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Some new classes of degenerated generalized
Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi

polynomials

Ramı́rez W.1, Cesarano C.2,

The aim of this paper is to study new classes of degenerated generalized Apostol-Bernoulli,

Apostol-Euler and Apostol-Genocchi polynomials of order α and level m in the variable x. Here the

degenerate polynomials are a natural extension of the classic polynomials. In more detail, we derive

their explicit expressions, recurrence relations and some identities involving those polynomials and

numbers. Most of the results are proved by using generating function methods.
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Introduction

New classes of generalized Apostol-Bernoulli polynomials, Apostol-Euler polynomials and

Apostol-Genocchi polynomials with parameters a, c ∈ R+ by means of the following generat-

ing functions, defined in a suitable neighborhood of t = 0 (see [13] and the references therein):

tmα[A(λ, a; t)]αcxt =
∞

∑
n=0

B
[m−1,α]
n (x; a, c; λ)

tn

n!
, (1)

2mα[B(λ, a; t)]αcxt =
∞

∑
n=0

E
[m−1,α]
n (x; a, c; λ)

tn

n!
, (2)

(2t)mα[B(λ, a; t)]αcxt =
∞

∑
n=0

G
[m−1,α]
n (x; a, c; λ)

tn

n!
, (3)

where

A(λ, a; t) =

(

λat −
m−1

∑
l=0

(t log a)l

l!

)−1

, B(λ, a; t) =

(

λat +
m−1

∑
l=0

(t log a)l

l!

)−1

.

The fundamental objective underlying previous and recent studies on generalized Apostol-

type polynomials of level m attempts to make appropriate modifications to the generating

УДК 517.589
2020 Mathematics Subject Classification: 33E20, 11B83, 11B68, 30H50.

This research was funded by the International Telematic University Uninettuno (Italia) and the Universidad de la

Costa (Colombia) for all the support provided supported by the project whit order code SAP E11P1070121C

© Ramı́rez W., Cesarano C., 2022



Some new classes of degenerated generalized Apostol-type polynomials 355

functions associated with the classical classes of Apostol, Bernoulli, Euler and Genocchi poly-

nomials, respectively, and obtain algebraic and/or similar polynomials, differential properties

of these polynomials. On the subject of the Appell-type polynomials and their various ex-

tensions, a remarkably large number of investigations have appeared in the literature (see, for

example, [1, 3–7, 13, 14, 16, 19–21]).

On the other hand, for any nonzero real number a, the degenerate exponentials are given

(see [9]):

ex
a(t) = (1 + at)x/a and ea(t) = (1 + at)1/a. (4)

By (4), we get

(1 + at)x/a =
∞

∑
n=0

(x|a)n
tn

n!
,

where (x|a)0 = 1, (x|a)n = x(x − a) . . . (x − (n − 1)a), n ≥ 1.

Next, we recall the definitions of the degenerate Bernoulli polynomials Bn(x; a), the degen-

erate Euler polynomials En(x; a) and the degenerate Genocchi polynomials Gn(x; a) (see [2])

with parameter a ∈ R in the variable x and in a suitable neighborhood of t = 0, by means of

the corresponding generating functions.

For the degenerate Bernoulli polynomials we have

t

(1 + at)1/a − 1
(1 + at)x/a =

∞

∑
n=0

Bn(x; a)
tn

n!
. (5)

If x = 0, then Bn(a) := Bn(0; a) are the corresponding degenerate Bernoulli numbers. It is to

be noted from equation (5) that

lim
a→0

Bn(x; a) = Bn(x), n ≥ 0,

where Bn(x) are the nth order Bernoulli polynomials [15].

Now, for the degenerate Euler polynomials we obtain

2

(1 + at)1/a + 1
(1 + at)x/a =

∞

∑
n=0

En(x; a)
tn

n!
. (6)

If x = 0, then En(a) := En(0; a) are the corresponding degenerate Euler numbers. It follows

from equation (6) that

lim
a→0

En(x; a) = En(x), n ≥ 0,

where En(x) are the nth order ordinary Euler polynomials [15].

