1), (2) and (3), we obtain

n
i; <u1 X uz(xll,xiz)r@> < dy, (u1)dy, (uz) || (x}) H% | (x2) H%v sup | @; (v)||€z* .

Fl(g@‘ﬂ‘lsz
U

To prove the next result, it suffices to combine Proposition 2 and Corollary 1 with [4, Propo-
sition 3.4].

Theorem 1. Let 1 < p, py,..., pm < 400 are such that % +F == %. Then

1
Pm

s (D;l, . ,D;m) (Ei,...,En;F) C DI (Ey,..., Eni F).

3 Positive Cohen weakly nuclear multilinear operators

In this section, we present a new class of determinate operators on Banach lattice. We also
discuss excellent properties of such operators. This new concept was inspired by the work
done by Q. Bu et al. in [13].
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Definition 1. Let 1 < p < +o0. An m-linear operator T € L(Eq,...,Ey; F) is called positive
Cohen weakly p-nuclear if there exists a positive constant C > 0 such that for any (xf) ?:1 in EJTL,

1<j<m,and (y;),_, in F**, we have

n n b

) <T(x},...,x§”),yf> <C sup Y <g0(x},...,x§”))p wps ((y)isy)-

c . L
i=1 PEBLr ey, Emim) T

The class of all positive Cohen weakly p-nuclear m-linear operators from E; x - - - X Ej; into
F will be denoted by Nzﬁf;(El, ..., Em; F). This space is a Banach space with the norm n}j;7 (),
which is defined as the infimum of the constants C, that satisfies the previous inequality.
Without too much difficulty, it is possible to show that Ny, (E; F) = N, (E; F).

Remark 1. Through simple calculations it is possible to obtain the property of ideal for
multilinear operators p-nuclear weakly positive Cohen, that is, if T € Nu”f; (Fy,...,Fu; F),
up € L (E]-, F]-),j =1,...,mandv € LT (F,G), then

UOTO(ull...,um) GNJZ;(E‘I//EW[}G)'

For the proof of Pietsch domination theorem in relation to the new class of operators we
use the abstract notion presented by D. Pellegrino et al. in [14]. Let Ey,...,Ey, Fy, ..., Frand F
be (arbitrary) non-void sets, H be a family of mappings from E; x - - - X E;, to F. Also consider
compact Hausdorff topological spaces Kj, ..., K;, Banach spaces G;, ..., G; and suppose that
the maps

{R]- : Ki x Fy x - -+ x F x Gj — [0, +00)
S ¢ HXFX---xFExG x...xG — [0,40)

withj € {1,...,t}, satisfy:
1) foreach x! € Fand b € Gj, with (j,1) € {1,...,t} x {1,...,k}, the mapping (R;)
K; — [0, +00) defined by

(Rj)xl,...,xk,b (q)]) = Rj <q)j/ xlr .- -/xk, b)

Xl xkb

is continuous;

2) the following inequalities hold:

R; <q)]-, xt 17]-bj> < 1R; (q)]-, £k, bj> ,
S <f,x1,...,xk,oc1b1,...,atbt> > g S <f,x1,...,xk,b1,...,bt).

Definition 2 ([14]). Let 0 < py,...,p1,q < oo be such that % = % +o %. A mapping
f:Ey x---XEy, — FinH issaid to be Ry, ..., Rs-S-abstract (p1, . .., pt)- summing if there is
a constant C > 0 such that

1
n q q t n N\ Pi Pj
(X;S <f,x},...,x§,b},...,bf> ) SCH Sup ( 1R] (q)]./xz]:/-..;xi‘(,bZ) ]> ’
i=

for all (x?)?zl inF;, (b]:)?zl inGj,n € Nand (s,j) € {1,...,k} x {1,...,t}.

1
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Theorem 2 ([14]). A map f € H is Ry,..., Rs-S-abstract (p, ..., pt)-summing if and only if
there is a constant C > 0 and Borel probability measures y; on K; with the weak star topology
such that

Fj

S (f,xl,...,xk,bl,...,bt) < lej (/KjR]- <g0]-,x1,...,xk,bj>pjd]/t]-> ,

forallx! € E;,1 € {1,...,k} and b € Gjwithj=1,...,t.
We now use this abstract approach to obtain the desired result.

