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A characterization for B-singular integral operator and its
commutators on generalized weighted B-Morrey spaces

Hasanov J.J.1, Ekincioglu 1.2, Keskin C.2

We study the maximal operator M, and the singular integral operator A,, associated with the
generalized shift operator. The generalized shift operators are associated with the Laplace-Bessel
differential operator. Our analysis is based on two weighted inequalities for the maximal opera-
tor, singular integral operators, and their commutators, related to the Laplace-Bessel differential
operator in generalized weighted B-Morrey spaces.
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Introduction

For x € R" and r > 0, we denote the open ball centered at x of radius r by B(x, ). Given
f € L*°(R™), we define the maximal operator M by the following formula

Mf(x) = sup B 0] " [ 1f0)ay,

t>0

where |B(x, t)| is the Lebesgue measure of the ball B(x, t).
For a continuous function K(x,y) defined on {(x,y) € R" x R" : x # y}, the Calderon-
Zygmund singular integral operator is defined as

Tf(x) = [ K(xy) )y,
where the kernel satisfies the following properties:

|K(x,y)| <Clx—y|™" forall x#y,

_ZU .
|K(x,y) — K(x,z)| SC%, >0, if [x—y|>2]y—z],

Kxy) - K& )| < x =&l

—_— if |x — 2|x —¢|.
e >0 i oyl > 2k =g

YAK 517.98
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A characterization for B-singular integral operator and its commutators 197

The operators M and T play an important role in real and harmonic analysis (see, for
example, [30,34,35]).

In the theory of partial differential equations, Morrey spaces M, , (R") play an important
role. They were introduced by C. Morrey in 1938 (see [26]) and defined as follows. For any
0<A<n1<p< oo afunction f belogs to M, (R") if f € LLOC(]R”) and

_A
171y = 10 () = s TNl () <

If A = 0, then M, ) (R") = Ly(R"),if A = n, then M, ) (R") = Le(R"),if A <OorA > n,
then M, ) (R") = ©, where @ is the set of all functions equivalent to 0 on R".

These spaces appeared to be quite useful in the study of the local behaviour of the solutions
to elliptic partial differential equations, apriori estimates, and other topics in the theory of

partial differential equations.
Given f € WLP<(R"), WM, (IR") denotes the weak Morrey space, and

_A
HfHWMM = HfHWMp,A(R") N xelil;;’;l,g>0r ” Hf”WL” (Bx)) =

where WL, (IR") denotes the weak L, (R") spaces.
F. Chiarenza and M. Frasca [6] studied the boundedness of the maximal operator M in
Morrey spaces /\/lp, A (]R”) (see also [2,4,5]). Their results can be summarized as follows.

Theorem 1 ([6]). Let 0 <a <n,0< A <nandl < p < co.
i) If 1 < p < oo, then M is bounded from M, ; (R") to M, ; (R").

i) If p =1, then M is bounded from M , (R") to WM, , (R").

If in place of the power function 7! in the definition of M, (R™) we consider any positive
measurable weight function w(r), then it becomes generalized Morrey spaces M, ,, (R").

Definition 1. Let w(r) be a positive measurable weight function on (0,00) and 1 < p < co. We
denote by M, ., (R") the generalized Morrey spaces, the spaces of all functions f € Lli;)c (R")
with finite quasinorm

.

g ) = 528y M, ()

xeR",r>0 w

T. Mizuhara [25], E. Nakai [28,29] and V.S. Guliyev [13] obtained sufficient conditions on
weights wy and w; ensuring the boundedness of T from M, ., (R") to M ., (R"). In [28],
the following statement was proved, containing the result of [25] and in the general setting of
metric measure spaces obtained in [31, 32].

In [13, 25, 28], the authors obtained sufficient conditions on weights w; and w; for the
boundedness of the singular integral operator T from M, (R") to M, (R"). In [28], the
following doubling conditions were imposed on w(r) such that

c_lw(r) <w(t) <cw(r), (1)
whenever r <t < 2r, where ¢ > 1 does not depend on t and 7, jointly with the condition
[t < cortr) )
.

for the maximal or singular integral operator, where C > 0 does not depend on r.
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Theorem 2 ([28]). Let 1 < p < oo and w(r) satisfy conditions (1)<2). Then the operators M
and singular integral operator T are bounded in M, ., (R").

