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Accelerated Krasnoselski-Mann type algorithm for
hierarchical fixed point and split monotone variational

inclusion problems in Hilbert spaces

Ugwunnadi G.C.1,2, Haruna L.Y.3, Harbau M.H.4

In this paper, a new accelerated extrapolation Krasnoselski-Mann type algorithm for finding

common element in the solution set of the hierarchical fixed point and split monotone variational in-

clusion problems are introduced in the setting of a real Hilbert space. We then prove that a sequence

generated by the algorithm converges strongly to such common element which also approximates

solution of some fixed point problem of demimetric mapping in the space. Finally, some applica-

tions and numerical experiment are given to show effectiveness of the proposed algorithm over the

recently known related results in the literature. The established results extend and generalize many

recent ones announced in the literature.
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Introduction

Let H1 and H2 be two real Hilbert spaces. Let C and Q be nonempty, closed and con-

vex subsets of H1 and H2, respectively. A mapping T : C → H is called nonexpansive if

‖Tu − Tv‖ ≤ ‖u − v‖ for all u, v ∈ C. Let F(T) denotes the fixed point set of T, i.e.

F(T) = {u ∈ C : u = Tu}.

The theory of variational inequalities which was first studied by G. Grillo and G. Stam-

pacchia [15] is one of the important tool in the study of different classes of problems arising

in several branches of pure and applied sciences in a unified and general framework. There

are currently many efficient methods for solving variational inequalities in the literature (see,

e.g., [1–3, 10, 11, 13, 15, 17, 32] and the references therein).

Let A : C → H be a nonlinear mapping. The variational inequality problem (VIP for short)

associated with C and A is defined as follows:

find u∗ ∈ C such that 〈Au∗, u∗ − u〉 ≤ 0 ∀ u ∈ C. (1)
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In particular, if C in VIP (1) is replaced with the set F(T) of fixed points of a nonexpansive

self mapping T on C and A is of the form A := I − S, where I denotes the identity mapping

on C and S is a nonexpansive self map of C, then VIP (1) is of the form

find u∗ ∈ C such that 〈u∗ − Su∗, u∗ − u〉 ≤ 0 ∀ u ∈ F(T). (2)

This problem (2) is called hierarchical fixed point problem (HFPP for short) which was first

introduced and studied by A. Moudafi and P.-E. Mainge [22].

Let Θ := {u∗ ∈ C : (PF(T) ◦ S)u∗ = u∗} denotes the solution of HFPP (2). Then finding

solution of (2) is equivalent of solving the fixed point problem:

find u∗ ∈ C such that u∗ = (PF(T) ◦ S)u∗. (3)

Furthermore, observe that by employing the normal cone NF(T) of F(T) defined by

NF(T) =

{

{w ∈ H : 〈w, v − u〉 ≤ 0, ∀ v ∈ F(T)}, if u ∈ F(T),

∅, otherwise,

it can easily be proved that the HFPP (2) is equivalent to the following variational inclusion

problem: find u∗ ∈ C such that 0 ∈ NF(T)u
∗ + (I − S)u∗. We know that HFPP (2) includes

as special case a variational inequality problem over a fixed point set, that is, the so called

hierarchical variational inequality problem (HVIP for short). In fact, if F is k-strongly mono-

tone and L-Lipschitzian with γ ∈ (0, 2k/L2), then by setting S = I − γF we get the following

HVIP studied by I. Yamada and N. Ogura [32]: find u∗ ∈ F(T) such that 〈Fu∗, u∗ − u〉 ≤ 0

for all u ∈ F(T). Based on the relation (3), the HFPP (2) is noted to have an iterative algo-

rithm xn+1 = (PF(T) ◦ S)xn. If the mapping S is averaged rather than just a nonexpansive and

the fixed point of PF(T) ◦ S exists, then the algorithm converges. This method is observed to

have disadvantage due to some difficulty in computing the operator PF(T) ◦ S. To overcome

the difficulty, A. Moudafi [23] introduced the following Krasnoselski-Mann type algorithm for

solving HFPP (2)

xn+1 = (1 − αn)xn + αn

(

σnSxn + (1 − σn)Txn

)

, ∀ n ≥ 0,

where {αn} and {σn} are two real sequences in (0, 1). It is worthy to note that some algo-

rithms in signal processing and image reconstruction can be written as the Krasnoselski-Mann

iterative algorithm, which provides a unified frame for analysing various concrete algorithms

(see, e.g., [8,12,33]). Since then, many researchers developed and analysed iterative algorithms

for finding common element of solution sets of HFPP (2) and other problems. For example,

K.R. Kazmi et al. [18] developed and analysed the following Krasnoselski-Mann type algo-

rithm














x0 ∈ C,

un = (1 − αn)xn + αn
(

σnSxn + (1 − σn)Txn
)

,

xn+1 = U
(

un + γA∗(V − I)Aun

)

∀ n ≥ 0,

(4)

where U = TF
rn
(I − rn f ), V = TG

rn
(I − rng), F : C × C → R and G : Q × Q → R are bifunctions,

f : H1 → H1 and g : H2 → H2 are θ1 and θ2 inverse strongly monotone mappings respec-

tively, S, T : C → C are nonexpansive with step size λ ∈ (0, 1/||A||2) and {αn}, {σn} are real

sequences in (0, 1) satisfying:
∞

∑
n=0

σn < ∞, lim
n→∞

||xn − un||/(αnσn) = 0 and lim inf
n→∞

rn > 0.
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They proved that the algorithm (4) approximates to a common element in the solution sets

of the HFPP (2) and the following split mixed equilbrium problem of finding x ∈ C such that

F(x∗, x) + 〈 f x∗, x − x∗〉 ≥ 0, ∀ x ∈ C,

and such that y∗ = Ax∗ ∈ Q solves

G(y∗, y) + 〈gy∗, y − y∗〉 ≥ 0, ∀ y ∈ Q.