Theorem 3. An m-linear operators T € L(Ey,...,En; F) is positive Cohen weakly p-nuclear,
1 < p < oo, if and only if there exist a positive constant C > 0, a Radon probability measures

}on BEL 5 1B En)’ and A on BY.. with the weak star topology such that for all (x!,...,x™) €
F18|)
Ef x -+ x E}, and y* € F*", we have

<T(x1,...,xm),y*> < C(/ (go(xl,...,xm)>pd)t(g0)>p Hy*HLP*(B;**’A). (4)

+ ~ ~
(El®\n\"'®|n|E”’)*

Proof. By choosing the parameters

(t=2,k=m,
F=E1=1,..,m,
_ pt
Ky = BU(El,...,Em;]R)’
K, = B,

G, =K, G, = F*,

H = L(Ey,...,En; F),

=L pm=pp=p

S(T,xt, ..., x"b,y*) =b(T (x,...,x™),y*),
Ry (@1, xY,...,x™ b) = by (x1,...,x™),

Ro (@2, 2%, ..., x5 y%) = (v*, ¢2),

~

we can easily conclude that T : E; x --- X E;;, — F is positive Cohen weakly p-nuclear if and
only if T is Ry, Rp-S-abstract (p, p*)-summing. Theorem 2 tells us that T is Rj, Rp-S-abstract
(p, p*)-summing if and only if there is a C > 0 and there are probability measures y; on Kj
and > on K, with the weak star topology such that

1 1
p P * *
S (T,xl,...,xm,b,y*> < C</K1 <(p1(x1,...,xm)) dm) </Kz (y*, p2)? dy2>p

and we recover (4). O
Corollary 2. Let 1 < p < 0. Then

NS (B, .o Em; F) S NG (B, oo Em; F) € DY (X, oo, Xons F)
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Proof. If (x} ®---®x")_ | is a weakly p-summable sequence in space Ei®- - ®zEm,
thenZ( (x}, ..., x! )) = 2( (1®---®x’”))p<ooforevery(p€£+(E1,.. ,Em).

By def1n1t1on T : E x--- x Em — F is positive Cohen weakly p-nuclear if and only if
(T® (x} ® --- @x™)) -, is a strongly p-summable sequence in F, whenever (x} ® --- @ x™) , is
a weakly p-summable sequence in E1®‘n| e ®‘H|Em. Also note that forany ¢ € U(El, .o Em),

we have | (x,...,x™)| < |lg|/||x!| - - [|x™|. For any x/* € B

E*,jzl...m let 91 =

x* ® .- @x™. Then @1 € BZY( and ¢ (xl, .. ) ]]:[ <x7 x]*> Thus, the inclu-
sions of this corollary are taken directly from the definitions. O

Eq,o EmiR)

Combining Theorem 3 with the Pietsch domination theorem for positive Dimant-strongly
p-summing operators (see [6, Theorem 1]), we have the following inclusion.

Proposition 3. Let 1 < p < co. Then

NJZ;(El,...,Em,‘F) - »C;Z—;(El,...,Em,'F).

Theorem 4. Let T € L(Ey,...,Ey; F) and 1 < p < oo. Consider the following statements:
(i) T® : Ex®n) - - - @|)Em — F is positive Cohen p-nuclear;

(ii) there exist a Banach lattice space G, a positive Dimant-strongly p-summing m-linear
operator S : E; x --- X E;; — G and a Cohen positive strongly p-summing linear
operatoru : G — F such thatT =uoS;

(iii) T is positive Cohen weakly p-nuclear.
Then, the statement (i) implies (ii), which implies (iii).

Proof. (i) = (ii) Since T® is positive Cohen p-nuclear, by [7, Theorem 3.2] there exist a Banach
lattice space G, an positive p-summing linear operator v : E1®|n| e ®‘H|Em — G and a Cohen
positive strongly p-summing linear operator u : G — F such that T = uov.Let S = vo ®.
Then T =uovo® = uoS and the following diagram

E-L.F

®l \< ]u
commutes, with E = E; X --- X E;; and E= E1®|n‘ . ®|H|Em. Since S® = v, it follows that S
is positive Dimant-strongly p-summing (see [6]) and hence (ii) is checked.
(ii) = (iii) Given any x! € E;,...,x™ € E}, and y* € F*T, by Pietsch domination the-
orems for Cohen positive strongly p-summing operators and for positive Dimant-strongly
p-summing operators, we have