The proof of the theorem is given in [28].
The following statement containing the results of [25, 28] was proved in [13]. Note that
Theorem 3 do not require condition (1).

Theorem 3 (13]). Let 1 < p < o0 and wy(r), wa(r) be positive measurable functions satisfying
the condition

[0 < ) ®

with C; > 0 not depending ont > 0. Then the operators M and singular integral operator T
are bounded from M, (R") to M, ., (R").

The maximal operator and singular integral operator associated with the Laplace-Bessel
differential operator

n 82 k ’)/ a
Bp=2,35 o o,... 0
’ ;ax1‘2+i:1 x; ox;’ 1 =0 Te >

have been investigated by many researchers such as B. Muckenhoupt and E. Stein [27], I. Kipri-
yanov [20], K. Trimeche [38], L. Lyakhov [23], K. Stempak [36], A.D. Gadjiev and I.A. Aliev [11],
V.S. Guliyev [15,16], V.S. Guliyev and ].J. Hasanov [14,17], ]J.J. Hasanov [18], A. Serbetci and
I. Ekincioglu [8,9,33], E.L. Shishkina [37] and others.

In this study, considering the generalized shift operator related to the Laplace-Bessel dif-
ferential operator Ag, the B-maximal operator and B-singular integral operators generated by
this operator investigated in generalized weighted B-Morrey spaces.

1 Preliminaries

Let R" be the n dimensional Euclidean space with n > 2, x = (xy,...,x,) € R”",
x> =37 2% Let1 <k <n. Thenwegetx' = (x1,...,x) € RS, x"" = (x41,...,x4) € R"7K,
x=(x,x") e R"and R} | = {x = (¥',x") € R x; >0,..., x> 0}.

Given an x € R}, and r > 0 we define the open ball at center x and radius r as the set
E(x,7r) ={y € lR,’z’Jr;\x—y\ <r},and E, = E(0,7). Fory = (y1,-- -, %), 71> 0,...,7x > 0,

7

we define || =91 +... + yrand ()7 = x{* - - - x/*. For measurable set E C R} _, we get

E :/ Vrdx,
| E |y E(x) X

then |E,|, = w(n,k,v)r%, Q = n + |y|, where

ok i+l
w(n, k) :/ (x')Vdx = T ﬁ Tf( )

E 2k
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Denote by T* the generalized shift operator (B-shift operator) acting according to the law

TR = Co [ oo [ A5 5" = o) du()

k

where (x',y")g = ((x1,y1)g,, -+ (X Vi) g )AV(B) = qsian_lﬁi dBi...dBr, 1 < k < n
1=

(xi,yi)ﬁ,. = (xl2 — 2x,y; cos fB; —|—y%)%, 1<i<k and

k T (71 +1> 2k
LT
We remark that the generalized shift operator T* is closely connected with the Bessel differen-
tial operator B (for example, n = k = 1see [22], n > 1, k = 1 see [20] and 1,k > 1 see [23] for

details).
The translation operator TV generates the corresponding B-convolution

w(2k,k, ).

(feg)(x / f [T e(W)] (v) " dy,

for which the Young inequality

1 1 1
IFesl,, <Al s, 1<pasrse Sei=len

holds.
Let Ly g, (lR,r(’ +) be the space of measurable functions on IRy , with finite norm

k,+

1/p
F()[Po(x) (X’)”dx> , 1<p<o.

”f”Lp,qw - ||f”Lp,<m<R1?r+) - </]Rn

For p = oo, the space Le,, (R}, ) is defined by means of the usual modification

1f Ity = I, = ess sup @(x)|f(x)]-

n
xe]Rk,+

Definition 2 ([12]). The weight function ¢ belongs to the class Ap,, (R} , ) if

l —_

1 / p NNY ’ 1 o Ny p
su _ ) d 7/ P J o
x@RI’Z,E)DO (‘E(xrr)}y E(x,r)(P W) y) <\E(X,T)}7 E(x,r)(P W) y>

for 1 < p < oo, and ¢ belongs to A1, (R}, , ) if there exists a positive constant C such that

-1
[E(x,7)] / ¢(y)(y')"dy < Cess sup ¢(y)
E(x,r) yeR!

forany x € R{ | andr > 0.



