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Some new classes of degenerated generalized
Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi
polynomials

Ramirez W.1, Cesarano C.2™

The aim of this paper is to study new classes of degenerated generalized Apostol-Bernoulli,
Apostol-Euler and Apostol-Genocchi polynomials of order « and level m in the variable x. Here the
degenerate polynomials are a natural extension of the classic polynomials. In more detail, we derive
their explicit expressions, recurrence relations and some identities involving those polynomials and
numbers. Most of the results are proved by using generating function methods.
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Introduction

New classes of generalized Apostol-Bernoulli polynomials, Apostol-Euler polynomials and
Apostol-Genocchi polynomials with parameters 2, ¢ € R™ by means of the following generat-
ing functions, defined in a suitable neighborhood of ¢ = 0 (see [13] and the references therein):

> m—1,« t"
t"A(A, a;t)] M = Z%)B,L L }(x;a,c;}\)a, (1)
n=
> m—1,u t"
2" [B(A, a; )] = 20 e wa, G e)
e
(Zt)mlx[B()L a; t)]zx xt Z g[m 10¢] x a,c;)\)%, (3)

where
m—1 I\ —1 -1 N
A = (20— T HEE) By = (a0 E B
1=0 : o !

The fundamental objective underlying previous and recent studies on generalized Apostol-
type polynomials of level m attempts to make appropriate modifications to the generating

YAK 517.589
2020 Mathematics Subject Classification: 33E20, 11B83, 11B68, 30H50.

This research was funded by the International Telematic University Uninettuno (Italia) and the Universidad de la
Costa (Colombia) for all the support provided supported by the project whit order code SAP E11P1070121C

© Ramirez W., Cesarano C., 2022



Some new classes of degenerated generalized Apostol-type polynomials 355

functions associated with the classical classes of Apostol, Bernoulli, Euler and Genocchi poly-
nomials, respectively, and obtain algebraic and/or similar polynomials, differential properties
of these polynomials. On the subject of the Appell-type polynomials and their various ex-
tensions, a remarkably large number of investigations have appeared in the literature (see, for
example, [1,3-7,13,14,16,19-21]).

On the other hand, for any nonzero real number g, the degenerate exponentials are given
(see [9]):

eX(t) = (14+at)™" and e,(t) = (1+at)t/" 4)
By (4), we get
xX/a - tn
(1 + at) / — Z()(x’ﬂ)na,
n=

where (x|a)g =1, (x]a), =x(x—a)...(x —(n—1)a), n > 1.

Next, we recall the definitions of the degenerate Bernoulli polynomials B, (x; ), the degen-
erate Euler polynomials &,(x;a) and the degenerate Genocchi polynomials G, (x;a) (see [2])
with parameter a2 € R in the variable x and in a suitable neighborhood of t = 0, by means of
the corresponding generating functions.

For the degenerate Bernoulli polynomials we have

t
(1+at)l/a — 1

1—{—atx/“—215’ (x;a)—. (5)

If x = 0, then B,,(a) := B,(0;a) are the corresponding degenerate Bernoulli numbers. It is to
be noted from equation (5) that

lim B, (x;a) = Bu(x), n>0,
a—0
where B, (x) are the nth order Bernoulli polynomials [15].

Now, for the degenerate Euler polynomials we obtain

2
(1+at)t/e 4+ 1

+atx/“—25 (x;a) (6)

If x =0, then &,(a) := &£,(0;a) are the corresponding degenerate Euler numbers. It follows
from equation (6) that

lim &,(x;a) = E,(x), n>0,

a—0

where E, (x) are the nth order ordinary Euler polynomials [15].
At last, for the degenerate Genocchi polynomials we have

2t

(14 at)¥/* = 7
(1—|—at)1/”+1 T Zg”x” )

If x = 0, then G, (a) := G,(0;a) are the corresponding degenerate Genocchi numbers. Conse-
quently from equation (7), we have

lim G, (x;a) = G,(x), n>0,
a—0

where G, (x) are the nth order ordinary Genocchi polynomials [18].