In another development, they extended their study to include the following split monotone

variational inclusion problem (SMVIP for short) which was first introduced and studied by

A. Moudafi [21]:

find x∗ ∈ H1 such that 0 ∈ f (x∗) + M(x∗) (5)

and such that

y∗ = Ax∗ ∈ H2 solves 0 ∈ g(y∗) + N(y∗), (6)

where M : H1 → 2H1 and N : H2 → 2H2 are multi-valued maximal monotone mappings,

A : H1 → H2 is a bounded linear operator. Let the solution set of the SMVIP (5)–(6) be

denoted by Ω, i.e. Ω = {x∗ ∈ H1 : x∗ ∈ Sol(MVIP (5)) and Ax∗ ∈ Sol(MVIP (6))}. They

prove that the sequence {xn} iteratively generated by















x0 ∈ H1,

un = (1 − αn)xn + αn(σnSxn + (1 − σn)Txn),

xn+1 = U(un + γA∗(V − I)Aun) ∀ n ≥ 0,

(7)

converges weakly to x ∈ Θ ∩ Ω, where U = JM
λ (I − λ f ), V = JN

λ (I − λg) and λ ⊂ (0, α) with

α = 2 min{θ1, θ2}.

J.K. Kim and P. Majee [19] modified algorithm (4) by replacing the nonexpansive self map-

ping T with averaged of finite family {Ti}
N
i=1 of ki-strictly pseudocontractive non-self map-

pings and choosing a step size that does not require prior knowledge of the operator norm.

They proved that the algorithm















x0 ∈ C,

un = (1 − αn)xn + αn(τnSxn + (1 − τn)Tn
N Tn

N−1 . . . Tn
1 xn),

xn+1 = U(un + γA∗(V − I)Aun) ∀n ≥ 1,

(8)

approximates to a common solution of the split mixed equilibrium problem and hierarchical

fixed point problem. To speed up the rate of convergence of algorithm (8), P. Chuasuk and

A. Kaewcharoen [9] recently proposed and analysed the following inertial Krasnoselki-Mann

type algorithm for approximating a common solution of a hierarchical fixed point problems for

k-strictly pseudocontractive non-self mappings and the split generalized mixed equilibrium























x0, x1 ∈ C,

wn = xn + θn(xn − xn−1),

un = (1 − αn)wn + αn(βnSwn + (1 − βn)TN
n TN−1

n . . . T1
nwn),

xn+1 = U(un + δn A∗(V − I)Aun) ∀ n ≥ 1,
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with step size δn := σn‖(TG
rn
(I − rng) − I)Aun‖2/‖A∗(TG

rn
(I − rng) − I)Aun‖2. Very recently,

D.-J. Wen [31] modified algorithm (7) by replacing the nonexpansive self mapping T with

(1 − µnD) and prove that the sequence {xn} iteratively generated by














x0 ∈ H1,

un = (1 − αn)xn + αn(σnSxn + (1 − σn)(1 − µnD)xn),

xn+1 = U(un + γA∗(V − I)Aun) ∀ n ≥ 0,

(9)

converges strongly to an element of Θ ∩ Ω, where D is a strong monotone operator and {µn}

is a positive real sequence satisfying: lim
n→∞

µn = 0,
∞

∑
n=0

µn = ∞ and lim
n→∞

(µn − µn−1)/µn = 0.

Motivated and inspired by the results of A. Moudafi [21], K.R. Kazmi et al. [18], P. Chuasuk

and A. Kaewcharoen [9], K.P. Kim and K. Majee [19] and D.-J. Wen [31], we introduce a new

accelerated extrapolation Krasnoselski-Mann type algorithm (see algorithm 1 below) for find-

ing common element in the solution set of the HFPP and SMVIP which also approximates

some solution of fixed point problem of demimetric mapping in the setting of real Hilbert

spaces. In respect to this, the following motivations that signify the contributions of our pro-

posed method (algorithm) are highlighted:

(a) the proposed method involves inertia term that speed up the convergence rate;

(b) the implementation of our iterative algorithm does not need any prior knowledge about

bounded linear operator norms;

(c) the algorithm involves a class of demimetric mappings which is known to include as spe-

cial cases, many important classes of nonlinear mappings such as nonexpansive, quasi-

nonexpansive and demicontractive etc. (see [28] for more details);

(d) the established result extend and generalize the corresponding ones in A. Moudafi [21]

and K.R. Kazmi et. al. [18], from weak convergence to strong convergence;

(e) the result improved the corresponding ones in D.-J. Wen [31] and K.P. Kim and K. Ma-

jee [19], in the sense that it solves some fixed point problem of demimetric mapping in

addition to HFPP and SMVIP with faster rate of convergence;

(f) as application, we used our proposed algorithm to solve the split variational inequality

problem and split convex minimization problem;

(g) finally, we give numerical example to illustrate the convergence behaviour of our pro-

posed algorithm with efficiency over some related results in literature.

1 Preliminaries

Throughout this section, the symbols “→” and “⇀” represent the strong and weak conver-

gences, respectively. A mapping T : C → H is called

(1) L-Lipschitz continuous with L > 0 if for all x, y ∈ C

‖Tx − Ty‖ ≤ L‖x − y‖;

if L = 1, then T is called nonexpansive;
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(2) quasi-nonexpansive if ‖Tx − y‖ ≤ ‖x − y‖ for all x ∈ C, y ∈ F(T);

(3) generalized hybrid [20] if there exist α, β ∈ R such that

α‖Tx − Ty‖2 + (1 − α)‖x − Ty‖2 ≤ β‖Tx − y‖2 + (1 − β)‖x − y‖2, ∀ x, y ∈ C;

(4) h-demicontractive [16] if F(T) 6= ∅ and there exists h ∈ [0, 1) such that

‖Tx − y‖2 ≤ ‖x − y‖2 + h‖x − Tx‖2 for all x ∈ C, y ∈ F(T);

(6) h-demimetric [27] if F(T) 6= ∅ and there exists h ∈ (−∞, 1) such that for any x ∈ C and

y ∈ F(T), we have

〈x − y, x − Tx〉 ≥
1 − h

2
‖x − Tx‖2.