200 Hasanov J.J., Ekincioglu I., Keskin C.

Definition 3. The weight function (¢1, ¢2) belongs to the class Ay, (R? ) if

(e N N
XERZ,E,)DO(}E()C/”)}'Y /E(x,r)q)z(y)(y) dy) (}E(x,r)}’y /E(x,r)q)l W) (y )de) < o0,

forl < p < co.

Lemmal. LetE((x,0),t) = {(z,?) € R" x (0,00)% : |[(x—z,2/)|| < t} Then forallx € R} |,

the following equality holds

v _ 2 352 2 52
p T8)(y) Ty = /E((X,O)J) g (x/z1 +22,. 2+ zk,z”> d

Lemma 2. Let 0 < 6 < 1 and ¢ positive measurable weight function. Then for all x € R}
the following equality holds

kA4

TVg(x)¢(y) (Myx,, ()" (v')"dy

R
/ 0
_ =2 _
= ]Rn><(0,00)kg< Z%"’er . y/Zk—l—Zk, ) (MW(E £0) r)(z z )) dv(z,7'),
where E((x,0),t) = {(Z,?) € R" x (0,00)* : H(x—z,?)” < t}.

For0 < w; < m,i=1,.. kandyeRk+,
1!

the following substitutions z”/ = x”, z; = y;cosa;, z; = y;sina;, 2 = (z1,...,Z;) and
(z,Z) € R" x (0,00)K, 1 <k < n.

Lemmas 1 and 2 are straightforward via

Definition 4 ([15]). Let 1 < p < oo and 0 < A < Q. We denote by M, ., (R} | ) Morrey space
(= B-Morrey space), associated with the Laplace-Bessel differential operator, the set of locally

integrable functions f(x), x € R} ,, with the finite norm

M, = s ([ 001 @6) )

pAY n
t>0, xEIRk/ n

Let w and ¢ positive measurable weight functions. The norms in spaces M, (R} . ) and
M pw,g,y (R} ), respectively, defined by

t
1AMy = sUP
P yery 1m0 w(t)

pl'e)

(/E TY[If 17 (x) (y,)yd@ vy

9 1
t v p Ny s
Mpwgy = SU / v X d ) .
s, = 0 (0177 0t ()
e . A-Q
If w(t) =t 7, then Mpwy(RY,) = Lpy(RY ), and if w(t) = ¢t 7 and 0 < A < Q, then
My (RE L) = My (RE ).
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B-BMO space BMO,, (]Rz ) is defined as the space of locally integrable functions f with
finite norm

Iflsuo, = sup [EQOL [T = frron (2)| () dy < oo

t>0,x€]Rl’jl+
or B
| fllBmo, = inf  sup |E(0,t) ‘ / | TYf(x) C}(y')vdy < 0o,
C >0, xeR},
wherefEOt ‘EOt ‘_ fEOt TYf(x )( )'Ydy.

The followmg theorem was proved in [1].

Theorem 4.
i) Let f € LY (R} ). If
1/p
t>0,S}cl£]R]’j’+ (‘E(O't)‘;l /E(O,t) | TYf(x) _fE(O,t)(x)}p<y/)7d]/> = | fllsmo,, < oo,

then for any 1 < p < oo we have

I flsmo, < Ifllsmo,, < Apllfllsmo, .,

where the constant A, depends only on p.

ii) Let f € BMO, (R}, ). Then there is a constant C > 0 such that

t
VE(W) - fE(O,t)} < C|fllzmo, In - 0<2r<t,

where C is independent of f, x,r and t.

Lemma3. Let1 <p <o, ¢ € Ay, (IR,V(’HL) and b € BMO,, (]RZ/Q. Then

Tb(x)—b
blloso, = sup T b(x) E(O,r)”Lp,q,,y(E(O,r))‘
XERY , r>0 lellL,,Eon)
Proof. From Holder’s inequality, we get

ITb(x) = bE(0,)lIL, 0, (E0)

1bllsmo, S sup
x€RY >0 ol Ly (E(0,7))

Now, we obtain that

ITb(x) = beo,)lL,,, (E0r) -

sup < lbllsmo, -
XERM,r>0 lellL,,Eon) !
We can assume without loss of generality that ||b[|pmo, = 1; otherwise, we replace b by

b/||bl Mo, - 1t follows that

IT'b(x) — b ley)\? p
, _ . _
/E(O,r) ( > dy /E(O’r) <|T b(x) bB(x,r)|€0(J/)) dy S 1.