<T(x1,...,xm),y*> = <u(S(x1,...,xm)>,y*> < KlHS(xl,...,xm)HG Hy*HLp*(B;**,y)

1

<k [ (o) 0100 ) 1Ny a1y

~ = Fx¥7
E @ Em)*
( 1’59‘7.[‘ ®\n’\ m)

By Theorem 3, T is positive Cohen weakly p-nuclear. O

Open problem. In Theorem 4, is it possible to prove that (iii) implies (ii)?
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4 Tensor norms related to positive Cohen weakly p-nuclear mappings

In this final section, we introduce a reasonable cross norm in E; ® - - - ® E;; ® F*, so that
the topological dual of the resulting space is isometric to </\/Z’Z,1;(E1, oo, Em; F), n%}ﬁ()) . For
1<p<+owandu € E;®---® E; ® F*, we consider

W(ppry (U) := inf || (A:)i21 [ sup Z( >>p H(y?)lgign

(PEB/J"(E R)

4

n
Ep J|weak|

where E = E; X - -+ X E;; and the infimum is taken over all representations of u of the form

n .
U= lzl)tix}(@---@xlm@yj‘,withx; EE;“,yj‘ e, L eK1<i<nandl <j<m.
1=

Proposition 4. Denoting by ¢ the norm of the injective tensor in E; @ - - - ® E;; ® F*, we have

cf)(p;p*) is a reasonable crossnormonE; ® - -- ® E;; ® F* and € < cf)(p;p*).

n
Proof. Ifu = Y Aix} @ - @x" @y and E = Ey X - -+ X Ey, then
i=1

e(u) = sup{ZAigo(x},...,x;”)tp(yz) qoeBUE]R l[JEBF**}

i=1

n
< [ Air<i<all sup Y Aig (xh o) w ()
U(E]R) =1
([JEBF**
1
n 1 p b
< izl | sup Y (9Ghex) ] sup [ )iz |
q)eBZ,(E;]R)z‘:l PEB L
Y
< Nhsicllo | sup L (06 )" ) [0 hsianll, ey
(PGBZ’(E;]R)izl p*,|weak|

Hence ¢ () < @(p, ) (u).
To show that cf)(p;p*) is a norm, let us consider u,v € E1 ® - - - ® E;; ® F*. For any 6 > 0, we
can find a representations of 1 and v of the form

n n
uzz}\ixil@)---@x;”@yf and vzzrxiz}@)---@zzm@b?‘,
i=1 =

so that the following conditions are satisfied:

D [[A)i]le =1 and | (a;

1 1Hoo_ ’

2)  sup i <q)(xi1, . .,xlm)>p < <‘T](p;p*) + 5);

PEB L (g =1

3) H Vi) e (Fory = < (PP)+5)1/p*;

o

p*,|weak|
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4) sup i <q)(z},...,z;ﬁ))p < <&(p;p*) +5);

(PEBU(E R) =

5) H (b?)

o Fee) < (‘D(P}P*) +5>1/p*'

1<i<n (
p*,|weak|

Then it follows that

1
@(ppr) (14 +0) < (@) (1) + @) (0) +26) (@) () + D) (0) +26)7
w(pp ) (u) —i—cf)(p;p*) (v) + 20.

Therefore,
W(ppey (1 + v) W) (#) + @y (0)

guaranteeing the triangular inequality. The other conditions are easily verified. Thus, w

isanormon E; ® - - - ® E;; ® F*. Let us consider (x{)" .in E]-Jr andy* € F*T with1 <j<m.If

1=
~ ~ * n

p#0,¢c <E1®\7T\ e ®|7T|Em) ,PpeF*Tand u = _Zl)\ixil ® - @ x" @y, then by Holder’s
1=

inequality we get

PP (u) =g (ZM3 ®- - @] ®y;-"> =Y Np(xi, . x) Y (v))
i=1

i=1
) ¢ (y))
H¢H ]|

< [[Air<izall 01 1] H < llelHIgll @ppe) (u) -
1

Therefore we obtain that ¢ ® ¢ (u) < [|¢]| [[[| @&(p;p) (#) and we have shown that @ ;- is a
reasonable crossnorm. O

The next result characterizes the space of positive Cohen weakly p-nuclear m-linear oper-
ators as the topological dual of the space of the tensor product E; ® - - ® E;; ® F* equipped

with the norm @,,,-) via an isometric isomorphism.

