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Application of the method of averaging to boundary value
problems for differential equations with non-fixed moments
of impulse

Stanzhytskyi O.M."®¢, Uteshova R.E.2, Mukash M.3, Mogylova V.V.*

The method of averaging is applied to study the existence of solutions of boundary value prob-
lems for systems of differential equations with non-fixed moments of impulse action. It is shown
that if an averaged boundary value problem has a solution, then the original problem is solvable as
well. Here the averaged problem for the impulsive system is a simpler problem of ordinary differ-
ential equations.
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ary value problem.

! Taras Shevchenko National University of Kyiv, 64/13 Volodymyrska str., 01601, Kyiv, Ukraine

2 International Information Technology University, 34/1 Manas str., 050040, Almaty, Kazakhstan

3 K. Zhubanov Aktobe Regional University, 34 A. Moldagulova ave., 030000, Aktobe, Kazakhstan

4 National Technical University of Ukraine “Igor Sikorsky Kyiv Polytechnic Institute”, 37 Peremohy ave., 03056, Kyiv, Ukraine

& Corresponding author

E-mail: ostanzh@gmail.com (Stanzhytskyi O.M.), ruteshoval@gmail.com (Uteshova R.E.),
mukashmal983@gmail.com(MukashM.), mogylova.viktoria@gmail.com(Mogylova V.V.)

Introduction

We consider the following boundary value problem for a system of differential equations
with impulse action at non-fixed moments of time and a small parameter:

(%), (1)

Here ¢ > 0 is a small parameter, T > 0 s fixed, t;(x) < t;11(x),i = 1,2,..., are the moments of
impulse action, X, I;, and F are d-dimensional vector functions.

Definition 1. A function x(t) : [0,T/¢] — R? is a solution of system (1) if the following
conditions are satisfied:

(i) theset A = {t € (0,T/¢],t = t;(x(t)) for somei} of the points of impulse action is finite
(possibly empty);
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(ii) x(t) is continuously differentiable for allt € (0, T /€] \ A;
(iii) x(t) satisfies the first equation in (1) forallt € (0, T /€] \ A;
(iv) x(t) satisfies the equality Ax = x(t +0) — x(t) = el;(x(t)) forallt € A.

In addition, if the function x(t) satisfies the condition F(x(0),x(T/¢)) = 0, then it is a
solution of the boundary value problem (1).

We assume that x(t) is left continuous, so that x(t) = x(t — 0) for all t € A.
Assuming that there exist the limits

1T .1
Xo(x) = Tlgrgof A X(t,x)dt, Ip(x) —Tlgrolo? Yo Lix), (2)

we put the problem (1) in correspondence to the averaged boundary value problem

y = ¢e[Xo(y) + lo(y)],
F(y(0),y(T/e)) =0,

3)
or, on the slow time scale T = «t,

W Xoly) +hly), F(y(0),y(T) =0, @)

The aim of this paper is to prove that if the averaged boundary value problem (3) has a
solution, then, for small values of the parameter ¢, the original boundary value problem (1) also
has a solution that belongs to a small neighborhood of the solution of the averaged problem.
The exact statement of the problem and the formulation of the main result are provided in
Section 1.

Impulsive systems of differential equations serve as mathematical models of objects that, in
the course of their evolution, are exposed to the action of short-term forces. A fairly complete
theory of such systems is presented in the monograph [17]. In our paper, we will use the
notation and some facts from this monograph. The study of real-life problems with state-
dependent impulse effects can be found, for example, in [2,6,9].

Much research has been done on non-fixed impulsive initial value problems. For these
problems, the existence, stability and other asymptotic properties of solutions are studied in
[1,4] and many other papers. However, in regard to boundary value problems for equations
with impulse action, the majority of results concern jumps only at fixed times. This is due to
the fact that non-fixed impulses significantly change properties of boundary value problems,
which is explained in detail in [12].

To our knowledge, the first results on boundary value problems for non-fixed impulsive
systems were obtained in [16] for a periodic case. In order to study periodic solutions of weakly
nonlinear impulsive systems with non-fixed moments of time, the authors proposed a method
that reduces this problem to a family of similar problems with fixed moments of impulse ac-
tion. This technique was successfully applied to the study of almost periodic solutions in [3,5].
However, this method assumes that the original system has a roughly linear part and a small
nonlinearity, which makes it possible to search for solutions in the integral representation us-
ing Green’s function. We do not assume such a structure in system (1).
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Another approach to the study of this kind of boundary value problems was proposed
in [11,13, 14]. It is based on the ideas of the Samoilenko numerical-analytical method. The au-
thors not only prove the existence of solutions to boundary value problems, but also develop
constructive approximation schemes for their search. However, it should be said that the au-
thors seek a solution of a boundary value problem with a predetermined number of impulse
actions. This number is included in the conditions of the theorems, which makes it much more
difficult to verify these conditions if the number of impulses increases.

In the present paper, we use the averaging method to solve the boundary value problem (1).
This method is one of the most widespread and effective methods for the analysis of nonlinear
dynamical systems. The averaging method, proposed by Krylov and Bogolyubov originally
for ordinary differential equations, was later developed and applied to various problems. For
example, in [20] it was applied to the study of the existence of bounded on the entire axis
solutions of non-autonomous systems of differential equations. The method was employed to
the study of optimal control problems [7, 8, 10,23, 25] and invariant sets of stochastic systems
[21,22].

The averaging method was successfully applied to boundary value problems for systems
of differential equations in [19]. It made it possible to reduce the solution of a boundary value
problem for a non-autonomous multifrequency system to the study of a similar problem for an
autonomous averaged system. In [24,26], this method was applied to boundary value problems
for systems of integro-differential equations.

The outline of the proof of our main result is as follows.

Step 1. We first consider the boundary value problem for the system with impulse effect at
fixed moments ; on [0, T /¢]:

x=eX(t,x), t#t,
Axli=r; = eli(x(t;)), ®)
F(x(0),x(T/¢e)) =0.

By using the Samoilenko theorem on averaging of impulsive systems [15] and the idea
proposed in [19], we prove the existence and uniqueness of a solution of the boundary value
problem (5).

Step 2. Let us fix p points y1, 2, . .., Yp in some neighborhood of a solution of the averaged
problem (4) and consider the following boundary value problem:

x=eX(t,x), t#tiy),
Axli—p () = eli(x(ti(yi)),
F(x(0),x(T/¢)) = 0.

From Step 1, we conclude that this problem, for a sufficiently small ¢, has a unique solution
x(t,y1,...,Yp). If we choose yy, ..., yp, so that

yi = x(t(y), v ), i=1p, ©)

then the function x(t,y1,...,yp) is the desired solution of problem (1). To prove the existence
of y1,...,Yp, as a solution of system (6), we use a fixed-point theorem.