16l 8o,
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2 Two-weighted inequalities for B-maximal operator and B-maximal com-
mutators in the spaces M, 4, (R} )

First, consider B-maximal operator
Mof(x) =sup | E- [0 [ YA 10 (y) .
r>0 JEy
Homogeneous type maximal function defined by

M, f(x) =supv(E(x,r)) / I f )| dv(y)

r>0

Also, in the works [21,24] it was proved the following assertion.

Proposition 1. Let 1 < p < 00,0 < 6 < 1 and (¢, ¢1) € gp(Y). Then M, is bounded from
L, (P‘ls(Y) toL b (Pg(Y), where (Y, d,v) homogeneous type space.

Theorem 5. Let 1 < p < 00,0 < 8 < 1, (p1,¢2) € Apy (R ) and wy(r), wa(r) be positive
measurable functions satisfying the condition

rQwl (r) + C/r 1971wl (Hdt < CrRwh (), 4)

where C > 0 and C; > 0 does not depend on r. Then M,, is bounded from M
M

P19,y <]RZ,+) to

pw2, 93,7

Proof. We need to introduce the maximal operator defined on a space of homogeneous type
(Y,d,v). By this we mean a topological space Y = R" x (0, o0)¥ equipped with a continuous
pseudometric d and a positive measure v satisfying

v(E((x¥),20)) < Cv(E((x,¥),7)) (5)
with a constant C; independent of (x,x’) and r > 0.
Here
E((x,x),r) ={(y.y) €Y : d((x,x), (y.y)) <r},
357, 09) = (6 7) - )] = (1= P+ (7 - 72)

Let (Y, d, v) be a space of homogeneous type. Define

r>0

M () = supv (E((63),1)) [ o [FOD vty

where

X :f<\/x%—1—?%,...,\/3(%%—?%,3/’).
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It is well known that the fractional maximal operator M, is bounded from L P8 (Y,dv) to

Lp/%s(Y, dv) for 1 < p < oo, (Y1,92) € A,(Y) (see [21]). Here we are concerned with the

fractional maximal operator defined by dv(y,y’) = (y/)"~'dy dy’. It is clear that this measure
satisfies the doubling condition (5).

It can be proved that

M, f (\/Z%—l—f%,...,\/Z%—I—Z%,Z//) = M,f («/z%—i—Z%,...,\/z%%—Zi,z”,O) (6)

and

M, f(x) = Myf(x,0). (7)

Indeed, from Lemma 2 and

forany 0 < 6 < 1and (i1, 2) € A,(Y), we have that

[ TP et o) (Myxs ) /) ay
:/’/’7<m m’y” 0)’ ) (Muxe(opn 7)) dv(y, )
and

|Er |4 :VE<<\/Z%+Z%,...,\/Z%—l—fi,zﬁ,o),”)

imply (6).
Furthermore, taking z; = 0 in (6), we get (7). Using Lemma 2 and equality (6), we have

/ T My f ()P P3(y)(y') " dy

< [ ML) 93() (M, (0)° ()7 dy

— — P _

= Jroniom MV H 2R+ F2") ) 9402 D) (Moo (2 7)) dv(z, 2)
_ P — — _
—/ va V2 + 2, ..,\/Z%—FZ%,ZN,O)) qog(z,z’)(MVXE((x,O)J)(Z,z’))Qdv(z,z’).

By the Proposition 1, we have
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VR +7y0))

(f s e %
VAT,
VAT,

) A0 7 M 0,0 (09 (s, 7))
_ p
VE+TEY'0)) 95, y)
_ _ P
Vit T\ 7 /0)]

7 V)avly )
( e

—Co [F(VR+T oy )|
( .

v,0) | 3(.77) dv(y,%)
1
14
Vvi+7ey",0)| ¢y
. p
ViR

y
,%(Mux};((x,m,r)(y,?))@dv(y,%)
)

)
1
1
_ I I 14
A0 7) (Muxe o 7)) du(y, y/))

1

1
p

Tyﬂfu”<x>¢i<y><Mm,<y>>9wdy)

