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Approximate properties of Abel-Poisson integrals on classes of
differentiable functions defined by moduli of continuity

Kharkevych Yu.L!, Stepaniuk T.A.?

The paper deals with the problem of approximation in the uniform metric of W! H,, classes using
one of the classical linear summation methods for Fourier series given by a set of functions of a
natural argument, namely, using the Abel-Poisson integral. At the same time, emphasis is placed on
the study of the asymptotic behavior of the exact upper limits of the deviations of the Abel-Poisson
integrals from the functions of the mentioned class.
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1 Statement of the problem and some historical information

7T
Let L be a space of 27-periodic summable functions withnorm ||f[|. = [|f]x = [ [f(t)|dt,
—7T
C be a subset of the continuous functions from L with the uniform norm ||f||c = max |f(1)].

A function of the following form

1—p?
2p cost + p?

Aplfin) = 5 [ fle 0= 1)

is called the Abel-Poisson integral of the function f € L [1].

_ 1-p

T 2(1—2pcost+p?)
and setting p = e 3 (see, e.g., [2]), we write the Abel-Poisson integral as

Expanding the kernel of the Abel-Poisson integral K, () in a Fourier series

T 00
As(f;x) :l/ f(x+t){1+26_§coskt}dt, 5> 0. (2)
Tl 2 i3
Let further
Ho={peC: |pt) - p(t)| Sw(|t—F|) ¥, € R},
where w(t) is a fixed majorant of the type of modulus continuity.
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For a positive integer r, we denote by W"H,, the class of functions f that have continu-
ous derivatives up to the order (r — 1) and whose rth derivatives f(") belong to the class H,,,
namely

W'H,={feC: f) ¢ H,, reN}.

Following A.IL. Stepanets [3, p. 9], the problem of finding asymptotic equalities for the
quantities

€ (M; As)c = sup [|f (x) = As (fix) o
fem
where M C C is the given class of functions and As(f; x) is the Abel-Poisson integral, is called
as the Kolmogorov-Nikol’skii problem.
And if we find in the explcit form the function ¢ () = ¢(Ay; ), such that

EMAs)c = ¢(6) +0(p(6)) as 6 — oo,

then the Kolmogorov-Nikol’skii problem is said to be solved for the Abel-Poisson integral
As(f; x) on the class of the functions 91 in the metric of the space C.

Approximation properties of the Abel-Poisson integrals A;(f; x) were studied by numer-
ous researchers. Let us give the short historical overview of the considered problem.

L.P. Natanson [4] solved the Kolmogorov-Nikol’skii problem on the class W! for Abel-
Poisson integral (1):

£ (W), = sup I ) = 4 (Fi)le = = (1=p) In(1=p) | +O(1=p), p—1-.

In [5], A.F. Timan obtained exact values of the approximation characteristics £ (W, Ap) -
for r € IN.

Definition ([6]). Formal series i gn (p) is called as complete asymptotic expansion or com-

n
plete asymtotics of the function f(p) as p — 1—, if for arbitrary natural N, asp — 1—

N
f(p) = ;)gn (p) +o(gn (p))

and foralln € N
g1(0)| = o(Igx (0)]).

Shortly we can write it in the following way
fle)=)_ 8n(p):
n=0

In E.L. Stark’s work [1], the complete asymptotic expansion of the quantity £ (W1, Ay) cin
powers of (1 —p), p — 1—, was found. This allows to write Kolmogorov-Nikol’skii constants of
arbitrary order [3, p. 9], which correspond to asymptotic terms of arbitrary order of smallness,

namely

&(Whap) =1 {w—p)"mﬁ +B —p)k},

k=1
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where o
1 1/1 — 27"
K = %, ‘Bk: E<E+ln2—1_217>

Later the results of E.L. Stark were generalized on the classes W', r € N, in [7,8].

At the same time V.A. Baskakov [9] found the complete asymptotic expansions for upper
bounds of deviations of the functions from the classes H* ta W! H* from Abel-Poisson integrals
As(f; x) in powers of 4, § — c.

The works [10-12] are devoted to the study of the approximative properties of Abel-Poisson
integrals on wider classes of differentiated functions, in particular, on the Weyl-Nagy classes
Wy and Stepanets classes LE.