Note that the idea suggested in Step 2 was previously used in [3, 5, 16]. However, as men-
tioned above, the presence of the rough linear part in the system enabled the authors to make
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use of the integral representation via Green’s functions to prove the existence of a solution of
system (6). In our case, such a representation cannot be written, therefore the solvability of (6)
is proved by a different method. This proof is a distinguishing feature of our paper.

The remainder of this paper is structured as follows. In Section 1, we present the statement
of the problem and formulate the main results. Section 2 provides the auxiliary results regard-
ing the dependence of impulsive systems on initial data and solving a boundary value problem
for systems with fixed moments of impulse action. The main result is proved in Section 3. The
last section provides some illustrative examples.

1 Problem statement and the main result

The following notation will be used: | - | is the norm in R%, and || - || is the norm of a matrix
that is consistent with that of a vector. We set U, = {x € R? : |x| < a}.
We consider problem (1) under the assumption that the following conditions are satisfied.

1.1. The functions X (¢, x) and I;(x) are continuous in a set Q = {t > 0,x € U, }, bounded by
a constant M > 0 and, with respect to x, satisfy the Lipschitz condition with a constant
L>0.

1.2. There exist uniform (in x € U,) limits (2).

1.3. The averaged boundary value problem (4) has a solution y = y(7) = y(e, T) that belongs

to U, with some p-neighborhood. In this neighborhood, the function X(t, x) has partial
derivatives % that are unifromly continuous with respect to x, and the functions

I;i(x) have partial derivatives al"—gcx) that are uniformly continuous with respect to i. The
functions Xy(x), Ip(x), and F(x,y), in the indicated p-neighborhood, have continuous

0Xo(x) dlp(x) OF(xy) OF(xy)

partial derivatives —.~, =5, =5, T and
9y (xo)
7
det oxg # 0, (7)
where xo = y(0), Fo(xo) = F(xo0, (T, xp))-
1.4. There exist uniform (in x € U,) limits
T :
lim l/ 0X(t, x) g — 8X0(x)’ lim 1 oI;(x) _ alo(x).
T—eo T Jo 0x ox T—oo T 0<ti(m)<T 0x ox

1.5. The moments {t;(x)} of impulse action are continuous functions in U,, and the surfaces
t = t;(x) satisfy the condition of separability, i.e.

in t; > maxt(x), i=12,.... 8
min i1(x) > maxt;(x), i (8)

We assume that there exists a constant C > 0 such that, forall t > 0and x € U,,
i(t,x) < Ct, )

where i(t, x) is the number of impulses on (0, f).
It is also supposed that the solutions of system (1) cross each surface t = ¢;(x) at most once.
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Remark 1. Sufficient conditions for such behavior of solutions are well studied (see, for
example, [5,17,18]).

We need to impose an additional condition on the relative position of the curve y = y(et)

and the surfaces t = t;(x) for t = % For every ¢, due to Condition 1.5, there are three possible

relative positions of the plane t = % and the surfaces t = t;(x):
1) the plane t = L does not intersect any surface t = t;(x);
2) forsomei, t;(x) = L, x € U,;
3) for some i, the plane t = % intersects a surface t = #;(x).

It follows from (8) that the plane cannot intersect more than one of these surfaces. Let us
denote N;(¢) = {x € U, : L = t;(x)}.

€

Condition A. There exist # > 0 and v > 0 such that, if N;(¢) # @ and N;(¢) # U, for some
¢ < v, then

p(T), Ni(e)) > p-
The main result of this paper is provided in the following statement.

Theorem 1. Let Conditions 1.1-1.5 and Condition A hold. Then there exist ¢g > 0 and
0 < 09 < p such that for alle € (0,¢p) the boundary value problem (1) has a solution x(t, ) in
the oy-neighborhood of y(¢t), i.e. |x(t,€) — y(et)| < oo, t € [0,T /¢, and

sup |x(t,e) —y(et)] =0, &—0. (10)
te[0,T/¢]

2 Auxiliary statements

In this section, we present a number of auxiliary results regarding the properties of solu-
tions of systems with fixed moments of impulse action.

21 Continuous dependence on initial conditions

Let us consider the system of differential equations

x=X(tx), t#ti(x),

(11)
Ax|t:ti(x) = I;(x),

for t € [0, T] and x € U,. We will assume that system (11) satisfies Conditions 1.1 and 1.5.

By condition (9), there are no more than CT moments of impulse action on the interval
(0,T). Letus takeyy, ..., y, € U, and generate p moments of impulse action, namely {7;(y;)}.
There is no loss of generality in assuming that 7,(y,) < T.

Let x(t,y), where y = (y1,...,Yp), be a solution of the impulsive system with fixed mo-
ments

x=X(tx), tFtyi)

AX| =ty = Li(x(ti))

subject to the initial condition x(0,y) = x(y). Let x(t,z) be a solution of an analogous sys-
tem, which is generated by using the set of impulse moments for a set z = (z1,...,2p),

4
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where z; € U,, with the initial condition x(0,z) = x(z). The continuity of ¢;(x) implies that
ti(z;) — ti(y;) as z — y. Hence, for z sufficiently close to y, the number of impulses ¢;(z;) on
[0, T] is no less than p — 1 and no greater than p.
Lett; = min{t;(y;), ti(z:) }, t; = max{t;(yi), ti(z:) }.
Lemma 1 (Continuous dependence). Under Conditions 1.1 and 1.5, ifz — y and x(z) — x(y),
then
sup |x(t,z) —x(t,y)| = 0. (12)

te(E/iH»l]
i=1,p—1

Proof. Without loss of generality, we can assume that ¢;(y;) < t;(z;), i = 1, p. It is obvious that
the following inequality holds on [0, t1(y1)]:

[x(t,y) = x(t,2)] < |x(y) — x(z)|e". (13)

Let us now estimate the difference between the solutions on (1(z1), t2(y2)]. We have

x(t,y) = x(t1(z1),y +/ X(s,x(s,y))ds,

x(t,z) = x(t1(z1),2z) + [1(x(t1(21)) +/ X(s,x(s,z))ds.
(z1)

In addition,

t1(z1)
x(t1(z1),y) = x(t1(y1),y) + Li(x(t1(v1)) +/ X(t, x(t,y))dt.
Let us estimate the difference x(t1(z1),z) — x(t1(y1),y). We have

1x(t1(21),2) — x(t1(y1), ¥)| < [x(t1(z1),2) — x(t1(y1), 2)| + [x(t1(y1), 2) — x(t1(y1), ¥) |-
But
x(t1(z1),2z) = x(t1(y1), +/tlzl (t,x(t,z))dt,

which, due to Condition 1.1, implies

[x(t1(21),2) = x(t1(y1), 2)| < Mltr1(z1) — ta(y1)]- (14)
Then from (13) and (14) we get
x(t1(21),2) — x(t1(y2), y)[ = 0, z—= . (15)

So, we have

lx(t,y) — x(t,z)| < |x(t1(z1),2) — x(t1(y1), y)| + |1 (x(t1(y1),y)) — Li(x(t1(z1),2))]

}/tl z1) X(t, x(t,y)) dt| +/ . ) — X(s,x(s,z))| ds
< [X(t1(z1),2) = X(t1 (1), y)| + LIX(t1 (1), y) — X (t1(21), 2)]
+ M|t1(z1) — t1(y1) \+L/ (s,y) — X(s,z)| ds.