In this paper, we present and develop some algebraic properties of the degenerated gener-
alized new classes of Apostol-Bernouilli, Apostol-Eeuler and Apostol-Genocchi polynomials
of level m. These results extend certain relations and identities of the related polynomials.
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1 Degenerated new classes of generalized Apostol-Bernouilli, Apostol-
Eeuler and Apostol-Genocchi polynomials of order « and level m

In this section, taking into account (1)—(4), we introduce the degenerated new classes of
generalized Apostol-Bernouilli, Apostol-Eeuler and Apostol-Genocchi polynomials of order «
and level m.

Definition 1. For arbitrary parameters a, b € R™ and for a € Z, the degenerated generalized
the Apostol-Bernoulli polynomials %Lm_l’a](x; a,b; A), the degenerated generalized Apostol-
Euler polynomials @Lm_l’“] (x;a,b; A), and the degenerated generalized Apostol-Genocchi poly-

nomials 6,[1"171’“] (x;a,b; 1), m € N, A € C, of order « and level m in the variable x, are defined,
in a suitable neighborhood of t = 0, by means of the generating function:

P (A a, by )] (1 + at)/* = Z By (x;0, b; A) y 8)
n:()
2" [p(A; a,b; )% (1 + at)/* = Z e (v a b A) 9)
n—O
(26)" [p(A;a, b; £)]*(1 + at)*/* = 2 s (g b ) - (10)
respectively, where "
o(A;a,b;t) = <A(1+at)1/“ - ”(’gb l) B

) !
p(Aa,bit) = <)\(1+at yL/a 4 Z tlogb )

Note that for b = ¢ in (8), we have

pn ma x/a

th‘Bm Yl (xsa,e; A) ;= lim 1t/ a +ma_tl) TnE

=0 nt a0 (A(1+at)t/a — Yb, (tlogbh) /1Y)
pma pxt © ¢

_ _ [m—1,a|
= = B —,
(Aet _ Z;n:_ol tl/l!)“ = n (x)n!

where %Lmil"x] (x) are called the generalized Bernoulli polynomials of order a (see [11, Defini-
tion 2.3]). Also, for b = e in (9), we have

n me x/a
th@m 1“](xae)t) = lim 2 (1+aj1) -
= a—0 nta=0 (A1 +at)/a+ Y0 0 (tlogb)! /1)
oma pxt © _ "
= m—14 NE Y & w(x)_u'
()\Et —+ Zl:() t /l') n=0 n.
where QELmil’“} (x) are called the generalized Euler polynomials of order a (see [10, equation
(1.9)]). Similarly, for b = e in (10), we have
n me x/a
Z thS ;o 1“}(3( a,e; A)—' = lim (2t) (1;_61”) l
—0 a0 (A1 + at)l/” + Y, (tlogb)!l/In)»

I

o (Zt)ma > m 1rx tn
(Aet + X (/1D =
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[m

where &;,

(111)]).

In the table below, we introduce the standard notation for several subclasses the degener-

~Led (x) are called the generalized Genocchi polynomials of order « (see [10, equation

ated generalized the Apostol-Bernoulli polynomials %Lm_l’a] (x;a,b; A), the degenerated gen-
eralized Apostol-Euler polynomials @Lm_l’a] (x;a,b; A) and the degenerated generalized Apos-

tol-Genocchi polynomials 6,[1"171’“](3(; a,b;A), m € N, A € C of order « and level m in the
variable x (cf. [2,8,12,17]).

nth the degenerate Bernoulli polynomials Bu(x;a) := SB[O 1 (x;a,b,1)
nth the degenerate Euler polynomials Eu(x;a) := &, 0.1 (x;a,b,1)
nth the degenerate Genocchi polynomials Gn(x;a) = !0 (x;a,b,1)
nth the degenerate Apostol-Bernoulli polynomials BS,'X)(x; a;A) = 3104 (x;a,b,A)
nth the degenerate Apostol-Euler polynomials En“) (x;a;A) = C%[O ?] (x;a,b,A)
nth the degenerate Apostol-Genocchi polynomials G,(f‘) (x;a;A) = 05,[10 “] (x;a,b, )