We should note that the Abel-Poisson method is a saturated method, that is, an arbitrary
function f € L, cannot be approximated by the operators A,(f) with an accuracy better than
1 — p. We can not achieve an order of approximation better than 1 — p by any additional
restrictions on the smoothness of the function. Therefore, in addition to the Abel-Poisson inte-
gral, the Taylor-Abel-Poisson operator has also been widely studied (see, e.g., [13-16]) on some
classes of differentiating functions of many variables. The Taylor-Abel-Poisson operator allows
to take into account the smoothness properties of functions and be the best linear operator for
the given functional class in a certain sense.

The problem of investigation of approximation properties of Abel-Poisson integral (as a
linear method of summation of Fourier series, which is defined by a set of functions of natural
argument, depending on a real parameter ¢ [17-19]) on the classes of differentiable functions,
defined with the help of modulus of continuity, remained open up to now. But with regard
to approximation properties of triangular methods of linear methods of summation of Fourier
series [20-22], the situation is totally different on the same classes of functions.

That is why the main aim of our paper is an investigation of approximation behaviour of
the quantity

& (W'Hai As) = e 1£(x) = As(f, )]

o 000 (3)

2 Approximation of the functions from the classes W'H,, by Abel-Poisson
integrals in the uniform metric

With the notations introduced above the following theorem takes place.

Theorem 1. For arbitrary modulus of continuity w(t) the following inequality

1 /7 w(2t) (1
lr7 . < = s\s
& (W'Hai 4s) < — + sini dt+O<5w<5>> 4)

holds. If w(t) is a convex modulus of continuity, then the inequality (4) becomes an equality.

Proof. Abel-Poisson integral defined according to [9] by means of relation (2), can be repre-
sented in the form

© 1 x+t 2n
Aolfix) = 5/ fx+t)k;w L+ (t+2mk)° _ﬂé/ a0

where (f(x +t)), _is the even 271-periodic continuation of the function f(x +t).
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From (5) it follows that

t dt
As(f30 _715/00—-1-1}2 76 ooz+t2 0 52—1—162 _/ {() <_5>]1+t2'

For the Abel-Poisson integral (in the same way as in [3, Subsection 1.9, Chapter 4]) the

following equality is true

£ (Wle; Aa) ¢~ S |£(0) — As(f;0)]- 6)
Moreover
0= A7) = ms/ e UG () e
Y N e
) el
Combining (6) and (7), we obtain that
(W) = e |1 TR0 ) ®
where
R =£(5)-r(-5) 2o ©)

Repeating the arguments, given in the paper by A.L Stepanets [3, p. 224] we show that if

fEWle,then
1 /1
‘/ 1—|—t2 O(s“’(z)) (10)

Indeed, from (9) it follows that F5(0) = 0, so, using the method of integration by parts and
mean value theorem, we get

T dt T todrt
‘/0 Bt | = /0 Bt | 15| =

‘/ F;(t) det' | F5(to \/ T —t)dt = —Z}Fg( )

dt dt'

(11)

where tg is the some point from the interval (0, 77). At the same time, it is obviously that

()R

Substituting (12) in the right-hand side of equality (11), we get (10). Hence, taking into account
the estimate (10), the relation (8) will get the form
1 /1
() w

Fito)] =

1 (> dt
& (W'Hy; A;) = —/ Fy(t
< @ o)c fesl:\/lFHw'n 7 o()1+t2
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Further, for the arbitrary function f € WLH,, we obtain

%/: Bz = —/ Fs(t +R5(f) (14)
where . ) d
RN =7 [, B0 e [ B0 =2 [ B0 g

Let us estimate the quantity |Rs(f)

o0 dt
RO =3 [ B0 Gy | =
Integraiting by parts the last equality, we get
1 ) . S © dr
Rs(f)] = ﬂ' Fi(n) / i [T rw [
1 © ®© dt

Using mean value theorem we find that

IFs(m)| = 'f(%) +£(-%) —2f(0)‘ = '(fG) —f(0)> - (f(o) “M‘%))‘
|

= 1Zf@) - 2 @) = 2IF @) - £ @),

1

2R )|

(15)

where ¢; and {, are some points from the intervals (0, %) and (—Z%,0) respectively, and

that is why
Fim)] < Fole -2 < Jo( 5 ) < "o ().
Hence,
|Fs(m)| = O(%w(%)) (16)
Obviously,

®© dt
| @y me =00 an
From (16) and (17) it follows that

TSR]