Therefore, using Gronwall’s inequality and taking into account (15) and the continuity of
t1(x), we obtain (12) on the interval (#;(z1), t2(y2)). On the subsequent intervals, the proof is
obtained in a similar way. Now, taking into account the finite number of the intervals (#;, f; 1)
on [0, T], we complete the proof of Lemma 1. O
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Let us now study the continuous differentiability of a solution with respect to initial data
for the following system with fixed moments of impulse action:

X =X(t,x), t#t,

16
Ax\t:t,. = IZ'(X). ( )

Here t € [0,T], x € U, and t; < t;;1 are the moments of impulse on [0, T]. We will assume
that the number of such moments is finite on [0, T}.
Let x(t, x9) be a solution of system (16) on [0, T] subject to the initial condition x(0, xy) = xo.

Lemma 2 (Continuous differentiability with respect to initial data). Let system (16) satisfy
Conditions 1.1 and 1.5, and the functions X (t, x) and I;(x) are continuously differentiable with
respect to x fort € [0,T], x € U,. Then the solution x(t, xg) is continuously differentiable
with respect to xg and the function z(t) = M satisties the linear variational equation with

X0
impulse action

dz  9X(t,x(t,xo)) .
I v

oL (x(t, x
AZ’t:ti = %Z(ti).

The proof of Lemma 2 is standard and carried out similarly to the case of ordinary differ-
ential equations; see also [17].
2.2 Averaging of the variational equation

We consider the system of differential equations with impulse action at fixed moments of
time ¢;:
x=eX(t,x), t#t,

(17)
Axli=t, = eli(x(t;)),

herei =1,2,...; e > 0is a small parameter. Let the following conditions be met.

2.1. The functions X(t, x) and I;(x) satisfy Conditions 1.1 for t > 0 and x € D; D is a domain
in RY.

2.2. There exist uniform (in x € D) limits

lim % OT X(tx)dt = Xo(x),  lim % O<§<T1i(x) ~ I(x).
2.3. There exists a constant C > 0 such that
i(t) < Ct, (18)
where i(f) is the number of impulses on (0, t).
2.4. The averaged system
y = e[Xo(y) + Io(y)] (19)

has a solution y = y(et, x¢), y(0,x9) = xo € D, that, fore = 1 and t € [0, T], belongs to D
together with some p-neighborhood.
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The next proposition follows directly from the classical Samoilenko theorem on the averag-
ing in impulsive systems [15].

Proposition 1. Let Conditions 2.1-2.4 hold. Then, for all 4 > 0, there exists €o(r7) > 0 such
that for all ¢ < ¢ the system of equations (17) has a unique solution x(t, xg) (x(0,x9) = xo),
defined for t € [0, T/¢€] and satisfying the inequality

|[x(t, x0) —y(et, xo)| <7, t€[0,T/e. (20)

Remark 2. Condition 2.2 implies the existence of a continuous function ¢(t) that monotoni-
cally tends to zero as t — oo such that

‘ /OfX(S,x) ds — Xo(X)t‘ + ) Z Li(x) — Ip(x)t| < @(t)t. 1)

O<ti(x)<t

Further, it follows from the proof of the above-mentioned Samoilenko theorem that ¢ in
Proposition 1 does not depend on the position of the points of impulse action {t;} on [0, T/¢|,
but depends only on the constant C from the majorant estimate (18) and the function ¢(t) from
(21).

Remark 3. The solution x(t, x9), obviously, depends on €. However, for convenience, we will
omit this dependence in the notation.

Suppose that, in addition to 2.1-2.4, the following condition is met.

2.5. The functions X (¢, x) and I;(x) are continuously differentiable for t > 0, x € D, and there
exist uniform (in x € D) limits

T ,
lim l/ 0X(t, x) g — 8X0(x)’ lim oI;(x) _ alo(x).
T—o T Jo

1
ox ox T—oo T 0<E<T ox ox

(22)

Theorem 2. (On the averaging of variational equations). Let Conditions 2.1-2.5 hold, and let
aXa(i’x) and alégcx) be Lipschitz functions with respect to x with a constant L in the domaint > 0,
x € D. Then, for any 1 > 0 there exists g = €o(17) > 0 such that, fore € (0, g}, the derivatives
with respect to initial data of solutions of the exact equation (17) and the averaged equation

(19) satisty the following inequality:

ox(t,z) dy(et, z)
— E— <7, tel0,T/e. 23
' 0z z=xg 0z z=xo|| T € [ /8] (23)
Proof. Let us denote z(t) = axétz,z) and z;(t) = ay%s;,z) . According to Lemma 2, z(t)
Z=X Z=X
satisfies the linear variational matrix e(éluation '
. 0X(t, x(t, x
2254( ai O))Zr t#tir
ali(x(ti, Xo))

Az}t:ti = eTz(ti),
and z; (t) satisfies, respectively, the equation

- ga(xo (y(et, xo)aﬂ; Io(y((et, xO)))zl. (24)
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It follows from Proposition 1 that there exists €1 > 0 such that, for ¢ € (0, ¢1], the solution
x(t, xo) of the exact system belongs to the domain D for t € [0, T/¢]. Therefore, for x(t, xg) the
following estimate |x(t,xp)| < |xo| + TM, t € [0, T/¢], holds.

A similar estimate is valid for the averaged problem. The solution z(¢) admits the integro-
summary representation

z(t):z(o>+e/0tw Jdste YO IMilx(ti) x0) )

0<ti<t

and this solution, obviously, exists on the entire interval [0,T/¢]. The functions X and I;
are Lipschitz, hence, their partial derivatives %—f and % are bounded by the constant L for

t €10, T/¢]. So, we get
t
2B < [1z(0)]] +€/ Lllz(s)lds +& ) Llz(t:)]l-
0 0<t;<t

Hence, due to an analogue of Gronwall’s lemma [17], we obtain

[2(8)]| < [2()I1(1 + L) et (1 + eL)F < [|2(0) e+ (25)

Using the Gronwall lemma for the solution of system (24), we get ||z1 ()| < ||z1(0)]]e?!T.