At last, for the degenerate Genocchi polynomials we have

2t

(1 + at)1/a + 1
(1 + at)x/a =

∞

∑
n=0

Gn(x; a)
tn

n!
. (7)

If x = 0, then Gn(a) := Gn(0; a) are the corresponding degenerate Genocchi numbers. Conse-

quently from equation (7), we have

lim
a→0

Gn(x; a) = Gn(x), n ≥ 0,

where Gn(x) are the nth order ordinary Genocchi polynomials [18].

In this paper, we present and develop some algebraic properties of the degenerated gener-

alized new classes of Apostol-Bernouilli, Apostol-Eeuler and Apostol-Genocchi polynomials

of level m. These results extend certain relations and identities of the related polynomials.
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1 Degenerated new classes of generalized Apostol-Bernouilli, Apostol-

Eeuler and Apostol-Genocchi polynomials of order α and level m

In this section, taking into account (1)–(4), we introduce the degenerated new classes of

generalized Apostol-Bernouilli, Apostol-Eeuler and Apostol-Genocchi polynomials of order α

and level m.

Definition 1. For arbitrary parameters α, b ∈ R+ and for a ∈ Z, the degenerated generalized

the Apostol-Bernoulli polynomials B
[m−1,α]
n (x; a, b; λ), the degenerated generalized Apostol-

Euler polynomialsE
[m−1,α]
n (x; a, b; λ), and the degenerated generalized Apostol-Genocchi poly-

nomials G
[m−1,α]
n (x; a, b; λ), m ∈ N, λ ∈ C, of order α and level m in the variable x, are defined,

in a suitable neighborhood of t = 0, by means of the generating function:

tmα[σ(λ; a, b; t)]α(1 + at)x/a =
∞

∑
n=0

B
[m−1,α]
n (x; a, b; λ)

tn

n!
, (8)

2mα[ψ(λ; a, b; t)]α(1 + at)x/a =
∞

∑
n=0

E
[m−1,α]
n (x; a, b; λ)

tn

n!
, (9)

(2t)mα[ψ(λ; a, b; t)]α(1 + at)x/a =
∞

∑
n=0

G
[m−1,α]
n (x; a, b; λ)

tn

n!
, (10)

respectively, where

σ(λ; a, b; t) =

(

λ(1 + at)1/a −
m−1

∑
l=0

(t log b)l

l!

)−1

,

ψ(λ; a, b; t) =

(

λ(1 + at)1/a +
m−1

∑
l=0

(t log b)l

l!

)−1

.

Note that for b = e in (8), we have
∞

∑
n=0

lim
a→0

B
[m−1,α]
n (x; a, e; λ)

tn

n!
= lim

a→0

tmα(1 + at)x/a

(

λ(1 + at)1/a − ∑
m−1
l=0 (t log b)l/l!

)α

=
tmαext

(

λet − ∑
m−1
l=0 tl/l!

)α =
∞

∑
n=0

B
[m−1,α]
n (x)

tn

n!
,

where B
[m−1,α]
n (x) are called the generalized Bernoulli polynomials of order α (see [11, Defini-

tion 2.3]). Also, for b = e in (9), we have
∞

∑
n=0

lim
a→0

E
[m−1,α]
n (x; a, e; λ)

tn

n!
= lim

a→0

2mα(1 + at)x/a

(

λ(1 + at)1/a + ∑
m−1
l=0 (t log b)l/l!

)α

=
2mαext

(

λet + ∑
m−1
l=0 tl/l!

)α =
∞

∑
n=0

E
[m−1,α]
n (x)

tn

n!
,

where E
[m−1,α]
n (x) are called the generalized Euler polynomials of order α (see [10, equation

(1.9)]). Similarly, for b = e in (10), we have

∞

∑
n=0

lim
a→0

G
[m−1,α]
n (x; a, e; λ)

tn

n!
= lim

a→0

(2t)mα(1 + at)x/a

(λ(1 + at)1/a + ∑
m−1
l=0 (t log b)l/l!)α

=
(2t)mαext

(λet + ∑
m−1
l=0 (t)l/l!)α

=
∞

∑
n=0

G
[m−1,α]
n (x)

tn

n!
,
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where G
[m−1,α]
n (x) are called the generalized Genocchi polynomials of order α (see [10, equation

(1.11)]).