Observe that (1, 0)-generalized hybrid mapping is nonexpansive and every generalized hy-

brid mapping with nonempty fixed point set is quasi-nonexpansive. Also, the class of h-de-

micontractive covers that of nonexpansive and quasi-nonexpasive. The class of h-demimet-

ric mappings includes that of h-demicontractive and generalized hybrid mappings as special

cases. In fact, every generalized hybrid mapping with nonempty fixed point is a 0-demimetric

mapping.

Definition 1. Let B be a nonlinear operator from H into H and x, y ∈ H. Then B is said to be

(a) monotone if 〈Bx − By, x − y〉 ≥ 0;

(b) α-inverse strongly monotone, if there exists α > 0 such that 〈Bx−By, x−y〉≥α‖Bx−By‖2 ;

(c) β-strongly monotone if there exists a constant β > 0 such that 〈Bx−By, x−y〉≥β‖x−y‖2 .

The variational inequality problem introduced and studied by G. Grillo and G. Stampacchia

[15] is to find u ∈ C such that 〈Bu, v − u〉 ≥ 0 for all v ∈ C, where C is a nonempty closed and

convex subset of H. We denot the set of solution of variational inequality problem by VI(C, B).

Note that if B is α-inverse strongly monotone mapping, then:

(i) B is monotone and 1/α-Lipschitz continuous;

(ii) I − λB : C → H is nonexpansive for any λ ∈ (0, 2α).

See [5, 29] for more results of inverse strongly monotone mapping.

If the operator B is multivalued, that is B : H → 2H with effective domain denoted by

D(B) := {x ∈ H : Bx 6= ∅}, then B is said to be monotone operator on H if 〈x − y, u − v〉 ≥ 0

for x, y ∈ D(B), u ∈ Bx, v ∈ By. A monotone operator B on H is said to maximal if its graph is

not contained in the graph of any other monotone operator on H. For any maximal monotone

operator B on H and r > 0, we define a single-valued operator called resolvent operator of B

for r as Jr := (I + rB)−1 : H → D(B) . It is well known that the resolvent operator Jr of B for

r > 0 is firmly nonexpansive that is

‖Jrx − Jry‖
2 ≤ 〈x − y, Jrx − Jry〉 ∀ x, y ∈ H.

And the set of null points of B is defined as B−10 = {z ∈ H : 0 ∈ Bz}. It is known that

B−10 = F(Jr) and B−10 is closed and convex (see [26]).
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Definition 2 ([7,22]). A sequence {Bn} of maximal monotone mappings defined on H is said to

be graph convergent to B if {graph(Bn)} converges to {graph(B)} in the sense of Kuratowski-

Painleve’s, i.e. lim sup
n→∞

graph(Bn) ⊂ graph(B) ⊂ lim inf
n→∞

graph(Bn).

Lemma 1 ([7]).

(1) Let B be a maximal monotone mapping on H, then {tnB} graph converges to NB−1(0) as

tn → 0 provided that B−1(0) 6= ∅.

(2) Let {Bn} be a sequence of maximal monotone mappings on H which graph converges

to B defined on H. If A is a Lipschitz maximal monotone operator on H, then {A + Bn}

graph converges to A + B and A + B is maximal monotone.

Lemma 2 ([29]). Let H be a real Hilbert space. Then for all x, y ∈ H and α ∈ R, the following

hold:

(1) ‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉;

(2) ‖αx + (1 − α)y‖2 = α‖x‖2 + (1 − α)‖y‖2 − α(1 − α)‖x − y‖2.

Lemma 3 ([14]). Let T : C → H be a nonexpansive mapping, then T is demiclosed on C in

the sense that if {xn} converges weakly to x ∈ C and {xn − Txn} converges strongly to 0 then

x ∈ F(T).

Lemma 4 ([28,30]). Let H be a Hilbert space and let C be a nonempty, closed and convex subset

of H. Let k ∈ (−∞, 0) and let T be a k-demimetric mapping of C into H such that F(T) 6= ∅.

Let λ be a real number with 0 < λ ≤ 1 − k and defined S = (1 − λ) + λT. Then:

(i) F(T) = F(S);

(ii) F(T) is closed and convex;

(iii) S is a quasi-nonexpansive mapping of C into H.

The following lemmas play key role in the prove of our main results.

Lemma 5 ([4]). Let H be a real Hilbert space and F : H → H a β-strongly monotone and

L-Lipschitz continuous mapping on H. If α ∈ (0, 1), η ∈ [0, 1 − α] and µ ∈ (0, 2β/L2), then for

all x, y ∈ H, we have

‖[(1 − η)x − αµF(x)] − [(1 − η)y − αµF(y)]‖ ≤ (1 − η − αδ)‖x − y‖,

where δ = 1 −
√

1 − µ(2β − µL2) ∈ (0, 1].

Lemma 6 ([25]). Let {an} be a sequence of nonnegative real numbers, {αn} be a sequence of

real numbers in (0, 1) with condition
∞

∑
n=1

αn = ∞ and {bn} be a sequence of real numbers.

Assume that

an+1 ≤ (1 − αn)an + αnbn ∀ n ≥ 1.

If lim sup
k→∞

bnk
≤ 0 for every subsequence {ank

} of {an} satisfying the condition

lim inf
k→∞

(ank+1 − ank
) ≥ 0, then lim

n→∞
an = 0.
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2 Main results

We begin this with the following assumptions under which the strong convergence results

are established.