Let us now fix 7 > 0 and estimate the difference z(t) — z1(t) on [0, T/¢]. Let x(t, x9) = x(t)
and y(et, xo) = y(t). Then

_ . 9X(s,x(s)) sx 9Li(x(t;)) )
=) 21l = e | s e 3 HGa)
t
— s/ Loéy( Dy (s)ds — 8/0 alogi(s))h(s) dsH
aX sx _ 9X(sy(s )) 91'(X(fi)) _ 9Lyt (4.
= SH/ O ”HM . o e J2(0) (26)

+€H/ W[Z(S) —z1(s)] ds ) —i—eH/ [2X Z’Z(S)) — axoigz(s)) |z1(s dsH

+€H Y AUzt -2 H +5H Y )y (1) _/o W) (s) dSH

ox X
O<ti<t o<t;<t

=h+h+t+Jat+]5+]e

Let us estimate each term of the sum in (26). Taking into account that %—i( is Lipschitz and
(25), we obtain that the first term in (26) admits the estimate

t cr
h<e [ Lix(s) = y(s)|ds]z(0) e

By Proposition 1, we can choose ¢ so that |x(s) — y(s)| is arbitrarily small. Hence there
exists ey < €7 such that for e € (0, &3] we have the estimate

1
s (27)

here b > 0is a constant that will be defined below.
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The second term J; is estimated in a similar way:

R<e Y Llx(t) —y(t)] [2(0)[e T < T, (28)

o<t;<t

The term J3, obviously, admits the estimate

t
I < eL/O 2(s) — z1(s)|| ds. (29)

To estimate the fourth term J4, we perform the integration over the entire interval [0, T/¢],
assuming that the integrand is equal to zero to the right of ¢. Let us divide [0, T /¢] into n equal
parts by points {7;}}. Then J, takes the form

Ja<e :g:: {[[:kﬂ (%zl(s) — w>zl(’rk) ds
o [ (P ) - P ) ] 30)
+8:§/TW <8X(S,aZ(Tk)) aXo(ayx( )))dsz @) = a1 + i + Tl

For |41 we obtain the estimate

H]41H =€ Z |:/Tk+1

<e Z / (Lly(s) = y(m)| Iz ()l + Lllz1(s) — z1(me)||) ds

<8X(33(s>> B aX(SraZ(Tk))>Zl(S> n aX(Séz(m) (21(5) _Zl(Tk))H ds]

But y(t) = y(w) +¢ [, [Xo(y(s)) + lo(y(s))] ds. So, we have [y(t) — y(t¢)| < e2M L = 24T,
t € [Tk, Tkr1), and, similarly,

s119(Xo(y(t) + Io(y(t))
ox

Iz1(s) — z1 ()| < e /

Tk

t)H dt < 2LL ||z, (0)]|eT.

Therefore,

&en

n—1
all <& Y [BAE L 121 (0) [T + 222 |z1 (0) | 2T &£]
=0

(31)
— L(2LMT|z (0) 2T + 212T2|z, (0) 2T),
lial <% / (Zellw) _ XoWisDy, (g  KoWED (o) () — 2 (5))| s
<e Z / (Lly(me) — y()| 71 (w0)]| + Lllz1 (x6) — 21(5)]) ds 32

272
< %Hzl( et + 25 1z1 (0)]]€*
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Let us now estimate the term Jy3:

( )HeZLT<€nX:1H/Tk“<8X(SéZ(Tk)) 0o (y(7i) )d H

<
]l < [|z1(0 o

rel | [ (Bl lnd) o)

We notice that, due to the first condition in (22), we can specify a continuous function ¥(t),
approaching zero monotonically as t — oo, such that

(33)

aX (s, x) ~ 9Xo(x
I ( o) as] <yt 34
uniformly in x € D.
So, for (33), we get
1z1(0) HezLT( 2 Ter1P(Ter1) + Z T (T ) < [|z1(0) [l T 2n Ty (L), (35)

if t belongs to any segment [Tk, Ty 1], except for the first one.
Butift € [0 then, by Dini’s theorem, we have

’en]

Jasll < llz1(0)[e* Tetyp(t) = ||21(0) || Ttyp(t/€) < [|z1(0)[|e*" s?p](rgb(r/e)) —0 (36)
T€el0,T

as ¢ = 0. Therefore, by virtue of (30)-(36) we have the next estimate

1
Jall < — (4LMT?[|z1 0)[[e*" + 4LT2[|z1 (0)[[e*)

T T (37)
+ |21 0)|[eLT2n Ty — ) + ||z1(0)[|e*T sup (7w (=) ).
(o) s (o(7)
The term J5 is estimated in the same way as J3:
IJsll < eL 3 llz(t:) =z (). (38)
o<t;<t
Let us obtain the estimate for J¢ in (26). We have
n-l oI (y(t; % 9lg(y(s
|6l <e Z [ Z le(ti) —/ le(s) ds].
k=0 L 1.<t;<Tjy1 X Tk X
i<
Let us now estimate each term in the last sum:
. . T
8( Z alz(y(tz»zl(ti) _/ k+1 aIO(y(S))Zl(S> dS)
T<ti<Tg11 ox T ox
i<
oL (y(t; dlp(y(T
=e| ) Milyth) , (ti) — Slo(y(m) k))zl(Tk)(Tk+1 - Tk) (39)
T <ti< ox 0x
kSL<Tk41

i<

+ Mh(ﬁ()(ﬂcﬂ - T) — /TkH le(s) ds] :