In the table below, we introduce the standard notation for several subclasses the degener-

ated generalized the Apostol-Bernoulli polynomials B
[m−1,α]
n (x; a, b; λ), the degenerated gen-

eralized Apostol-Euler polynomials E
[m−1,α]
n (x; a, b; λ) and the degenerated generalized Apos-

tol-Genocchi polynomials G
[m−1,α]
n (x; a, b; λ), m ∈ N, λ ∈ C of order α and level m in the

variable x (cf. [2, 8, 12, 17]).

nth the degenerate Bernoulli polynomials Bn(x; a) := B
[0,1]
n (x; a, b, 1)

nth the degenerate Euler polynomials En(x; a) := E
[0,1]
n (x; a, b, 1)

nth the degenerate Genocchi polynomials Gn(x; a) := G
[0,1]
n (x; a, b, 1)

nth the degenerate Apostol-Bernoulli polynomials B
(α)
n (x; a; λ) := B

[0,α]
n (x; a, b, λ)

nth the degenerate Apostol-Euler polynomials E
(α)
n (x; a; λ) := E

[0,α]
n (x; a, b, λ)

nth the degenerate Apostol-Genocchi polynomials G
(α)
n (x; a; λ) := G

[0,α]
n (x; a, b, λ)

If x = 0 in Definition 1, we obtain the degenerated generalized Apostol-Bernoulli num-

bers, degenerated generalized Apostol-Euler numbers and degenerated generalized Apostol-

Genocchi numbers of order α and level m

tmα[σ(λ; a, b; t)]α =
∞

∑
n=0

B
[m−1,α]
n (x; a, b; λ)

tn

n!
, 2mα[ψ(λ; a, b; t)]α =

∞

∑
n=0

E
[m−1,α]
n (x; a, b; λ)

tn

n!
,

(2t)mα[ψ(λ; a, b; t)]α =
∞

∑
n=0

G
[m−1,α]
n (x; a, b; λ)

tn

n!
.

Example 1. For λ = 1, the first few degenerate the Apostol-Bernoulli polynomials of level

m = 1 are given as:

B
[0,1]
0 (x; a, e; 1) = 1,

B
[0,1]
1 (x; a, e; 1) = x2 +

a − 1

2
x + 1,

B
[0,1]
2 (x; a, e; 1) =

x2

2
−

x3

2
+

13 − a2

12
x2 +

a − 1

2
x + 1,

B
[0,1]
3 (x; a, e; 1) =

x6

6
−

a + 1

4
x5 +

7 + 3a

12
x4 +

a3 − a − 12

24
x3 +

13 − a2

12
x2 −

1

2
x + 1.

Example 2. For any λ = 1, the first few degenerated generalized the Apostol-Euler polynomial

polynomials of level m = 1 are given as:

E
[0,1]
0 (x; a, e; 1) = 1,

E
[0,1]
1 (x; a, e; 1) = x2 +

−1

2
x + 1,

E
[0,1]
2 (x; a, e; 1) =

x4

2
−

a + 1

2
x3 +

6 − a

4
x2 +

−1

2
x + 1,

E
[0,1]
3 (x; a, e; 1) =

x6

6
−

2a + 1

4
x5 +

2a2 + 3a + 3

6
x4 +

(

a2 −
a

12
−

22

43

)

x3 +
24 − a

4
x2 −

1

2
x + 1.
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Similarly, for any λ = 1, the first few degenerated generalized the Apostol-Genocchi poly-

nomials of level m = 1 are given as:

G
[0,1]
0 (x; a, e; 1) = 0, G

[0,1]
1 (x; a, e; 1) = x, G

[0,1]
2 (x; a, e; 1) = x3 −

1

2
x,

G
[0,1]
3 (x; a, e; 1) =

1

2
x5 −

a + 1

2
x4 +

4 + a

4
x3 −

1

2
x2 + x.

2 Some properties for the polynomials B
[m−1,α]
n (x; a, b; λ), E

[m−1,α]
n (x; a, b; λ)

and G
[m−1,α]
n (x; a, b; λ)

In this section, we state some properties for the new classes of degenerated generalized

Apostol-type polynomials of order α and level m in the variable x defined in Section 1.