Theorem 5. The space </\/’$;(E1, oo, Em;F), Z};) is isometrically isomorphic to the space
*
<E1 ® - QEn® F*,&(p;p*)> through the mapping T — 1, where

lPT(xl R ® xm ®y*) = T(xl, .. .,xm) (y*);
for every x/ € E]-Jr withl <j<mandy* € F**t.
Proof. Without too much difficulty, it is possible to verify that the correspondence T — ¥t
is a linear and injective map. To show the surjectivity, we consider E = E; X ... X Ey,
*
(VNS <E ® F*,cﬁ(p;p*)> and the corresponding m-linear mapping Ty € L(Ey,...,Ey; F) de-
fined by Ty (x!,...,x") (v*) = ¢ (x! ® - @x" ®@y*) forall ¥/ € EJTL and y* € F*T. Let us

also consider x{ € E].+ and yf € F*" with1 <i <nand 1 < j < m. For an appropriate A; € K
with [A;| =1,i =1,...,n, we have that
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.M:
M=

N
Il
—_

(Ty(xl o) sy = LIl p(d @ @xl y) =¢ ( A6 @ @ ®y:-‘>
i=1

Il
—_

1

< 191l @ pipry < (9l 0ppe) ()

n
YA @@ @y
i=1

<[l ( sup Z( ))ppr*((yi‘)?:l)/

(PGBU(E ]R> =1

which shows that Ty € N/ (Ey, ..., En; F) and ngt (Ty) < ||9]l.
Conversely, if T is positive Cohen weakly p-nuclear from E into F, we define a linear func-

tional on E ® F* by

n
=Y AT (x, - x) (97,
i=1

n .

foru = ZAix}®---®xlT” ®y;, wherem € N, A; € ]K,xf € E;“,yf eFt,1<i<nl1<j<m.
i=1

Hence, by Holder’s inequality we obtain

[pr ()] < [|(A) i [l

§< )7 )
T)[|(A mw( sup ):( >)”)pwp*<<y:‘>?1>.

(PEBU(E R)"

This shows that T is (,,,«)-continuous and ||| < niy% (T) . O

pip*)”

Corollary 3. The space <N$;(E1,.. ,Em), wp> is isometrically isomorphic to the space
<E1 R ® Em,cb(p;p*)) through the mapping T — , where

¢T(x1®"'®xm®y*) = T(xl,...,xm) (y")

for every x/ € EjJr withl <j<mandy* € F*'.
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Y miif cTaTTi MM BCTAHOBAIOEMO HOBI CITiBBIAHOIIIEHHS i3 3aAyUYeHHSIM KAAacy AOAATHMX CHMABHO
P-CYMOBHMX MYyABTUAiHIVHNMX onepaTopiB Koena. KpiM Toro, Mu BBOAMMO HOBUIA KAAC MYABTHAI-
HIlHMX OIlepaTopiB Ha 6aHaXOBMX I'PaTKax i Ha3sMBaEMO IX AOAATHMMI CAA6GKO SAEPHUMI MYABTH-
AiHiHVMMY oneparopamu Koena. Mut BcraHOBAIOEMO TeopeMy [lida MaXkOpaHTHOIO THITY AAS IIbO-
rO HOBOTO KAACy MYABTMAIHIVHIX olepaTopiB. B sSIKOCTi 3acTocyBaHHS MU OKa3y€eMO, IO KOXEH
AOMATHMI CAAbKO p-sIA€pHMII MYABTHAiHIVEWMI ortepaTop KoeHa € popaTHMM cTpormm 3a AimaHT
P-CyMOBHMM Ta AOAATHMM CTPOTO p-CyMOBHMM omnepatopom KoeHa. Mu 3aBeplilyeMO TeH30PHUM
MIpeACTaBAEHHSIM BBEACHOTO KAacy OrepaTopis.

Kontouosi cnosa i ppasu: H6aHaxoBa I'paTka, MakopaHTHa TeopeMa Iliua, AopaTHIIT p-CyMOBHMIA
orlepaTop, TeH30pHa HOpMa.