2j+1r\E2jr
00 Q0 1
<Gl f, PIA @) d ik ariwd)
< 2</E AT (e () () y+]§/52f+1,\52f, [1£1] ()9t ) e )y
1
-~ 1 - . ]
< C3Hf”Mp,w1,¢{,7 (rwa(r) + Z; ] (21t1r) wa (2]+11,)>
]:

1

o0 P Q
<Gl . (FRaft)+¢ [T 00 < Cofuntr)

P/UJ1,<P(1;/Y lellq)(ls/Y

Then, we get

e}

Mo fllar,, = swp T M, (s < Callfl

0 5"
pw2, 93,7 XERZ+, >0 (0%)) S Pw1,917
Theorem 5 is proved. O

If wi(r) = wy(r) = r_%, then from Theorem 5 we get the following result.
Corollary 1. Let 1 < p < 00,0 < ¢ < 1 and (¢1,92) € App (R}, ), then the operator M, is
bounded from L, s | (Rf,) toL, ooy (R, )-

If wi(r) = wy(r) = - and ¢J(x) = ¢5(x) = @(x), then from Theorem 5 we get the
following result.

Corollary 2 ([3]). Let 1 < p < oo, ¢ € Apy(R},). Then M, is bounded on the space
Lp,go,'y (RZ,+) ‘



A characterization for B-singular integral operator and its commutators 205

For a given suitable function b, the commutator generated by the B-maximal operator M,
is formally defined by [M,,,b]f = M, (bf) — bM,(f) and for a given measurable function b,
the B-maximal commutator is defined by

My (£)(0) 2= sup [EQN[" [ | (b(x) ~ b)) f)| () "y foral x € Ry .

r>0

Lemma 4 ([19]). Let 1 <s < oo, b € BMO(RY} , ). Then there exists C > 0 such that for all
1 1

x € R} the inequality My(My, f)(x) < Clbllsmo, ((My(Myf)*)® (x) + My (M, |f[F)* (x))

holds.

Theorem 6. Let 1 < p < 00,0 < & < 1, b € BMO, (R}, ) and (¢1,¢92) € AP,V(RZ,+)/
p1 € Ay, (]R,’z ) and wi(r), wa(r) be positive measurable functions satisfying the condi-

tion (4). Then My, ., is bounded from M (R}, ) to M

pw1, @S,y pw2, @3,

Proof. Let f € M, oo (R} , ). By Lemma 4 and Theorem 5, we get

1 1
s s

IMofliae < Clbllsmol| (My (M, f)7)
/02,95,

+ Clibllso | My (My£9)7 |,
J

P95,y P,y

< Clbllamo, 1M ) oq, (M, I£F°)° < Cillbllmo, |7

, +Clbllavo,

191 9 Y

p/wl/(’;{/ry 1-97-

O

Corollary 3. Let 1 < p < 00,0 < 6 < 1, b € BMO,(R! ) and (¢1,¢2) € Ap (R} ),
¢1 € Apy (R} ), then the operator My, , is bounded from L, _ (Rf,) toL, e (RY,)-

3 Two-weighted inequalities B-singular integral operators and its commu-
tators in the spaces M, ., , (IRZ +)

We consider the B-singular integral operators

Agflx) = [ TUFOK() () dy

n
]Rk,+

such that the kernel K satisfy the following conditions

K(x)(x)7dx| <C, 0<e<r<oo,

‘ /{xERg+:£<x<r}

/ K(2)|(¥)7dx < C, 0<r< e,
{xeR}  r<|x|<4r}

1
TYK(x) — K(x)|(x)7dx < C, |y| <=,
/{xERZ,+=IXI24Iy|} | | !

and we assume additionally that
Ayf(x) = e£r51+ Ay f(x) (8)

for ¢ > 0, where

Aeyf(x) = TYf(x)K(y)(y')" dy.

/{y€RZ,+:?/>£}
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Theorem 7. Let 1 < p < 00,0 < 6 < 1, (¢1,¢2) € AVPIV(IRZ’JF) and wy (r), wa(r) be pos-
itive measurable functions satisfying the condition (4). Then the singular integral operator
A, exists almost everywhere in Ry | and operator A, is bounded from M Ry +) to

M p,wz,(pg,'y (]Rz,—b—) :

P93,y (

Proof. We need to introduce the maximal operator defined on a space of homogeneous type
(Y,d,v). By this we mean a topological space Y = R" x (0, ) equipped with a continuous
pseudometric d and a positive measure v satisfying (5).