Theorem 1. Let {B
[m−1,α]
n (x; a, b; λ)}n≥0, {E

[m−1,α]
n (x; a, b; λ)}n≥0 and {G

[m−1,α]
n (x; a, b; λ)}n≥0

be the sequence of degenerated generalized Apostol-type polynomials of order α ∈ C and level

m in the variable x, where a, b ∈ R
+. Then, for a fixed m ∈ N, the following statemets hold.

(A) Special values.

For n ∈ N0,

B
[m−1,0]
n (x; a, b; λ) = (x|a)n , E

[m−1,0]
n (x; a, b; λ) = (x|a)n , G

[m−1,0]
n (x; a, b; λ) = (x|a)n .

(B) Summation formulas.

For n ∈ N0,

B
[m−1,α]
n (x; a, b; λ) =

n

∑
k=0

(

n

k

)

B
[m−1,α]
n−k (a, b; λ)(x|a)k ,

E
[m−1,α]
n (x; a, b; λ) =

n

∑
k=0

(

n

k

)

E
[m−1,α]
n−k (a, b; λ)(x|a)k ,

G
[m−1,α]
n (x; a, b; λ) =

n

∑
k=0

(

n

k

)

G
[m−1,α]
n−k (a, b; λ)(x|a)k .

(C) Addition theorem of the argument.

For β ∈ C and n ∈ N0,

B
[m−1,α+β]
n (x + y; a, b; λ) =

n

∑
k=0

(

n

k

)

B
[m−1,α]
k (x; a, b; λ)B

[m−1,β]
n−k (y; a, b; λ),

B
[m−1,α]
n (x + y; a, b; λ) =

n

∑
k=0

(

n

k

)

B
[m−1,α]
n−k (y; a, b; λ)(x|a)k , (11)

E
[m−1,α+β]
n (x + y; a, b; λ) =

n

∑
k=0

(

n

k

)

E
[m−1,α]
k (x; a, b; λ)E

[m−1,β]
n−k (y; a, b; λ),

E
[m−1,α]
n (x + y; a, b; λ) =

n

∑
k=0

(

n

k

)

E
[m−1,α]
n−k (y; a, b; λ)(x|a)k ,

G
[m−1,α+β]
n (x + y; a, b; λ) =

n

∑
k=0

(

n

k

)

G
[m−1,α]
k (x; a, b; λ)G

[m−1,β]
n−k (y; a, b; λ),

G
[m−1,α]
n (x + y; a, b; λ) =

n

∑
k=0

(

n

k

)

G
[m−1,α]
n−k (y; a, b; λ)(x|a)k .
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Proof. Statements (A) and (B) are obvious. Let us prove (11). From generating function of the

degenerated generalized the Apostol-Bernoulli polynomials order α and level m in the variable

x, we have

∞

∑
n=0

B
[m−1,α]
n (x + y; a, b; λ)

tn

n!
= tmα[σ(λ; a, b; t)]α(1 + at)(x+y)/a

= tmα[σ(λ; a, b; t)]α(1 + at)y/a(1 + at)x/a

=
∞

∑
n=0

B
[m−1,α]
n (y; a, b; λ)

tn

n!

∞

∑
n=0

(x | a)n
tn

n!

=
∞

∑
n=0

n

∑
k=0

(

n

k

)

B
[m−1,α]
n−k (y; a, b; λ)(x | a)k.

Comparing the coefficients of tn/n! on the both sides of the above equation, we obtain the

identity (11) at once.

The proof of others equalities from statement (C) proceeds analogously.

Proposition. The degenerated generalized Apostol-Euler polynomials E
[m−1,α]
n (x; a, b; λ) of or-

der α and level m satisfy the following relation

λE
[m−1,α]
n (x + 1; a, b; λ) + E

[m−1,α]
n (x; a, b; λ) = 2

n

∑
k=0

E
[m−1,α]
k (x; a, b; λ)E

[−1]
n−k (0; a, e; 1). (12)

Proof. By (7) and (9), we have

∞

∑
n=0

[λE
[m−1,α]
n (x + 1; a, b; λ) + E

[m−1,α]
n (x; a, b; λ)]

tn

n!