Assumption 1. Let H1 and H2 be two real Hilbert spaces and C and Q nonempty closed and

convex subsets of H1 and H2, respectively. Suppose the following conditions are satisfied:

(C1) E : H1 → 2H1 and G : H2 → 2H2 are maximal monotone operators with resolvents

JE
µ = (I + µE)−1 and TG

µ = (I + µG)−1 for E and G, respectively; f : C → H1 and

g : Q → H2 are α1- and α2- inverse strongly monotone mappings; U := JE
µ (I − µ f ) and

V = TG
µ (I − µg), where µ ∈ (0, α), α := min{2 min{α1, α2}, 1}, and S, T : C → C are

nonexpansive mappings; A : H1 → H2 is a bounded linear operator such that A 6= 0;

(C2) F : H1 → H1 is β-strongly monotone and L-Lipschitz continuous operator on H1 with

L > 0 such that τ = 1 −
√

1 − η(2β − ηL2), where η ∈ (0, 2β/L2);

(C3) W : H1 → H1 is an h-demimetric mapping with h ∈ (−∞, 1) such that W is demiclosed

at zero and K := (1 − κ) + κW, where κ ∈ (0, 1 − h);

(C4) {cn} is a positive sequence with cn = ◦(γn), {βn} ⊂ (γ, 1 − γn) for some γ > 0, a

sequence {γn} ⊂ (0, 1) satisfies lim
n→∞

γn = 0,
∞

∑
n=1

γn = ∞ and {ζn} is a sequence in (0, 1)

such that ζn ∈ [a, b] ⊂ (0, 1);

(C5) solution set Γ = Θ ∩ Ω ∩ F(W) is nonempty.

In this section, using accelerated extrapolation Krasnoselski-Mann type method, a mod-

ified iterative algorithm for solving hierarchical fixed point and split monotone variational

inclusion problems is constructed. It also approximates some solution of fixed point problem

of demimetric mapping.

Algorithm 1.

Initialization. Choose x0, x1 ∈ H1 to be arbitrary.

Iterative Steps. Calculate xn+1 as follows.
Step 1. Given the iterates xn−1 and xn for each n ≥ 1, choose θn such that 0 ≤ θn ≤ θ̄n,

where

θ̄n =

{

min{θ, cn/‖xn − xn−1‖}, if xn 6= xn−1,

0, otherwise.
(10)

Step 2. Compute















wn = xn + θn(xn − xn−1),

vn = (1 − αn)wn + αn(σnSwn + (1 − σn)Twn),

un = U(vn − λn A∗(I − V)Avn),

(11)

where {αn} and {σn} are real sequences in (0, 1) and for any fixed value ǫ > 0, the step

size λn is chosen as follows

0 < ǫ ≤ λn ≤
‖(I − V)Avn‖2

‖A∗(I − V)Avn‖2
− ǫ, (12)

if Avn 6= VAvn , otherwise λn = λ, λ ≥ 0.
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Step 3. Compute

{

zn = (1 − ζn)Kun + ζnun,

xn+1 = βnxn + (1 − βn)zn − γnηF(zn), n ∈ N.
(13)

Set n := n + 1 and return to Step 1.

Remark. We know that from (C4) of Assumption 1, cn = o(γn), i.e. limn→∞ cn/γn = 0.

Also, from (10), θn ≤ θ̄n ≤ cn/‖xn − xn−1‖ for all n ≥ 1 and xn 6= xn−1. This implies

θn ≤ cn/‖xn − xn−1‖. Thus,

θn

αn
‖xn − xn−1‖ ≤

cn

αn
→ 0 as n → ∞. (14)

We begin with the following lemma that the step size of Algorithm 1 is well-defined.

Lemma 7. The step size in (12) is well-defined.

Proof. By (C1) of Assumption 1, is easy to see that (I − rng) and TG
rn

are nonexpansive map-

pings. Hence V := TG
rn
(I − rng) is also nonexpansive mapping. Since by (C5), Γ 6= ∅, let p ∈ Γ,

then VAp = Ap, so V is nonexpansive mapping with nonempty fixed point, which means that

V is 0-demimetric mapping, thus

‖vn − p‖‖A∗(Avn − VAvn)‖ ≥ 〈vn − p, A∗(Avn − VAvn)〉

= 〈Avn − Ap, Avn − VAvn〉 ≥
1

2
‖Avn − VAvn‖

2.
(15)

If Avn 6= VAvn , then ‖Avn − VAvn‖ > 0, so from (15) we have ‖un − p‖‖Aun − VAun‖ > 0.

Hence, ‖A∗(Avn − VAvn)‖ 6= 0 and therefore the step size λn in (12) is well-defined.

Next, we show that the sequence defined by Algorithm 1 is bounded.

Lemma 8. Let {xn} be the sequence generated by Algorithm 1 such that Assumption 1 holds,

then {xn} is bounded.

Proof. Let p ∈ Γ, from (11) of Step 2, we have

‖vn − p‖ = ‖(1 − αn)wn + αn(σnSwn + (1 − σn)Twn)− p‖

≤ (1 − αn)‖wn − p‖+ αn(σn‖Sw − n‖+ (1 − σn)‖Twn − p‖) ≤ ‖wn − p‖.
(16)

But

‖wn − p‖ = ‖xn + θn(xn − xn−1)− p‖

≤ ‖xn − p‖+ θn‖xn − xn−1‖ = ‖xn − p‖+ γn.
θn

γn
‖xn − xn−1‖.