If x = 0 in Definition 1, we obtain the degenerated generalized Apostol-Bernoulli num-
bers, degenerated generalized Apostol-Euler numbers and degenerated generalized Apostol-
Genocchi numbers of order « and level m

1 t}’l (e} _1,
([0 (A;a, b; )] Z%[’” U)o, 2 e b)) = L & ke by,

(26)"[p(A;a, b )] Z & (x;0,b; A)

Example 1. For A = 1, the first few degenerate the Apostol-Bernoulli polynomials of level
m =1 are given as:

‘B([)O’l] (x;a,¢,1) =1,

-1
‘Bgo’l](x; a,e;1) = x> + =y +1,

3 13—4? a—1

2
01, . .4y _ X X 2
By (x;a,61) = > 5 5 x° + 5 x+1,
6 3 2
[0,1] . . _x a+1 5 7+ 3a 4 a’—a—12 3 13 —a 2 1
B (x,a,e,l)—g— i + X + T x° + T —Ex—l—l.

Example 2. Forany A = 1, the first few degenerated generalized the Apostol-Euler polynomial
polynomials of level m = 1 are given as:

QE([)O’” (x;a,6,1) =1,

-1
93[10’1](x; a,e1) = x% + - X +1,
4
Py, oy X atls 6-a, -1
¢, (xael) = 5 5 x° + 1 x° + 2x+1,
(0,1] X

6 2a+41 202 +3a+3 22 24 — 1
@3, (x;a,e;l): a+ 5+ ac+3a—+ x4+<a2_151_2__) 3+ a o

5 X x-—=x—+1.

5 a4 6 1 2
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Similarly, for any A = 1, the first few degenerated generalized the Apostol-Genocchi poly-
nomials of level m = 1 are given as:

1
05[00’1](x; a,e;1) =0, 05[10’1] (x;a,6,1) = x, 95[20'1] (x;a,6;1) = x° — 5%
[0,1] . . _1 5 ﬂ"’l 4 4+a 3 1 2
B, (x,a,e,l)—ix - xX* 4+ 1 X —Ex + x.

2 Some properties for the polynomials mlm 1"X](x a,b;A), &, =1L (x; a,b; )
and &~ 1""](x, a,b; )

In this section, we state some properties for the new classes of degenerated generalized
Apostol-type polynomials of order a and level m in the variable x defined in Section 1.

Theorem 1. Let {‘B,[;”_l"x] (x;a,b; ) }u>o, {6,[;”_1’“} (x;a,b;A) }u>0 and {Qij_l’“] (x;a,b; ) bu>o
be the sequence of degenerated generalized Apostol-type polynomials of order « € C and level
m in the variable x, where a,b € R™. Then, for a fixed m € IN, the following statemets hold.

(A) Special values.
Forn € N,
B W (b A) = (xa)y, " W(xa,bA) = (xla),, SV (xa,b4) = (x]a).

(B) Summation formulas.
Forn € N,

-1, & n -
B, (x;a,b;1) :k;o <k> B, (0, 0;0) (xla),

n
el bi) = 3 ()€ b,
=0
(

)
[m—1,a] L (n [m—1,a]
&, (x;a,b;\) = Z P S, i

P

a,b; A)(x|a)g.