= 2mα[ψ(λ; a, b; t)]α(1 + at)(x+1)/a +
tmα(1 + at)x/a

(λ(1 + az)1/a − ∑
m−1
l=0 (t ln b)l/l!)α

= 2mα[ψ(λ; a, b; t)]α(1 + at)x/a(1 + λ(1 + at)1/a)

= 2
∞

∑
n=0

n

∑
k=0

(

n

k

)

E
[m−1,α]
k (x; a, b; λ)E

[−1]
n−k (0; a, e; 1)

tn

n!
.

Comparing the coefficients of tn/n! on the both sides of the above equation, we obtain the

identity (12) at once.

Theorem 2. Let {B
[m−1,α]
n (x; a, b; λ)}n≥0, {E

[m−1,α]
n (x; a, b; λ)}n≥0 and {G

[m−1,α]
n (x; a, b; λ)}n≥0

be the sequence of degenerated generalized Apostol-type polynomials of order α ∈ C and

level m in the variable x, where a, b ∈ R+. Then, for a fixed m ∈ N,

B
[m−1,α]
n (x; a, b; λ) = B

[m−1,α]
n (x + a; a, b; λ)− anB

[m−1,α]
n−1 (x; a, b; λ), (13)

E
[m−1,α]
n (x; a, b; λ) = E

[m−1,α]
n (x + a; a, b; λ)− anE

[m−1,α]
n−1 (x; a, b; λ), (14)

G
[m−1,α]
n (x; a, b; λ) = G

[m−1,α]
n (x + a; a, b; λ)− anG

[m−1,α]
n−1 (x; a, b; λ). (15)

Proof. Let us prove (13). From generating function of the degenerated generalized the Apostol-

Bernoulli polynomials order α and level m in the variable x, we have

∞

∑
n=0

B
[m−1,α]
n (x + a; a, b; λ)

tn

n!
=

∞

∑
n=0

B
[m−1,α]
n (x; a, b; λ)

tn

n!
+

∞

∑
n=0

B
[m−1,α]
n (x; a, b; λ)

atn+1

n!
,
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therefore,

∞

∑
n=0

B
[m−1,α]
n (x + a; a, b; λ)

tn

n!
=

∞

∑
n=0

B
[m−1,α]
n (x; a, b; λ)

tn

n!
+

∞

∑
n=0

nB
[m−1,α]
n−1 (x; a, b; λ)

atn

n!
.

Thus, we have

∞

∑
n=0

B
[m−1,α]
n (x + a; a, b; λ)

tn

n!
=

∞

∑
n=0

[B
[m−1,α]
n (x; a, b; λ) + anB

[m−1,α]
n (x; a, b; λ)]

tn

n!
.

Comparing the coefficients of tn in both sides of the equation, the result is

B
[m−1,α]
n (x; a, b; λ) = B

[m−1,α]
n (x + a; a, b; λ)− anB

[m−1,α]
n−1 (x + a; a, b; λ).

The proofs of (14) and (15) are similar to that of (13).

Theorem 3. Let {B
[m−1,α]
n (x; a, b; λ)}n≥0, {E

[m−1,α]
n (x; a, b; λ)}n≥0 and {G

[m−1,α]
n (x; a, b; λ)}n≥0

be the sequence of degenerated generalized Apostol-type polynomials of order α ∈ C and

level m in the variable x, where a, b ∈ R+. Then, for a fixed m ∈ N,

∂B
[m−1,α]
n (x; a, b; λ)

∂x
=

n−1

∑
k=0

n(−1)kak k!

k + 1

(

n − 1

k

)

B
[m−1,α]
n−1−k (x; a, b; λ), (16)

∂E
[m−1,α]
n (x; a, b; λ)

∂x
=

n−1

∑
k=0

n(−1)kak k!

k + 1

(

n − 1

k

)

E
[m−1,α]
n−1−k (x; a, b; λ), (17)

∂G
[m−1,α]
n (x; a, b; λ)

∂x
=

n−1

∑
k=0

n(−1)kak k!

k + 1

(

n − 1

k

)

G
[m−1,α]
n−1−k (x; a, b; λ). (18)

Proof. Let us prove (18). Partially differentiating the generating function of the degenerated

generalized the Apostol-Genocchi polynomials of order α and level m in the variable x, we

have

∞

∑
n=0

∂

∂x
G

[m−1,α]
n (x; a, b; λ)

tn

n!
= (2t)mα[ψ(λ; a, b; t)]α(1 + at)x/a ln(1 + at)

1

a

=

( ∞

∑
n=0

G
[m−1,α]
n (x; a, b; λ)

tn

n!