ox % ox
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But
Al (y(T %+1 9o (y (s
HiO(gfc K 2 (5) (i — ) —/Tk 70%( D 1(s) ds
_ || e r2do(y () dlo(y(s))
—\ [ [ ) - SR )] s
|| e podo(y(m) — 9lo(y(s)) dlo(y(s))
| [ (R, ) N 0y ]|
<L/ (ly(ze) —y(s)| lz1 (w)l + Llz1 () — z1(s)||) ds
k+1 2
< [ LBz (0 )T + R 21 (0) 2T ds
2
< (B )|z1(0)]|e*H" + 2L |21 (0) ]| -
Let us estimate the first term in (39):
ALi(y(ti)) Ilo(y(w)) Ali(y(t:))
— o alt) — —5 a1 (1) (T — ) = — - alt)
TkStiZ<:Tk+1 ox l ox TkaiZ<:Tk+1 ox l
T ) M) | Aoly(w) D
- ) lgixkzl(Tk) + ) Zyixkzl(Tk) - %Zl(Tk)(Tk—H — k)
Tkﬁfifkﬂ kafisz+1
We now estimate the first difference in (41), representing it in the form
H < aI ( )) o aIi(y(Tk)))Zl(i’i) + ali(y(Tk)) (Zl(ti) —z (Tk)) H
7 <t T 0x 0x
k> t<tk+l
< ) (Lly(t) = y(@)lllz ()1 + Lz (t:) — za(w) |
(42)
T <ti<Tgt1
t;<t
< ) (LEEz0)[|*M + 221 (0)[[HT).
Te<ti<Tpqq
t<t
Let us get the estimate for the second difference in (41):
. T
Z aIZ(y(Tk))Zl(Tk) _ ke aIO(y(Tk))Zl(Tk) ds
ox ox
T <ti<Tjp1 T
t;<t
oLi(y()) /T" 9o (y (T
< iy(w)) _ [ dho(y(w)) ,
o e A 3)
ti<t
. T
4 ‘ Li(y()) _ / e 9o (v (Tk dSH>”Z HeZLT.
0<t;<Tp41 ox 0 ox
i<

Due to the second condition in (22), the expressions in (43) admit the estimates analogous
to (35). Namely, the first expression is no greater than 741 (7;) and the second one is no greater
than T, 19 (T¢11). Thus, due to (42) and (43), we get that (41) admits the estimate

Yoo (BMI M 4 oqyp() + Tk+1¢(Tk+1)> 1z1(0) (|2 (44)
Te<ti<Tpy1

i<
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From (40) and (44) we obtain that (39) is estimated by the following expression:

(B +20Tn) 4+ ) (CEE 4+ 28M) 4+ wp () + T (Tesa) ] 20 (0) [
Te<ti<Tgi1
ti<t

Then, by (43) and (39), and taking into account (18), we get the following estimate for Je:

) n—1
ol < 2MECRELT + 2LMTERLMe ) 0 14e ) [nep(Ti) + T 1 (Tirn)]
o<ti<I k=0

) n—1 (45)
< 2MLT;2L TT + 2LMTn+2LMCT —{—28}{2 %l[](%)

=0
1 2 242 T
= [2MLT* 4 2L°T" + (2LMT + 2LM)CT] 4 2nT(; ).

Let us choose n sufficiently large so that the first terms in (37) and (45) are less than 7 /b
and fix this n. Then, by choosing ¢3 < ¢, sufficiently small, for fixed n and all ¢ € (0, €3], we
make the remaining terms in (37) and (45) less than 7 /b.

So, from (27)—(29), (37), (38), and (45) we obtain

lz(t) —z1 ()| < § + ¢ +eL /Ot lz(s) —zu(s)llds + f +eL ) lz(t) —z1(t:)l + £

O<t;<t

Now, by using the analogue of Gronwall’s lemma [17] and making an appropriate choice
of b, we finish the proof of Theorem 2. O

Remark 4. It follows from the proof of Theorem 2 that, similarly to Remark 2, the estimates
obtained there do not depend on the position of the points of impulse action {t;} on [0, T /¢],
but depend of constant C from (18), and function (t) from (34). Hence ¢y does not depend
on the position of {t;} as well.

Remark 5. It can be easily shown, by making slight changes in the proof, that the state-
ment of Theorem 2 remains true if we replace the Lipschitz conditions for aXa(i’x) and alégcx),
i =1,2,..., with the condition of their uniform, int > 0, continuity with respect to x in the
p-neighborhood of the averaged solution y(7T). We omitted the proof to avoid cumbersome

calculations.

2.3 The boundary value problem for fixed moments of impulse action
We consider the boundary value problem for system (17) subject to the boundary condition
F(x(0),x(T/e)) = 0. (46)

Theorem 3. Suppose that Conditions 2.1-2.3 hold and, in addition, the following conditions
are satisfied.
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2.6. The averaged boundary value problem

y=¢[Xo(y) + ()],
F(y(0),y(T/e) =0,

has a solution y = y(et) = y(7) that belongs to D together with some p-neighborhood,

in which the function X(t, x) has partial derivatives aXa(i’x), continuous with respect to

x in the p-neighborhood of y(7), and the functions I;(x) have partial derivatives alai—gcx),
uniformly continuous with respect toi € IN. The functions Xy(x), Ip(x), and F(x,y) have

continuous partial derivatives axaojgx)/ algg(cx), aFé’;’y), BFS;’}/ ) in the indicated p-neighbor-

hood, and

det Bl;o_x(ox) #0,
where xy = y(0), Fy(x9) = F(x0,y(T, xp)).

2.7. The following limits exist for x in the p-neighborhood of y(T):

T ,
lim l/ X (¢, x) g — 0Xp(x) lim 1 y a(x) alo(x)‘
T—oo T 0 X

0 ox T 00 T0<ti<T ox ox

Then there exists ¢g > 0 and 0y < p such that for e € (0,¢g) the boundary value problem
(17), (46) has a unique solution x(t, ¢) that belongs to the oy-neighborhood of y(et), i.e.

lx(t,e) —y(et)| <oy, t€][0,T/e], €€ (0,¢), (47)
and
sup |x(t€) —y(et)] =0, e—0. (48)
te[0,T/¢]

Proof. Let xo = y(0) be an initial value of the solution. We will seek the solution of (17), (46) of
the form

x(t,€) = x(t,x0 + %, €), (49)

where X is chosen from a neighborhood of zero. Let us consider the solution y(7, xg + %) of the
averaged problem. For the difference between y(7) and y(7, xo + ¥), by Gronwall’s inequality,
the following inequality

y(7) — (7, %0+ 2)| < |2]e", (50)

holds until y(7, xg + %) reaches the boundary of the domain D. So, if |¥| < ge*LT, then the
solution y(7, xg + ¥) exists for T € [0, T| and belongs to the §-neighborhood of y(7).
We determine the unknown parameter X in (49) from the equation

F(xo+%,x(T/¢e,x0+ %,€)) = 0. (51)

Note that, in view of Proposition 1, the solution x(t, xo + %, ) of the exact system, for suffi-
ciently small ¢ > 0, exists on the interval [0, T/¢|, and for any 1 > 0 there exists ¢g = €o(17) > 0
such that, for e € (0, ¢p), the next estimate holds

|x(t,x0 + %, €) — y(et,xo+ X)| <n(e) >0, &—0. (52)
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Therefore, for ¢ € (0,¢€), if €9 is sufficiently small, then the map in (51), as a map in %, is
well-defined in a ball B,(0), where r = fe~T. It should be also noted that, since y(7) is a
bounded function for T € [0, T|], then, due to (50) and (52), x(t, xo + X, ¢) belongs to a bounded
domain fort € [0,T/¢], € € (0,¢€p).