=
o

(C) Addition theorem of the arqument.
For g € C and n € N,

=

%[m 1“] (x;a,b; A)‘B[m 15](y,a b; M),

M:

%[m 1'Hﬁ](x—l—y,a b;A)

T
[en]
>

Ny

[m M] (y;a,b;A)(x|a)g, (11)

M:

B (x4 ya,b;0)

T
[en]
=~

Ny

gl el (0, b, 0) e Ml ya,;0),

||
1=

Xx+y;a,b; M)

T
[en]
=~

@lm=1a (x +y;a,b;))

o~
Il
o
S

05[m 1“] (x;a,b; A)Qj[m 1/3}(]/,11 b;A),

||
1=

Qﬁ,&mil’ﬁm (x+y;a,b;A) v

o~
Il
o

L )8 e, b A) (xla)

||
M:

||
1=
/\/\Q/\/\/\

Qﬁ,&m_l”x} (x+y;a,b;A)

)
)
)
Jeri i b,
)
)

Il
o
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Proof. Statements (A) and (B) are obvious. Let us prove (11). From generating function of the
degenerated generalized the Apostol-Bernoulli polynomials order « and level m in the variable
x, we have

Tl
n!

Y B x4 y;a,b; N (A, b )] (1 + at) (FHY)/a

n=0

I
-~
3
=
i‘\

A;a,b; )] (1 4 at)¥V/7(1 4 at)*/
n 0 tn

= Y b)Y ()

n=0 =
=3 3 () B b e

Comparing the coefficients of t"/n! on the both sides of the above equation, we obtain the
identity (11) at once.
The proof of others equalities from statement (C) proceeds analogously. O

Proposition. The degenerated generalized Apostol-Euler polynomials @Lmil’“] (x;a,b; A) of or-
der « and level m satisty the following relation

n
A@,[qul"x](x +1a,b;1) + @,m*l’“} (x;a,b;1) =2 6,[:”71’“} (x;a, b;A)@L 1]; (0;a,e;1). (12)
k=0
Proof. By (7) and (9), we have
i Ae[m 1a] [m—1,a] t"
(x+1a,b;A) + €, (xab)t)]—'
£ (1 + at)*/*

(A1 +az)V/a — o Mt nb) /12
= 2" [p(A; a,b; )] (1 + at)* (1 + A(1 + at)1/9)

= 2"%[(A;a,b; £)]* (1 + at)¥HD/a 4

n

=9 S n Qi[mflr”‘] -a. b\ @[*1] 0: -1 t
- Z Z k k (x,ﬂ, ’ ) n?k( ;a,¢; )ﬁ

Comparing the coefficients of t"/n! on the both sides of the above equation, we obtain the
identity (12) at once. O

Theorem 2. Let {%Lmil’“} (x;a,b; A) }u>o, {QEL,mil’“} (x;a,b; M) } >0 and {6,[1"171’“] (x;a,b; M) }u>o
be the sequence of degenerated generalized Apostol-type polynomials of order « € C and
level m in the variable x, where a,b € R™. Then, for a fixed m € IN,

B (xa,0;0) = B (x + a0, 0;0) — anB" T (x50, b;0), (13)
el b A) = e (x4 aa,5;4) — ane!" M (xa,b; ), (14)
o M (xa,b0) = 6 (x4 a0, 00) —ane™ (x50, M), (1)

Proof. Let us prove (13). From generating function of the degenerated generalized the Apostol-
Bernoulli polynomials order a and level m in the variable x, we have

" gl 1"‘ 5 glm—1a] ¢ m—1,a] at" 1
Z‘B x—{—a;a,b;)&)E:Z‘Bn Nxya,b;A)— +Z‘B (x;a,b; ) o
n=0 : n=0 :

4
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therefore,

i B (x4 g; b-;\)ﬁ — i B (x: 0, b; A Z Bl (x; 0,1 PO

n X a; al 7 n! - n a ,ﬂ, n! .

n=0 n=0

Thus, we have
i [m 1,u] t" . > m 1] [m—1,a] fn
(x+aa,b;\)— —Z (x;a,b; A) + an'B;, (xab)t)]
Comparing the coefficients of t"* in both sides of the equation, the result is
B (0, 0;4) = B (x + 050,53 1) —an%[m 1"d(x—l—a a,b;\).
The proofs of (14) and (15) are similar to that of (13). O