)( ∞

∑
n=0

(−1)n

n + 1
an+1tn+1 1

a

)

=
∞

∑
n=0

n

∑
k=0

G
[m−1,α]
n−k (x; a, b; λ)(−1)k ak

(

n

k

)

k!

k + 1

tn+1

n!
.

Thus,

∞

∑
n=0

∂

∂x
G

[m−1,α]
n (x; a, b; λ)

tn

n!
=

∞

∑
n=0

n−1

∑
k=0

G
[m−1,α]
n−1−k (x; a, b; λ)(−1)k akn

(

n − 1

k

)

k!

k + 1

tn

n!
.

Comparing the coefficients of tn in both sides of the equation, the result is

∂G
(α)
n (x; a, b; λ)

∂x
=

n−1

∑
k=0

n(−1)kak k!

k + 1

(

n − 1

k

)

G
[m−1,α]
n−1−k (x; a, b; λ).

The proofs of (16) and (17) are similar to that of (18).
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Theorem 4. Let {B
[m−1,α]
n (x; a, b; λ)}n≥0, {E

[m−1,α]
n (x; a, b; λ)}n≥0 and {G

[m−1,α]
n (x; a, b; λ)}n≥0

be the sequence of degenerated generalized Apostol-type polynomials of order α ∈ C and

level m in the variable x, where a, b ∈ R+. Then, for a fixed m ∈ N,

n

∑
k=0

B
[m−1,α]
n−k (x; a, b; λ)B

[m−1,α]
k (x; a, b; λ) =

n

∑
k=0

(

n

k

)

B
[m−1,α]
k (2x; a, b; λ)B

[m−1,α]
n−k (a, b; λ), (19)

n

∑
k=0

E
[m−1,α]
n−k (x; a, b; λ)E

[m−1,α]
k (x; a, b; λ) =

n

∑
k=0

(

n

k

)

E
[m−1,α]
k (2x; a, b; λ)E

[m−1,α]
n−k (a, b; λ), (20)

n

∑
k=0

G
[m−1,α]
n−k (x; a, b; λ)G

[m−1,α]
k (x; a, b; λ) =

n

∑
k=0

(

n

k

)

G
[m−1,α]
k (2x; a, b; λ)G

[m−1,α]
n−k (a, b; λ). (21)

Proof. Let us prove (19). Consider the following expressions:

tmα[σ(λ; a, b; t)]α(1 + at)x/a =
∞

∑
n=0

B
[m−1,α]
n (x; a, b; λ)

tn

n!
, (22)

tmα[σ(λ; a, b; t)]α(1 + at)x/a =
∞

∑
k=0

B
[m−1,α]
k (x; a, b; λ)

tk

k!
. (23)

From (22) and (23), we have

∞

∑
n=0

B
[m−1,α]
n (a, b; λ)

tn

n!

∞

∑
n=0

B
[m−1,α]
n (2x; a, b; λ)

tn

n!
=

∞

∑
n=0

B
[m−1,α]
n (x; a, b; λ)

tn

n!

×
∞

∑
k=0

B
[m−1,α]
k (x; a, b; λ)

tk

k!
,

∞

∑
n=0

n

∑
k=0

(

n

k

)

B
[m−1,α]
n−k (a, b; λ)B

[m−1,α]
n (2x; a, b; λ)

tn

n!
=

∞

∑
n=0

n

∑
k=0

(

n

k

)

B
[m−1,α]
n−k (x; a, b; λ)

×B
[m−1,α]
k (x; a, b; λ)

tn

n!
.

Hence, we get assertion (19). The proofs of (20) and (21) are similar.

Theorem 5. Let {B
[m−1,α]
n (x; a, b; λ)}n≥0 and {E

[m−1,α]
n (x; a, b; λ)}n≥0 be the sequence of de-

generated generalized Apostol-type polynomials of order α ∈ C and level m in the variable x,

where a, b ∈ R
+. Then, for a fixed m ∈ N,

B
[m−1,α]
n (x; a, b;−λ) =

(−1)αn!