We know from (14) that {(θn/γn)‖xn − xn−1‖} converges to zero as n → ∞. Therefore, it is

bounded and so there exists M > 0 such that (θn/γn)‖xn − xn−1‖ ≤ M for all n 6= 1. Hence,

‖wn − p‖ ≤ ‖xn − p‖+ γnM. (17)

It follows from (16) and (17) that

‖vn − p‖ ≤ ‖xn − p‖+ γnM. (18)



166 Ugwunnadi G.C., Haruna L.Y., Harbau M.H.

Also, from the step size λn in (12), we have

λn ≤
‖Avn − VAvn‖2

‖A∗(Avn − VAvn)‖2
− ǫ

if and only if

ǫ‖A∗(Avn − VAvn)‖
2 ≤ ‖Avn − VAvn‖

2 − λn‖A∗(1 − V)Avn‖
2. (19)

Thus with left side of λn in (12) and (19), we get

ǫ2‖A∗(Avn − VAvn)‖
2
< λnǫ‖A∗(Avn − VAvn)‖

2

≤ λn
[

‖Avn − VAvn‖
2 − λn‖A∗(I − V)Avn‖

2
]

.
(20)

Using the fact that p ∈ Γ, we have Up = p and VAp = Ap. Now let yn = vn − λn A∗(I −V)Avn

so that with the condition that V is 0-demimetric, (19) and (20), we get

‖yn − p‖2 = ‖vn − λn A∗(I − V)Avn − p‖2

= ‖vn − p‖2 − 2λn〈vn − p, A∗(I − V)Avn〉+ ‖λn A∗(I − W)Avn‖
2

= ‖vn − p‖2 − 2λn〈Avn − Ap, (I − V)Avn〉+ λ2
n‖A‖2‖(I − V)Avn‖

2

≤ ‖vn − p‖2 − λn‖(I − V)Avn‖
2 + λ2

n‖A∗(I − V)Avn‖
2

= ‖vn − p‖2 − λn

(

‖Avn − VAvn‖
2 − λn‖A∗(1 − V)Avn‖

2
)

≤ ‖vn − p‖2 − ǫ2‖A∗(Avn − VAvn)‖
2 (21)

≤ ‖vn − p‖2. (22)

Using the fact that U = JE
µ (I − µ f ), where JE

µ is nonexpansive and f is α1-inverse strongly

monotone mapping, we get

‖n−p‖2 = ‖Uyn − Up‖2 = ‖JE
µ (I − µ f )yn − JE

µ (I − µ f )p‖2

≤ ‖yn − p − µ( f (yn)− f (p))‖2

= ‖yn − p‖2 + µ2‖ f (yn)− f (p)‖2 − 2µ〈yn − p, f (yn)− f (p)〉

≤ ‖yn − p‖2 − µ(2α1 − µ)‖ f (yn)− f (p)‖2 (23)

≤ ‖yn − p‖2. (24)

It follows from (18), (22) and (24) that

‖un − p‖ ≤ ‖xn − p‖+ γnM. (25)

And combining (21) and (23), we obtain

‖un − p‖2 ≤ ‖vn − p‖2 − ǫ2‖A∗(Avn − VAvn)‖
2 − µ(2α1 − µ)‖ f (yn)− f (p)‖2 . (26)

Also, using (C3), Lemma 4 and (25), we obtain

‖zn − p‖ = ‖(1 − ζn)Kun + ζnun − p‖

≤ (1 − ζn)‖Kun − p‖+ ζn‖xn − p‖ = ‖un − p‖ ≤ ‖xn − p‖+ γnM.
(27)
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Similarly, with the use of Lemma 5, (13) and (27), we have

‖xn+1 − p‖ = ‖βnxn + (1 − βn)zn − γnµF(zn)− p‖

= ‖(1 − βn)zn − γnηF(zn)− [(1 − βn)p − γnηF(p)] + βn(xn − p)− γnηF(p)‖

≤ ‖(1 − βn)zn − γnηF(zn)− [(1 − βn)p − γnηF(p)]‖ + βn‖xn − p‖+ γnµ‖F(p)‖

≤ (1 − βn − γnτ)‖zn − p‖+ βn‖xn − p‖+ γnη‖F(p)‖

≤ (1 − βn − γnτ)[‖xn − p‖+ γnM] + βn‖xn − p‖+ γnη‖F(p)‖

≤ (1 − γnτ)‖xn − p‖+ γnM + γnη‖F(p)‖

= (1 − γnτ)‖xn − p‖+ γnτ
M + η‖F(p)‖

τ

≤ max{‖xn − p‖, τ−1(M + µ‖F(p)‖)}.

Thus, by induction for all n ≥ 1 we obtain ‖xn − p‖ ≤ max{‖x1 − p‖, τ−1(M + µ‖F(p)‖)}.

Therefore, {xn} is bounded. Hence, the sequences {Sxn}, {Txn}, {wn}, {vn}, {un} and {zn}

are all bounded. This completes the proof.

Lemma 9. Let {xn} be the sequence generated by Algorithm 1 such that Assumption 1 holds,

then for any p ∈ Γ, the following relations hold:

‖xn+1 − p‖2 ≤ (1 − γnτ)‖xn − p‖2 + θn‖xn − xn−1‖
2 + 2γnη〈F(p), p − xn+1〉

− (1 − βn − γnτ)(1 − ζn)[αn(1 − αn)‖wn − Tnwn‖
2 + ǫ2‖A∗ ((I − V)Avn) ‖

2

+ ζn‖Kun − xn‖
2 − η(2α1 − µ)‖ f (yn)− f (p)‖2 ]

and

‖xn+1 − p‖2 ≤ (1 − γnτ)‖xn − p‖2 + θn‖xn − xn−1‖
2

+ 2γnη〈F(p), p − xn+1〉+ 2αnσn(1 − βn − γnτ)〈p − Sp, Tnwn − p〉,

where Tn = σnS + (1 − σn)T.