It follows from Condition 2.6 that system (17) satisfies the conditions of Lemma 2. Hence
the map F(xo + %,x(T /¢, x0 + %,¢€)), for ¥ € B,(0), has uniformly continuous partial deriva-
tives ax Eand gF and is continuously differentiable with respect to x. Therefore, there exists a
constant N(7) > 0 such that [ $£|| < N(t) and HaF” < N(71), for x € B,(0).

Next, we have

F(xo+x,x(T/¢,x0 + %,€)) — F(xo + %,y(T, x0)) = F(xo + %, x(T /¢, x0 + %, ¢€))
—F(xo+ %, y(T,xo + %)+F(xo + %, y(T,x0 + %) — F(x0 + %, y(T, x0)).

Let Ry(%,¢) = F(xo+ %, x(T/e,x0 + %,€)) — F(xo + %, y(T, xo + %)). By (52), the following
estimate holds:

IRy (x,€)] < N(r)|x(L,x0+ %) —y(T, xo + x)| < N(r)y(e) =0, &—0. (53)
We have
- - _ (9F(x0,y(T, x0)) | 9F(xo,y(T, x0)) 9y(T, x0)\ _
Flxo +5y(T, %0 + ) = Flio,y(T,x0)) = (S0 00 4 =2 )
+/ aF (xo +s%,y(T,xo + %)) aF(xo,y(T,xo))>de
ox ox
+/ aF (xo + %, y(T, xg + sx)) oy(T, xo + sX)) 9F (x0, (T, x0)) ay(T,xo) )‘d
- 5 xds
a]/ 0z zZ=x(+sX a]/ Z=Xy
_ (9F(x0,y(T,x0)) , 9F(x0,y(T,x0)) oy (T, xo) _
_< 0x + oy 0z z:x0>x+R2( %)%+ Ra(%)x.

(54)

Let us consider each term in (54) separately. The first term, due to the definition of Fy(xo)
in Condition 2.6, can be represented as gx x.

For the second term, in view of the uniform continuity of partial derivatives and (50), we
obtain that, for |¥| < T, there is some function é(r) such that |Ry(%)|| < 6(r) — 0,7 — 0,
where r < ge_LT

To estimate the third term, we note that the derivative % is a continuous function of the
parameter z. Therefore, due to the uniform continuity of partial derivatives in the third term,

for |x| < r, we obtain the estimate ||R3(%)|| < 4;1(r) — 0, r — 0, with some function 6 (r).

Now, we turn to equation (51) and rewrite itas ¥ = — (3—58) “H(Ri(%,€) + (Ra(%) + R3 (%)),
or
— -1 —
X = (g%) M(x,¢). (55)

The following estimate holds for M(x, ¢):
IM(%,€)] < N(r)y(e) +2(r)%, (56)

here 6,(r) = max{5(r), 41 (r)}. Note that #(¢) — 0ase — 0,and &,(r) — Oasr — 0.
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Let us estimate 2 a- We have

OR,(%,e) OF(xo+x,x(T/e xo+ X, ¢))
ox ox ‘x:xo—i-x

OF (xo + %, x(T /e, x0 + X, €) ) ax(T/e,xo+xe)
+ ay 0z ‘z:x0+f
oF (xo + %, y(T,x0 + %) JF (xo + %, y(T, X0 + %) ay(z,x0+1)
o ox }x:onrf - ay 0z ‘z:x0+f'

We note that, by Theorem 2, whose conditions are met, the difference

ox(T/e,xo+%,¢) dy(T,x0 + %)
0z 0z

can be made arbitrarily small by an appropriate choice of . So, from (52) and the uniform

continuity of £ and gP in domain |%| < r, we obtain the following estimate for aRl
oR;(x _
|22 < gie) 50, e, g <, 57)

for some function d3(¢).
Let us now estimate aRz . It follows from (54) that R, can be represented as

oF (xo, y(T, -
Ry(x) = F(xo +%,y(T,xo + X)) — F(xo + %, y(T,x0 + %)) — (xo ga(c x0)) x.
We then obtain
H R, H H oF(xo + %, y(T,x0 + %))  9F(x0 + %, y(T, x0)) H
ox ox
aF(xO + X,y(T, Xo + X)) ay(T, Xo + X)
+| J 3 - 8)
Yy z z=Xxo+X
B oF (x0,y(T,x0 + %)) oy(T, x0 + X) <6i(%) 50, 10,
ay 0z z=x9+%
Similarly, taking into account
OF (xo,y(T,xg)) oy(T, x
Rs(%) = F(xp,y(T, 0 + X)) — L0 g( ) HT %))
Yy 0z Z=Xp
we get that, in view of the uniform continuity of §- aF and ay( ), 86113 admits the estimate
Ea
< H oF (xo, y(T,xo + X)) oy(T, xo + X) ~ 9F(x0,y(T, x0)) 9y(T, xo) (59)
ay 0z z=x0+X% a]/ 0z Z=X(

<d5(x) -0, r—0,
Hence, by (57)-(59), we get the estimate

HaMxSH<53 ) +06(r) =C(e,r) >0, €—0, r—0.
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LetC, = H g—gH_l. Let us choose ¥ and ¢1 < ¢g so that

and  5(e) < —ot (60)

5r(r) < 2CN(r)’

N[ =

respectively.
Then, if |X| < r, it follows from (56) that

G [M(x,¢)] < Ci(N(r)y(e) +&2(r)|x]) < 5+ 5 =7

NI=

Thus, if inequalities (60) hold, (g—;o)) M (x,¢) maps the ball B,(0) into itself. Moreover, if
we choose ¢ and 7 so that, besides (60), the inequality {(¢,7) < 1 holds, then the map (55) is
contractive. Therefore, this map has a unique fixed point ¥* = x*(¢,7), which is the initial
value of the solution of the boundary value problem (17), (46). The estimates (52) and (53)
imply the estimate (47) for the same op > 0.

Let us now choose r as a function of parameter ¢ so that r(¢) — 0as e — 0, and let us
choose g1 < g so that the function 7(¢) in (53) satisfies the inequality

1(e) 1
o) = 20N(re)"

Note that such a choice is possible since the function N(r(¢)), bounding the partial deriva-
tives ‘3—}; and S—F in the ball B,(0), does not increase as r(¢) decreases. The estimate (48) then
follows from (50) and (52). Theorem 3 is proved. O

Remark 6. In the proof of Theorem 3, we use the estimates of the differences between the
solutions of the exact and averaged problems (like (20)) and the estimates of the differences
between their derivatives with respect to initial data (like (23)). These estimates do not de-
pend on the position of the points {t;} on [0, T/¢|, but depend only on the constant C and the
functions ¢(t) and P (t).