Let (Y, d, v) be a space of homogeneous type. Define

TR = [ o Ty YKy )vy),

where f(x, x') <\/ —{—xl, . ,,/x]%—i—fi,x”).Itcanbeprovedthat
2 152 2, =22 M\ _T7F 2, =2 2, =2 N
Ay f («/zl+zl,...,\/zk+zk,z ) =Tf <\/21+zl,...,\/zk+zk,z ,O)

and
Ay f(x) = Tyf(x,0).

Also, in the work [7] it was proved the following assertion.

Proposition 2. Let 1 < p < 00,0 < 6 < 1 and (¢, ¢1) € AP(Y). Then singular integral
operator T, exists almost everywhere in Y and the operator T, is bounded from L,, (Pf(Y) to

L, q)g(Y), where (Y, d, v) homogeneous type space.

Indeed, from Lemma 2 and ¢‘15(y) = q)‘ls(y)(MV}(E((X,O),,)(y))Q, (P1,90) € A},(Y) and
0
1/"25(]/) = qvi(y) (MVXE((x,O),r)(]/)) , we have

[ T (4 £) o) () dy

T

_ _ p _ - _
B X (0 <A7f< Z% T Z%’ T Z% + ZZ’ ZN)) g(Z, Zl) (M'}’XE((JC,O)J/) (Z, Z’)) dv(z, z’)
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By the Proposition 1, we have

- </Y <TVF<\/V%TJ7%/---, y§+yi,y”,0) 1/1‘25(y,y’) dv(y,y’))
_ — » 1
= CZ(/Y F(VR 7+ 7y 0) w‘f<y,y’>dv<y,y'>)

1
p

) V) (MyXE((x,0), )(%?))GdV(yr?)>

1
—\0 J— p
901 W, ') (MyXE((x,0),0) ¥ V) Mw’))

—a( [ T Wk (s ) )
k,+
1
0 4
<cf [ P @ane e L [ T @ (M )6 )
E, 2]*1 \EZJr
<G f, I @t L PP — )
< “L T )
’ =T Pyren@
1
< QP Y (Y bt PAYE) j+1
_mmmwﬁxmmm+ggwnwa %l (@)
1
< Qut / T o-1,r "<cyrt .
<Glifllm, e, <r wf(n+cC [ t wl(t)dt> < Carran(llflla,, o
Then we get
A = T <C .
T xe;gpt>0 ol ) Anf())]| o0 S e
Thus, Theorem 7 is proved. O

Lemma 5 (10]). Let 1 < s < o0,b € BMO(Y). Then there exists C > 0 such that the inequalities

1
s

16, Tf| () < My (|16, T (%)) < Clbllamo (M| Tuf F)* (x) + (M | £ F)7 ()

hold forallx €Y.
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Theorem 8. Let1 < p < 00,0< < 1,b € BMO(Y) and (¢1, ¢2) € AP(Y), ¢1 € Ap(Y). Then
the operator [b, T, ] is bounded from L , fP‘f(Y) toL, . (Y).

Proof. Let f € LPrfPf(w’ b € BMO(Y) and (¢1, ¢2) € AP(Y), ¢1 € Ap(Y). From Lemma 5,
Corollary 1 and Proposition 2, we get

I Tl oy < IMo (BTN, )

2% P92

1 1
< Clllso | (MTF) + (M 15 P,
M,g( )
1 s &
< Wl 571V, Q']
95 P2
1 1
<ttt [ ma’], o, +l0m |
F’r‘/"f(y)
< ClbllsmollfIl, v
P91

0

Theorem 9. Let 1 < p < 00,0 < 0 < 1, b € BMO,(R} ), (91, ¢2) € AP,V(RZ,+)/
p1 € Ay, (]R,’z ) and wi(r), wa(r) be positive measurable functions satisfying the condi-
tion (4). Then the commutator of the B-singular integral operator [b, A,] is bounded from

M ]RZ,+) to M (RZ,+) .

pw, @l ( Pw2, @3,

Proof. We need to introduce a specific maximal operator, defined on a homogeneous type
space (Y,d,v). We mean a topological space Y = R" x (0,00)* equipped with a continuous
pseudometric d and a positive measure v satisfying (5).