Theorem 3. Let {%Lmil’“} (x;a,b; M) } >0, {QEL,mil’“} (x;a,b; M) } >0 and {6,[1"171’“] (x;a,b; M) }u>o
be the sequence of degenerated generalized Apostol-type polynomials of order x € C and
level m in the variable x, where a,b € R™. Then, for a fixed m € N,

Bl (x;0,b;0) 1l 1)kak KL= 1Y lm—1a]

ox Z k+1< k >%n b 1o
o0&, "(xa,b;0) " L e T

ox B kZ(:)”(—l) a k—|—1< k )Qin 1 (6a,b;2), (17)
aemel,oc](x; a,b; A) B n—1 kK k! n—1 [m—1,a] /. .

o = L n(-1fa k+—1< k >@n1k (;a,b;7). (18)

Proof. Let us prove (18). Partially differentiating the generating function of the degenerated
generalized the Apostol-Genocchi polynomials of order « and level m in the variable x, we
have

o O almal, . B ma o e ) x/a 1
Y =6, (x,a,b,)\)m = (26)"™[p(A;a,b;1)]*(1 + at) 1n(1+at)5

_ - [m=1a]/ . . ﬁ = (_1)n n+1 n—b—ll
_<26n (x,a,b,)\)n!><¥7n+1a A

n=0
B o n [m— 10(] e k! tn+1
_nX::o;g)@ (x;a,b; A)(—1)"a <k>k+1 o

Thus,

n—1\ k! t"
n

= 0 [m—1a],_. . t" o S [m—1,a] k k
;8x®” (x;a,b;A) !—;::Ok;)@n 1 (a, by A)(=1)"a'n k) iraar
Comparing the coefficients of t"* in both sides of the equation, the result is

8(’52“)(x;a,b;}\) B n-l ke kKUo(m =1\ m-14],.
o = Zn( 1)*a k+1< P )Qinlk (x;a,b; M).

The proofs of (16) and (17) are similar to that of (18). O



Some new classes of degenerated generalized Apostol-type polynomials 361

Theorem 4. Let {‘B,[;”_l"x] (x;a,b; ) bu>o, {6,[;”_1’“} (x;a,b;A) }y>0 and {Qij_l’“] (x;a,b; 1) bu>o0
be the sequence of degenerated generalized Apostol-type polynomials of order « € C and
level m in the variable x, where a,b € R™. Then, for a fixed m € IN,

n n
Z%m 1rx (x;a,b; A)%[m M](x a,b;\) = Z <Z>*B1Em 1“}(23( a,b; )\)‘B[m M}(ﬂl,b;)\), (19)
k=0 k=0

n 1 1, n 1, 1,
Ze[m a] (x;a,b; A)G[m “](x a,b;A) = kg%)(k>€[m “](Zx a,b; A)@Lmk [x]( ,b;A),  (20)

Y 6 (0, b 1)8" Y (0, b A) = Y (’Z) & " 2xa, b6 0, 6:0). @)
k=0 k=0

Proof. Let us prove (19). Consider the following expressions:

t}’l
P (A; a, by 1)]* (1 + at)¥/* = Z%[m e ba) -, (22)
k
%[ (Asa, by 1)]* (1 + at)™/* = kzo%[’“ Y] (x;a,b; A)k, (23)
From (22) and (23), we have
f: =14l 5 ) 3 1 g, 1) f: B (x;a,b0)
= 7 n! = n s Yy n! - = n s Yy n!
™ 3071 (3 0,1 A i
X zg) A (x;a, >k"
g [m 1a] [m—1,a] t" (1 [m—1,a]
Yo ) k B, (a,b; \)B; (2x;a,b;)t)ﬁ:zz P B (xa b))
n=0k=0 : n=0k=0
X %[mfl"x](x'a b')\)ﬁ
k 4 4 7 n!'
Hence, we get assertion (19). The proofs of (20) and (21) are similar. O

Theorem 5. Let {%Lm_l’“](x; a,b;A)} >0 and {@Lm_l”x](x; a,b;A)} >0 be the sequence of de-
generated generalized Apostol-type polynomials of order « € C and level m in the variable x,
wherea,b € RT. Then, for a fixed m € IN,

m—1,u 1 m—1,x

B, (x0,5,-1) = (2)m( (n)_ m),e,ﬁmla J(x:0,b;0), (24)
(m—Lal, . . (=2)™n! m-1a], .