3 Proof of the main result

In this section, we present the proof of Theorem 1.

Proof. Let us take an arbitrary set of points y1,y2,...,Yu, ... in U, and use them to generate a
sequence of moments of impulse action 71 (y1), ©2(y2), .., Tu(Yn), . ... For the chosen set, we
construct the system with impulse action at fixed moments of time {7;(y;)},i=1,2,...,

x=eX(t,x), t#tiy),

i

(61)

subject to the boundary condition
F(x(0),x(T/e)) = 0. (62)

Let us choose any x € U, and ¢ > 0 and fix them. Suppose that the interval [0,¢) contains
exactly n points 71(x) < w(x) < ... < T(x) < t. By (9), we get n < Ct. It follows from
Condition 1.5 for impulse moments that there exists an increasing sequence of numbers {A; }{°
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such that, for any positive integer 7, the inequalities t;(x) < A; < ti11(y), x,y € U, hold. We
then obtain

t(y1) < A1 < ha(yn) < Az < t3(y3) < ... < Ap_a < tp_1(yn—1) < Ap_1 < Ta(x).
Therefore, the number of terms in thesum ).  I;(x) can be equal ton, orn — 1, or n + 1.

0<t;(y;) <t
So, we have three possible cases:

In each case, due to Condition 1.2 and the fact that I;(x) is bounded by a constant M, we
havethatl Y I;(x), uniformly in y; and x, tends to Ip(x) as t — co. Moreover,

0<t;(y;) <t
1 1 M M
T -k <] LM - h®|+ T <o)+ = enl),
0<t;(y;) <t 0<t;(x)<t
where ¢(t) is from the inequality (21). Therefore, for any sequence {y;} € U, we have that
| Y Li(x) — ()] < gu(t)t, (63)
0<ti(y;) <t

and the number of points t;(y;) on (0, t) does not exceed Ct + 1.

Thus, for any set {y;} € U,, the boundary value problem (61), (62) satisfy the conditions
of Theorem 3. Consequently, for small e the problem has a unique solution that belongs to
some neighborhood of the solution of the averaged problem. Moreover, in view of (63) and
Remark 6, the values of ¢y and oy from Theorem 3 stay the same for any set {y;}{° € U,.

Let us now show that the original problem (1), for ¢ < g9, has a solution that belongs to the
op-neighborhood of the solution of the averaged boundary value problem and (10) holds true.
Let us choose ¢ < ¢, then fix it and consider the interval [0, T /¢]. Suppose that the number of
functions t;(x), such that t;(x) < T/, is equal to p. Note that the conditions of the theorem
imply that t;(x) < T/e fori = 1,p — 1. For our boundary value problem, the behaviour of
solutions of system (1) for t > T/e does not matter, so we will consider this system on the
interval [0, T/¢]. It follows from the definition of the solution of system (1) that the impulse
action at the moment t = T/e also does not matter. So, instead of the hypersurface t = t,(x)
we will consider the hypersurface t = 7(x), where 7(x) is of the form

r(x) = tp(x) for x € U, such thatt,(x) < T/,
| T/e forx e U, suchthatt,(x) > T/e.

Reassigning again 7(x) := t,(x), we get that t;(x) < T/e foralli =1,p and x € U,.
Let us consider p points yq,...,yp in Us. Now, y = (y1,...,Yp) is a vector from the space

p
RP4 with the norm ||y|*> = )y |y:||>. Obviously, if y1,...,y, € U, then y belongs to the ball

i=1
Bpa(0) of radius pa centered at the origin in the space RP“.
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For the chosen set yy,...,y, € U, we consider the boundary value problem (61), (62).
According to Theorem 3, this problem has a unique solution x*(t,y) € U,, t € [0,T/¢]. As
follows from Theorem 3 and Remark 6, there exists ¢ < v such that for ¢ < ¢ the solution
x*(t,y) belongs in 11/2-neighborhood of y(et), and, consequently, p(x*(%,y), Ni(¢)) > §.

Using x*(t,y), we construct a map s = s(y) : Bzp(0) — Bgp(0) in the following way:

5 = X*(ti(yi)ry>/ i= wr
s = (S1,...,5p)

To complete the proof, we need to demonstrate that the constructed map has a fixed point.
By Brouwer’s theorem, it is sufficient to show the continuity of the map. Let us fix y € B;,(0)
and consider the points z € B,(0) sufficiently close to y. The continuity of ¢;(x) guarantees
that t;(y;) and t;(z;) are close enough.

The solutions of boundary value problems (61), (62) for ¢;(y;) and t;(z;) are of the respective
form

(64)

() = W) e [ XEx s e Y HE ),

0<ti(y,‘)<f
t
x*(tz) = x*(z) + 8/0 X(s,x*(s,z))ds +¢ ) L(x"(ti(2)),2),
ti(zi)
where x*(y) and x*(z) are the initial values of these solutions, respectively. It follows from The-
orem 3 that x*(y) and x*(z) are of the form x*(y) = xo + X(y) and x*(z) = xo + %(z) (see (49)).

The functions X(y) and %(z) can be found by the method of successive approximations, from
the following recurrent sequences constructed according to (55):

1 -1
d = ) =
Xa(y) = (30) Mo, X = (30) MED,e),
where %o(y) = %p(z) = 0 and M(%,¢) = R1(X,¢) + (Rp(X) + R3(X))x.
Let us show that the functions %, (y) are continuous for all n. In the case n = 1, due to the
definition of functions Ry (%, ¢) and M(%, ), we have

|%1(y) — %1(2)| < CiN1(7)|x(T /e, x0,y,€) — x(T /€, x0,2,€)], (65)
where C; = ‘ g—;‘;H_l.
Note that, due to Condition A of the theorem, the point t = T /e always belongs to the
interval appearing in (12). Thus, by Lemma 1, the right hand part of (65) approaches zero
asz — Y.

If n = 2, we have

B) = () M@  and  neE)=(8) M@EE),e).