Let us estimate the second integral from (15), namely

6~ o) L |

1] />, © dt 1
7 /7'[ F&U)/t (1+Tz)rzdt' )
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Whereas, f € W'H,,, then f € H,,, therefore
e\ _pof /wL
INGORICHIN =
1 o0 t t
<— (= = L
_715/71 f(é) ( (5)‘ t 1—{—1’2)1'2
A =t ot
S G) (5| e g [ (5 )
2t+1 1 1 2t+1
ms/ ( > 38 0= 5w <5>/n I

where we have used the following property w(At) < (A + 1)w(t), A > 0, of the modulus of
continuity. Taking into account that

1

7é

dt

©2t+1
| Sdt=oq),

/:Fé(t) /too ﬁdt‘ :o(%wG)), (19)

Substituting (19) and (18) in (15), we get
1 /1
IRs(f)] = O(g“’(g))-
Thereby, according to (13), (14) and (19), we have

1 dt
E(W'H,; As) = su —/ F
( w 5) fewlpr 7 ) s(t )t2

we have
1

7T

1 /1
Integrating by parts and taking into account (16), we obtain

[0 =2 [ ot so(lu(3)

(21)
f(5) f’ (=35) 1 (1
_ms/ L dt+o<5 <5>>
So, the formula (20) can be written in the form
A 1~ f(5) = f (=) 1 (1
o)~ i 9o )
(22)
_ f(t) 1
=l [0 (5 (5))
The function
f(t) = f(t) = f(=1) (23)

is 27m—periodic and non-even. After elementary transformations, we find the equality
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wo J = (P )
715/ flgt i+ 5 7'[5 Z /2k1:1 (fltt (4kj‘c|1‘(4_)2_ t) o
- ms/ flzgt dt+_ / < 2£17(Lt1j;§+t+ (2?7(3;)_;)—1%) at

:E/;_ ( Z( k+1 T+t (k+11)n—t>>dt+R‘5(f1)’

(24)

where

Rolf) = % </o% +/”%> fl(t),g <2(k—|—i)ﬂ+t - 2(k—{—i)7‘[— t> at. @)

If f € H,, then we use (23) and get

LA®)] = [f(t) = f(=1)] < w(2t). (26)
The series in (25) is uniformly convergent for all ¢+ € [0, 77|, so its sum is bounded on this
segment. So,
1 /1
[Rs(f1)] —O<gw<5>>- (27)
Because of (24) and (27), the relation (22) can be rewritten in the form
1 75 1 /1
1 . _ _
£ (w He; A5>C = s |2 / fl(t)S(t)dt' + O<5w<5>>, (28)

where

=141 (; :
t k+1 m+t 2(k+1)m—t)"

It is easy to see that on the segment [0, 7] the function S(f) is nonnegative, that is why,
taking into account the relation (26), for the arbitrary function f € H, we have

5 Ao s%(/ £~ (=) dt+/ flam = bl
1 7 -3
< — </ dt+/ ))S(t)dt)
= L [T (s + st n)ar
‘S (29)
Since,
1 & v (1 1 1

S S - = - -1 = i 30
(8) +S(m =) t+1§1( ) <t—k7r+t+k7r> sin t (30)

then combining the formulas (28)—(30), we obtain (4).
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The relation (4) has been proved. If w = w(t) is a convex modulus of continuity, then for
non-even 27t-periodic function

Lo(2t) te0,4]

t — 2 7 4 2 4 31
folt) { tw(2(n—1t)), telZFn], 1)
the relation (4) becomes the equality. Thus theorem has been proved. O

We should note that similar result for approximation by Fejer means was obtained
in [3, Subsection 3.2, Chapter 4].
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Y po60Ti pO3rAsiAAETbCS 3aAaUa HABAVDKEHHS! B piBHOMipHiit MeTpuui kaaciB W' H,, 3a Aomomo-
TOI0 OAHOTO 3 KAQCMYHMX AiHIVHMX METOAIB IiACYMOBYBaHHsI psiaiB Dyp’e, IO 3aAaf0THCSI MHOXN-
HOIO (pyHKIIilf HATypaAbHOTO apTyMeHTy, a caMe 3a AOIIOMOTolo iHTerpasa Abeas-Ilyaccona. [Tpn
LIbOMY POOUTECS aKILIEHT Ha BYBYEHHI aCMMITOTMYHOI TOBEAIHK) TOUHMX BEPXHIX MeX BiAXMAEHDb
inTerpanis Abeas-Ilyaccona Bia pyHKIII i3 3rapAaHOTO KAACy.

Kontouosi cnoea i ¢ppasu: MOAyADb HellepepBHOCTI, iHTerpan Abeas-IlyaccoHa, piBHOMipHa MeT-
puka.