¢, (x;a,b; —A) = ‘B (x;a,b; ). (25)

(ﬂ + le) n+mo

Proof. Let us prove (24). Considering the generating function (8)
mu x/a [m 1 0(] t”
"o (—Aa,b;1)]* (1 + at)™? = Z B, x;a, b;—)\)a

or
(_1)zx2ma

21’!’!0(

1, t
" [p(A;a, b; t)]* 1+at““—2%’“ g (xa,b; =),



362 Ramirez W., Cesarano C.

we have
i m=1al .o p At”_ — i 1] abA)tHW
= zmzx =0 n!
or oo ( ) 0
4], Y ﬁ _ —1)* [m—1,] b; A L
HX::O%n (x/a/ y )1’1! ma HX::OG” mae (x a )(n — THOC)!'

Comparing the coefficients of t" in both sides of the equation, the result is obtained.
The proof of (25) is similar to that of (24), considering the generating function (9). O

Theorem 6. Let {%Lmil’“}(x; a,b; ) bu>o, {QELmil’“}(x; a,b;A) >0 and {QﬁLm*l’“](x; a,b; M) }u>o
be the sequence of degenerated generalized Apostol-type polynomials of order x € C and
level m in the variable x, where a,b € R™. Then, for a fixed m € N and n > ma,

6£lm71,rx} (x; a,b; —A) _ (_Zmyx%[mfl,lx](x.a b; )\) (26)

!
o e bid) = Gl (e A) @

Proof. Let us prove (26). Considering the generating function (8), we have

tn
[0 (A; a, b; £)]% (1 + at x/“—z%’“ bl (x:0,b;0)—,

(o] n
2 (A, by ) (1 +at) = (2 Y B g, b A) (28)
n=0 '

Therefore from (10) and (28), we obtain

n

> [m 1a] tn = [m—La] . !t
X:: x;a,b; A X:: 2)"By (x,a,b,)t)a.

Comparing the coefficients of t"* /n! on both sides, we get the desired result (26).
The proof of (27) is similar to that of (26), considering the generating function (10). O

3 Conclusions

The article aims to present the study of new degenerated generalized classes of Apotol-
Bernouilli, Apostol-Eeuler and Apostol-Genocchi polynomials of order a and level m in the
variable x, which play an important role in several diverse fields of physics, applied mathe-
matics and engineering. Certain expressions, representations and sums of these polynomials
are derived in terms of well-known classical special functions. The results we have considered
in this paper indicate the usefulness of the series rearrangement technique used to deal with
the theory of special functions.
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Mertoro paHOT pO60TH € AOCAIAKEHHSI HOBMX KAACIB BUPOAKEHNX y3araAbHEeHMX ITOAIHOMIB ATioc-
ToAa-bepryAAi, AnocTora-Oiirepa Ta AnocTora-AXeHOKKI IOPSAKY & Ta PiBHSI m 3a 3MiHHOIO X.
TyT BUPOAXeHi IOAIHOMM € IIPMPOAHMM PO3IIMPEHHSIM KAACUUYHMX MOAIHOMIiB. AOKAaAHIIIe, MM
OTPMMYEMO iXHi SIBHI BUpasy, peKypeHTHi CIiBBiAHOIIEHHS Ta AeSIKi TOTOXHOCTI, III0 BKAIOYAIOTh
11i TOATHOMM Ta uMcAa. BiABIITiCTD pe3yAbTaTiB AOBEAEHO 3a AOTIOMOTOIO METOAIB TBipHIMX (OYHKIITiiA.

Kntouosi ciosa i ppasu: moAiHOMM THIy ATIOCTOAQ, BUPOAXKEH] ITOATHOMM THITY ATIOCTOAA.