Let us define

bTAED = [

where f(x, x') f<\/x1+x1, co\/X T x ”).

It can be easily proved that

b, Ay f] <\/2%+Z%,. \/zk—l—zk, ) [b, T, f] <\/zl+zl,...,\/z%+2%,z”,0>,

[b, Ay fl(x) = [b, Tuf](x,0).

) b(y,y') = b(x, x) f(x =y, &' =y )K(y, y")dv(y),

Indeed, from Lemma 2 and

) = ¢4 (1) Mixewon @)’ $3W) = o3W) (Muxeeon®)’ (@1, $2) € Ap(Y)

we have

[Tl A g3 ) )7 dy

< / N TV (b, Ay f) ()] 93 (y) (Maxe, () (/)7 dy
AAEA T 23 03 D) (Myxs ey (2 D)) du(z D)
b, T, f \/leZl BB, 0) )’7 932, 7) (Muxe((x0,) (2 7)) dv(z, 7).

R” x

i
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By the Theorem 8, we have

< ( Lo TA(VR -+ 3+ 70) [ o0 (M o 7)) dv(y@) '
- (/y B TA (VR +F B+ 7y 0) | W) dv(y,%)
< Czlﬂ?l\mo(/Y )7(\/%+?§,---r\/yiwiry”,O))pgb{(y,?) dv(y,y)y

- ! _ P — —\0 —\7
= Calbllamo (/Y F(JR+F o R+ 7y 0) | 93 V) (Mue oy (0. 7) dvmw)
:C2Hb||BMo</Y’f< ]/%—i—y%,...,\/y%—{—y%,y//)
_ czuanMoy(/w

k,

< Clllamo, (. 1A (06 7dy

</E T|lb, A Al 93 (v')" dy) %

1
p

P s, — —\\ 0 —
(v, y") (MuxE((x,0)0) Y, V) dV(y,y’)>

1

Ty[!f\]p(x)fp‘f(w(vaE,(y))g(y’Wdy)

1

T 12 /Ezf+1r\E2fr TY[|£1)"(x) 9 (v) (Mo xE, (y))e(y’)V dy) ’

< Clllamo, (. 171" @0l 6y

rQ

(o) 0 %
Yol (1) —— (4
oy / ey, PR 0) e Wy)

1
0 1 . . y

< Q, P ‘ j+1,0Q P (~j+1

< C3|“7|\Bzv107Hf”/\/lp,wl,q%7 (7 Wy (T)JF]; 2+ 1)09 (27 r)~wy (277r)

1
© r
< Cllblano, Iflu,,, . (F2r)+C [0l 0 )

0
< C4Hb||BMoJ"wz(r)|’f||/\/1prw1,¢i;’7-

Then we obtain
_Q
£t
b, A = ——||T"([b, A < Cy4||b :
I Asflla,,, g, = 2P |7 @ AA, gy < Colbllo, W, g,

0
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Mn BMBYaeMO MaKCMMaAbHWI onepaTop M., Ta CMHTYASpHWII iHTerpasbHMI omeparop A,
IIOB’SI3aHVIA 3 y3araAbHEHNM OIlepaTOpOM 3CyBY. Y3araAbHeHi olepaTopy 3CyBY IIOB'sI3aHi 3 Aude-
peHIiaAbHMM orepaTopoM Aanaaca-becceast. Hamr anaais rpyHTyeThcsl Ha ABOX 3Ba’KeHMX Hepis-
HOCTSIX AASI MAKCMMAABHOTO OMepaTopa, CMHTYASPHMX iHTerpaAbHMX OIIepaTOpiB Ta IXHiX KOMyTa-
TOpiB, TIOB'I3aHMX i3 AMdpepeHIiaAbHNMM onlepaTopoM Aaraaca-bBeccenst B y3araabHEHVX 3BaXKeHMX
npocropax B-Moppi.

Kontouosi cnosa i ¢ppasu: B-maxcuMaArbHMIA onepaTop, B-cvHTYASIpHIMIT iHTeTparbHINT onlepaTop,
KOMyTaTOp, y3araAbHeHWIA 3BakeHuii ImpocTip B-Moppi.