(2)mα(n − mα)!
E
[m−1,α]
n−mα (x; a, b; λ), (24)

E
[m−1,α]
n (x; a, b;−λ) =

(−2)mαn!

(n + mα)!
B

[m−1,α]
n+mα (x; a, b; λ). (25)

Proof. Let us prove (24). Considering the generating function (8)

tmα[σ(−λ; a, b; t)]α(1 + at)x/a =
∞

∑
n=0

B
[m−1,α]
n (x; a, b;−λ)

tn

n!

or
(−1)α2mα

2mα
tmα[ψ(λ; a, b; t)]α(1 + at)x/a =

∞

∑
n=0

B
[m−1,α]
n (x; a, b;−λ)

tn

n!
,
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we have
∞

∑
n=0

B
[m−1,α]
n (x; a, b;−λ)

tn

n!
=

(−1)α

2mα

∞

∑
n=0

E
[m−1,α]
n (x; a, b; λ)

tn+mα

n!

or
∞

∑
n=0

B
[m−1,α]
n (x; a, b;−λ)

tn

n!
=

(−1)α

2mα

∞

∑
n=0

E
[m−1,α]
n−mα (x; a, b; λ)

tn

(n − mα)!
.

Comparing the coefficients of tn in both sides of the equation, the result is obtained.

The proof of (25) is similar to that of (24), considering the generating function (9).

Theorem 6. Let {B
[m−1,α]
n (x; a, b; λ)}n≥0, {E

[m−1,α]
n (x; a, b; λ)}n≥0 and {G

[m−1,α]
n (x; a, b; λ)}n≥0

be the sequence of degenerated generalized Apostol-type polynomials of order α ∈ C and

level m in the variable x, where a, b ∈ R+. Then, for a fixed m ∈ N and n > mα,

G
[m−1,α]
n (x; a, b;−λ) = (−2m)α

B
[m−1,α]
n (x; a, b; λ), (26)

G
[m−1,α]
n (x; a, b; λ) =

n!

(n − mα)!
E
[m−1,α]
n−mα (x; a, b; λ). (27)

Proof. Let us prove (26). Considering the generating function (8), we have

tmα[σ(λ; a, b; t)]α(1 + at)x/a =
∞

∑
n=0

B
[m−1,α]
n (x; a, b; λ)

tn

n!
,

2mαtmα[ψ(−λ; a, b; t)]α(1 + at)x/a = (−2m)α
∞

∑
n=0

B
[m−1,α]
n (x; a, b; λ)

tn

n!
. (28)

Therefore from (10) and (28), we obtain

∞

∑
n=0

G
[m−1,α]
n (x; a, b;−λ)

tn

n!
=

∞

∑
n=0

(−2)mα
B

[m−1,α]
n (x; a, b; λ)

tn

n!
.

Comparing the coefficients of tn/n! on both sides, we get the desired result (26).

The proof of (27) is similar to that of (26), considering the generating function (10).

3 Conclusions

The article aims to present the study of new degenerated generalized classes of Apotol-

Bernouilli, Apostol-Eeuler and Apostol-Genocchi polynomials of order α and level m in the

variable x, which play an important role in several diverse fields of physics, applied mathe-

matics and engineering. Certain expressions, representations and sums of these polynomials

are derived in terms of well-known classical special functions. The results we have considered

in this paper indicate the usefulness of the series rearrangement technique used to deal with

the theory of special functions.
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Рамiрез В., Чезарано К. Деякi новi класи вироджених узагальнених полiномiв Апостола-Бернуллi,

Апостола-Ойлера та Апостола-Дженоккi // Карпатськi матем. публ. — 2022. — Т.14, №2. — C.

354–363.

Метою даної роботи є дослiдження нових класiв вироджених узагальнених полiномiв Апос-

тола-Бернуллi, Апостола-Ойлера та Апостола-Дженоккi порядку α та рiвня m за змiнною x.

Тут виродженi полiноми є природним розширенням класичних полiномiв. Докладнiше, ми

отримуємо їхнi явнi вирази, рекурентнi спiввiдношення та деякi тотожностi, що включають

цi полiноми та числа. Бiльшiсть результатiв доведено за допомогою методiв твiрних функцiй.

Ключовi слова i фрази: полiноми типу Апостола, виродженi полiноми типу Апостола.