Next, due to Lemma 1 and the continuous dependence of solutions of system (3) on initial
data, we get

|R1(%1(y), &) — Ri(%1(2), €)|
= |F(xo + %1(y), x(T/¢,x0 + 21(y), v, €) — F(xo + *1(y), (T, x0 + %1 (y))
— F(xo + x1(2), x(T/¢&, x0 + X1(z),z,€) + F(xo + 1(2), y(T, x0 + ¥1(2))
<N(r)(|x1(y) — %1(2)| + |x(T /e, x0 + %1 (), y,€) — x(T /e, x0 + X1(2), 2, €) |
+[®1(y) = 21(2)] + [y(T, x0 + 21 (y)) — y(T, x0 + %1(2))[) =0, z—y.
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The continuity of R (%(y)) and R3(%(y)) follows from the continuity and continuous differen-
tiability of solutions of the averaged problem with respect to initial data.
Thus, for any n, we have

%0 (y) — Xn(2)| = 0, z—y. (66)

Since the estimates (56)—(59) are uniform in %(y), |X| < r, then the sequence %,(y), uni-
formly in y1,...,y, € U,, converges to the initial value x*(y) of the boundary value problem
(61), (62).

Hence, taking into account (66), we obtain the continuity of x*(y) with respect to
Y= (ylr' . ~/yp>/ yi € U,.

Let us now estimate the difference x*(¢;(y;),y) — x*(ti(z;),z). Without loss of generality,
we can assume that #;(y;) < t;(z;) for this particular i. We have

X" (i), y) — X7 (ti(zi), 2)| < |7 (ti(yi) y) — x"(ti(yi), 2) | + |x* (4 (yi), 2) — X7 (Ei(zi), 2)|-

By Lemma 1, the first term approaches zero as z — y. The convergence to zero of the second
term is established similarly to (14).

Thus, for any ¢ < gy the map (64) is continuous and, consequently, has a fixed point
y* = (yi,.-.,yp). Then the function x*(,*), obviously, is a solution of the boundary value
problem (1). The limit relationship (10) is established similarly to (48) in Theorem 3. This
completes the proof of Theorem 1. O

4 Examples

In this section, we provide some examples illustrating Theorem 1.
Example 1. Let us consider the boundary value problem in IR¥:

X =ex+ef(t,x), t#tx),

Ax‘t:t(x) =el(x), (67)
x(0) = x(L).
Here t(x) = (&, x) 4+ b, and the solution undergoes an impulsive perturbation when it

reaches the hypersurface t = (a,x) +b, & € R%, b € R'. Assume that f(t,x) is a Lipschitz
function with respect to x and is bounded by a constant M. In this example, F(x,y) = x — y.
We suppose that necessary conditions for the smoothness of f(t, x) and I(x) are satisfied in
the domain U, = {x € R? : |x| < a}. Suppose also that the function f(t, x) is periodic in t
with period 27t and has the zero mean:

Om F(t,x)dt = 0. 68)

It follows from [17, Lemma 3.2] that, for sufficiently small ¢ > 0, if («,I(x)) < 0, then
every solution in the domain U, intersects the plane t = («, x) 4+ b no more than once. Indeed,
condition (68) guarantees that the following inequality holds:

t(x) > t(x + I(x)). (69)
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Itis clear that ¢(x) satisfies the Lipschitz condition with constant |«|. Since |m|ax <ela+M),
x|<a

then, for small ¢ > 0, the condition
ela+M)la| <1 (70)

is met.

Conditions (69) and (70), by Lemma 2, ensure that every solution of system (67) intersects
the plane of impulse action t = (&, x) 4+ b no more than once.

It is clear that, due to (68) and the nature of impulses, Conditions 1.2 and 1.4 of Theorem 1
are satisfied. We have Xy(x) = x and Ip(x) = 0. It is also obvious that, for small ¢, the plane
t = T/e does not intersect the plane t = (&, x) + b in the domain U,. Hence Condition A is
also met.

We need to check Condition 1.3. The averaged boundary value problem

y=¢ey, y(0)=y(T),

admits the trivial solution y = 0. In addition, we have Fy(xo) = F(xo,y(T,x0)) = xo + e’ xg
and det BFO(XO) =1+ eT # 0. Thus the condition (7) of Theorem 1 is also satisfied.

Fmally, we conclude that there exists g9 > 0 such that, for ¢ < ¢, the boundary value
problem (67) has a solution x(t, ¢) and

sup |x(t,e)] -0, &—0.
te[0,T/¢€]

The following examples demonstrate the importance of condition (7).
Example 2. We consider the boundary value problem with a fixed moment of impulse:

X =excost, tF#,
Ax}t n:

€, (71)
x(0) = x(T/e).

The averaged boundary value problem is of the form

Clearly, problem (71) satisfies all conditions of Theorem 1, except for (7), since, in this case,
Fo(xO) = X9 — X9 = 0.

The boundary value problem (71) has a solution if and only if the initial value xg = x(0)
satisfies the condition

T
Xg = (JC() +€) esin

This condition is not met if % = kmt, k € IN. Therefore, problem (71) has a solution not for all
sufficiently small e.

Example 3. If, instead of (71), we consider the problem

X =¢ex+excost, t#m
Ax‘t 7'[:

€, (72)
x(0) = x(T/e),
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we get a different situation. The averaged boundary problem

y=¢ey, y(0)=y(T).

has the trivial solution y = 0. In this case, Fy(xg) = xo — xpe’, and det Fy(xp) = 1 —eT # 0
for T > 0. Hence, condition (7) is met. The remaining conditions of Theorem 1 are satisfied as
well.

The boundary value problem (72) has a solution if and only if x( satisfies the condition

i T i T
X0 (essm ++tT _ 1) — _gptsin ;+Tf£7'[’ (73)

which, for small ¢ > 0, is always met since esin L + T > 0. The solution of problem (72) is

represented as
X, eet, t €0, |,

(eren_'_e)essinH—s(t—n), t> T,

where x( is determined from (73).
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MeToa ycepeAHEHHS 3aCTOCOBAHO AO AOCAIAXKEHHSI iCHyBaHHsI PO3B’SI3KiB KpaliOBUX 3aAaU AASI
crcTeM AMdpepeHIiaABHIX PiBHSIHD i3 HedbikcoBaHMMI MOMeHTaMM iMIyAbCHOI Aii. [TokasaHo, mo
SIKIIIO yCepeAHeHa KpaifoBa 3ahava Mae po3B’s30K, TO i OUaTKOBA 3aAaya TAKOXX Mae€ PO3B’SI30K.
ITpu mpoMy ycepeaHeHa 3apada AAsI IMITYABCHOL CMCTEMM € IIPOCTIIIIOK0 3aAaUer0 AAST CMCTeMM 3BU-
JalfHuX AvidpepeHIiaAbHIX PiBHSHb.

Kntouosi cnosa i ppasu: Maavii mapaMeTp, METOA yCepeAHEHHsI, HepyXoMa TOUKa, iMIIyAbCHa Aisl,
KpaiioBa 3apava.