Proof. Let Tn = σnS + (1 − σn)T. So for p ∈ Γ we get

‖Tnwn − p‖2 = ‖σn(Swn − p) + (1 − σn)(Twn − p)‖2

= σn‖Swn − p‖2 + (1 − σn)‖Twn − p‖2 − σn(1 − σn)‖Swn − Twn‖
2

≤ ‖wn − p‖2 − σn(1 − σn)‖Swn − Twn‖
2 (28)

≤ ‖wn − p‖‖2. (29)

But

‖wn − p‖2 = ‖xn − p + θn(xn − xn−1)‖
2

= ‖xn − p‖2 + 2θn〈xn − p, xn − xn−1〉+ θ2
n‖xn − xn−1‖

2

≤ ‖xn − p‖2 + 2θn‖xn − p‖‖xn − xn−1‖+ θ2
n‖xn − xn−1‖

2le‖xn − p‖2

+ θn‖xn − xn−1‖[2‖xn − p‖+ θn‖xn − xn−1‖]

≤ ‖xn − p‖2 + θn‖xn − xn−1‖M1

(30)

for some constant M1 > 0. It follows from (29) and (30) that

‖Tnwn − p‖2 ≤ ‖xn − p‖2 + θn‖xn − xn−1‖M1.
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Also, using (29), we obtain

‖vn − p‖2 = ‖(1 − αn)(wn − p) + αn(Tnwn − p)‖2

≤ ‖wn − p‖2 − αn(1 − αn)‖wn − Tnwn‖
2

≤ ‖xn − p‖2 + θn‖xn − xn−1‖M1 − αn(1 − αn)‖wn − Tnwn‖
2.

(31)

It follows from (26) and (31) that

‖un − p‖2 ≤ ‖xn − p‖2 + θn‖xn − xn−1‖M1 − αn(1 − αn)‖wn − Tnwn‖
2

− ǫ2‖A∗((I − V)Avn)‖
2 − µ(2α1 − µ)‖ f (yn)− f (p)‖2 .

(32)

And by Lemmas 2 and 4, we obtain

‖zn − p‖2 = ‖(1 − ζn)Kun + ζnun − p‖2

= (1 − ζn)‖Kun − p‖2 + ζn‖un − p‖2 − ζn(1 − ζn)‖Kun − un‖
2

≤ ‖un − p‖2 − ζn(1 − ζn)‖Kun − un‖
2 (33)

≤ ‖un − p‖2. (34)

Combining (32) and (33), we obtain

‖zn − p‖2 ≤ ‖xn − p‖2 + θn‖xn − xn−1‖M1 − (1 − ζn)[αn(1 − αn)‖wn − Tnwn‖
2

+ ǫ2‖A∗((I − V)Avn)‖
2 + ζn‖Kun − un‖

2 + µ(2α1 − µ)‖ f (yn)− f (p)‖2 ].
(35)

On the other hand, by using Lemma 2, we obtain

‖Tnwn − p‖2 = ‖σn(Swn − Sp) + (1 − σn)(Tw − n − p) + σn(Sp − p)‖2

≤ ‖σn(Swn − Sp) + (1 − σn)(Tw − n − p)‖2 + 2σn〈p − Sp, Tnwn − p〉

≤ σn‖Swn − p‖2 + (1 − σn)‖Twn − p‖2 + 2σn〈p − Sp, Tnwn − p〉

≤ ‖wn − p‖2 + 2σn〈p − Sp, Tnwn − p〉.

(36)

Also, with the use of (30) and (36), we get

‖vn − p‖2 = ‖(1 − αn)(wn − p) + αn(Tnwn − p)‖2

≤ (1 − αn)‖wn − p‖2 + αn‖Tnwn − p‖2

≤ (1 − αn)‖wn − p‖2 + αn[‖wn − p‖2 + 2σn〈p − Sp, Tnwn − p〉]

= ‖wn − p‖2 + 2αnσn〈p − Sp, Tnwn − p〉

≤ ‖xn − p‖2 + θn‖xn − xn−1‖M1 + 2αnσn〈p − Sp, Tnwn − p〉.

(37)

It follows from (24) and (37) that

‖un − p‖2 ≤ ‖xn − p‖2 + θn‖xn − xn−1‖M1 + 2αnσn〈p − Sp, Tnwn − p〉. (38)

Combining (34) and (38), we obtain

‖zn − p‖2 ≤ ‖xn − p‖2 + θn‖xn − xn−1‖M1 + 2αnσn〈p − Sp, Tnwn − p〉. (39)
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Similarly, using (13), Lemma 5, (C1) and (C2), we obtain

‖xn+1 − p‖2 = ‖βnxn + (1 − βn)zn − γnηF(zn)− p‖2

= ‖[(1 − βn)zn − γnηF(zn)]− [(1 − βn)p − γnηF(p)] + βn(xn − p)− γnηF(p)‖2

≤ ‖[(1 − βn)zn − γnηF(zn)]− [(1 − βn)p − γnηF(p)] + βn(xn − p)‖2

+ 2γnη〈F(p), p − xn+1〉

≤ {‖[(1 − βn)zn − γnηF(zn)]− [(1 − βn)p − γnηF(p)]‖ + βn‖xn − p‖}2

+ 2γnη〈F(p), p − xn+1〉

≤ {(1 − βn − γnτ)‖zn − p‖+ βn‖xn − p‖}2 + 2γnη〈F(p), p − xn+1〉

≤ (1 − βn − γnτ)‖zn − p‖2 + βn‖xn − p‖2 + 2γnη〈F(p), p − xn+1〉.

(40)

It follows from (35) and (40) that

‖xn+1 − p‖2 ≤ (1 − βn − γnτ)[‖xn − p‖2 + θn‖xn − xn−1‖M1] + βn‖xn − p‖2

+ 2γnη〈F(p), p − xn+1〉 − (1 − ζn)(1 − βn − γnτ)

× [αn(1 − αn)‖wn − Tnwn‖
2 + ǫ2‖A∗((I − V))Avn‖

2

+ ζn‖Kun − un‖
2 − µ(2α1 − µ)‖ f (yn )− f (p)‖2 ] (41)

≤ (1 − γnτ)‖xn − p‖2 + θn‖xn − xn−1‖M1 + 2γnη〈F(p), p − xn+1〉

− (1 − ζn)(1 − βn − γnτ)[αn(1 − αn)‖wn − Tnwn‖
2

+ ǫ2‖A∗((I − V))Avn‖
2 + ζn‖Kun − un‖

2

− µ(2α1 − µ)‖ f (yn)− f (p)‖2 ].

It also follows from (39) and (40) that

‖xn+1 − p‖2 ≤ (1 − βn − γnτ)[‖xn − p‖2 + θn‖xn − xn−1‖M1

+ 2αnσn〈p − Sp, Tnwn − p〉] + βn‖xn − p‖2 + 2γnη〈F(p), p − xn+1〉

≤ (1 − γnτ)‖xn − p‖2 + θn‖xn − xn−1‖M1

+ 2γnη〈F(p), p − xn+1〉+ 2αnσn(1 − βn − γnτ)〈p − Sp, Tnwn − p〉.

(42)

Hence inequalities (41) and (42) yield the result. This completes the proof.

Theorem 1. Let Assumption 1 holds. Then the sequence {xn} generated by Algorithm 1 con-

verges strongly to an element p ∈ Γ, where p is a unique solution of the hierarchical fixed point

problem (2).

Proof. From (42) we see that ‖xn+1 − p‖2 ≤ (1 − γnτ)‖xn − p‖2 + γnτSn, where

Sn =
[ θn

τγn
‖xn − xn−1‖M1 +

2η

τ
〈F(p), p − xn+1〉+

αnσn(1 − βn − γnτ)

γnτ
〈p − Sp, Tnwn − p〉

]

.

Let p ∈ Γ, then following Lemmas 5 and 9, we only need to show that lim sup
i→∞

Sni
≤ 0 for

every subsequence {‖xni
− p‖} of {‖xn − p‖} satisfying lim inf

i→∞
(‖xni+1 − p‖ − ‖xni

− p‖) ≥ 0.

But from (41), we see that

‖xni+1 − p‖2 ≤ (1 − γni
τ)‖xni

− p‖2 + θni
‖xni

− xni−1‖M1 + 2γni
η〈F(p), p − xni+1〉

− αni
(1 − αni

)(1 − βni
− γni

τ)(1 − ζni
)||wni

− Tni
wni

||2

− ζni
(1 − ζni

)||Kuni
− uni

||2
(43)
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and

‖xni+1 − p‖2 ≤ (1 − γni
τ)‖xni

− p‖2 + θni
‖xni

− xni−1‖M1 + 2γni
η〈F(p), p − xni+1〉

− (1 − βni
− γni

τ)(1 − ζni
)
[

ǫ2‖A∗((I − V)Avni
)‖2

+ µ(2α1 − µ)‖ f (yni
)− f (p)‖2

]

.

(44)

Let {‖xni
− p‖} be a subsequence of {‖xn − p‖} such that lim inf

i→∞
(‖xni+1 − p‖− ‖xni

− p‖) ≥ 0

holds, then

lim inf
i→∞

(‖xni+1 − p‖2 − ‖xni
− p‖2)

= lim inf
i→∞

{(‖xni+1 − p‖+ ‖xni
− p‖)(‖xni+1 − p‖ − ‖xni

− p‖)} ≥ 0.
(45)

Combining (43) and (45), we obtain

lim sup
i→∞

αni
(1 − αni

)(1 − βni
− γni

τ)‖wni
− Tni

wni
‖2 + ζni

(1 − ζni
)‖Kuni

− uni
‖2

≤ lim sup
i→∞

[‖xni+1 − p‖2 − ‖xni
− p‖2]

+ lim sup
i→∞

[

γni

{

βni

θni

γni

‖xni
− xni+1‖M1 − τ‖xni

− p‖2 + γ‖F(p)‖‖p − xni+1‖
}]

= −lim inf
i→∞

[‖xni+1 − p‖2 − ‖xni
− p‖2] ≤ 0.

This implies that

lim
i→∞

‖wni
− Tni

wni
‖ = 0 = lim

i→∞
‖Kuni

− uni
‖. (46)

Similarly, combining (44) and (45), we get

lim sup
i→∞

(1 − βni
− γni

τ)(1 − ζni
)ǫ2‖A∗((I − V)Avni

)‖2 + µ(2α1 − µ)‖ f (yni
)− f (p)‖2

≤ lim sup
i→∞

[‖xni+1 − p‖2 − ‖xni
− p‖2]

+ lim sup
i→∞

[

γni

{ θni

γni

‖xni
− xni+1‖M1 − τ‖xni

− p‖2 + γ‖F(p)‖‖p − xni+1‖
}]

= −lim inf
i→∞

[‖xni+1 − p‖2 − ‖xni
− p‖2] ≤ 0.

This implies that

lim
i→∞

‖A∗((I − V)Avni
)‖ = 0 = lim

i→∞
‖ f (yni

)− f (p)‖. (47)

Thus, from (15) and with boundedness of {vn}, there exists M2 > 0 such that ||vn − p|| ≤ M2,

then

‖Avn − VAvn‖
2 ≤ 2M2‖A∗(Avn − VAvn)‖. (48)

Combining (47) and (48), we obtain lim
i→∞

‖Avni
− VAvni

‖2 = 0. So,

lim
i→∞

‖Avni
− VAvni

‖ = 0. (49)

From (11) and (46), we get

lim
i→∞

‖wni
− vni

‖ = lim
i→∞

αni
‖wni

− Tni
wni

‖ = 0. (50)
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It follows from (10) and (11) that

‖wni
− xni

‖ = θni
‖xni

− xni−1‖ = γni
·

θni

γni

‖xni
− xni−1‖ → 0 as i → ∞. (51)

Also, from (50) and (51) we obtain

lim
i→∞

‖xni
− vni

‖ = 0. (52)

Since yn := vn − λn A∗((I − V)Avn), then using (12), (47) and (49), we get

lim
i→∞

‖yni
− vni

‖ = 0. (53)

Thus, with U := JE
µ (I − µ f ) and JE

µ been firmly nonexpansive mappings, we have

2‖un − p‖2 = 2‖Uyn − Up‖2 = 2‖JE
µ (I − µ f )(yn)− JE

µ (I − µ f )(p)‖2

≤ 2〈(I − µ f )yn − (I − µ f )p, un − p〉

= ‖(I − µ f )yn − (I − µ f )p‖2 + ‖un − p‖2 − ‖un − yn − µ( f (yn)− f (p))‖2

≤ ‖yn − p‖2 + ‖un − p‖2 + 2µ〈yn − un, f (yn − f (p))〉 − µ‖ f (yn)− f (p)‖2

≤ ‖yn − p‖2 + ‖un − p‖2 − (1 − µ)‖yn − un‖
2 + µ(1 − µ)‖ f (yn)− f (p)‖2 ,

hence

‖un − p‖2 ≤ ‖yn − p‖2 − (1 − µ)‖yn − un‖
2 + µ(1 − µ)‖ f (yn)− f (p)‖2 . (54)

Combining (22), (31) and (54), we get

‖un − p‖2 ≤ ‖xn − p‖2 + θn‖xn − xn−1‖M1 − ‖un − yn‖
2

− (1 − µ)‖yn − un‖
2 + µ(1 − µ)‖ f (yn)− f (p)‖2 .

(55)

And with (34), (40) and (55), we have

‖xn+1 − p‖2 ≤ (1 − γnτ)‖xn − p‖2 + βn‖xn − p‖2 + 2γnµ〈F(p), p − xn+1〉

+ θn‖xn − xn−1‖M1 − (1 − βn − γnτ)(1 − η)‖un − yn‖
2

+ µ(1 − µ)‖ f (yn)− f (p)‖2 .

(56)

Combining (45), (47) and (56), we obtain

lim sup
i→∞

(1 − βni
− γni

τ)(1 − µ)‖uni
− yni

‖2

≤ lim sup
i→∞

[

‖xni+1 − p‖2 − ‖xni
− p‖2 + µ(1 − µ)‖ f (yni

)− f (p)‖2
]

+ lim sup
i→∞

[

γni

{

βni

θni

γni

‖xni
− xni+1‖M1 − τ‖xni

− p‖2 + γ‖F(p)‖‖p − xni+1‖
}]

= −lim inf
i→∞

[

‖xni+1 − p‖2 − ‖xni
− p‖2

]

≤ 0.

Thus

lim
i→∞

‖uni
− yni

‖ = 0. (57)

And combining (52), (53) and (57), we obtain

lim
i→∞

‖uni
− xni

‖ = 0. (58)
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With (53) and (57), we have lim
i→∞

‖uni
− vni

‖ = 0. Also, from (C3) and (46), we get

lim
i→∞

‖Wuni
− uni

‖ = 0. (59)

Since zn = (1 − ζn)Kun + ζnxn, then ‖zn − un‖ = (1 − ζn)‖Kun − un‖, it follows from (46) that

lim
i→∞

‖zni
− uni

‖ = 0. Combining this with (58), we obtain

lim
i→∞

‖zni
− xni

‖ = 0. (60)

We know from (13) that ‖xn+1 − xn‖ ≤ (1 − βn)‖xn − zn‖+ γnτ‖F(zn)‖, thus, with (60) we

get

lim
i→∞

‖xni+1 − xni
‖ = 0. (61)

With the use of (46) and (51), we get lim
i→∞

‖xni
− Tni

wni
‖ = 0. It follows from (61) and (62) that

lim
i→∞

‖xni+1 − Tni
wni

‖ = 0. (62)

Using (28) and Cauchy-Schwartz inequality, we get

σni
(1 − σni

)‖Swni
− Twni

‖2 ≤ ‖wni
− p‖2 − ‖Tni

wni
− p‖2

= ‖wni
− Tni

wni
‖2 + 2〈wni

− Tni
wni

, Tni
wni

− p〉

≤ ‖wni
− Tni

wni
‖2 + 2‖wni

− Tni
wni

‖‖Tni
wni

− p‖ → 0 as n → ∞.

Therefore, we obtain lim
i→∞

‖Swni
− Twni

‖ = 0. This equality together with (46) implies

‖wni
− Twni

‖ ≤ ‖wni
− Tni

wni
‖+ ‖Tni

wni
− Twni

‖ = ‖wni
− Tni

wni
‖+ σni

‖Swni
− Twni

‖ → 0

as n → ∞. Thus,

lim
i→∞

‖wni
− Twni

‖ = 0. (63)

Since {xn} is bounded, there exists a subsequence {xnij
} of {xni

} such that {xnij
} converges

weakly to q ∈ H1 as j → ∞. It follows from (51) that {wnij
} converges weakly to q. This together

with (63), nonexpansivity of T and Lemma 3 implies q ∈ F(T).

Let us show that q solves HFPP (2). Using (11) we get

vni
− wni

= αni
σni

(

(I − S) +
1 − σni

σni

(I − T)
)

wni
.

Thus,
1

αni
σni

(vni
− wni

) =
(

(I − S) +
1 − σni

σni

(I − T)
)

wni
.

By (1) of Lemma 1, the operator sequence {((1 − σni
)/σni

)(I − T)} graph converges to NF(T).

The operator sequence {(I − S) + ((1 − σni
)/σni

)(I − T)} graph converges to (I − S) + NF(T).

Using (50) and the fact that the graph of (I − S) + NF(T) is weakly strongly closed, we get that

0 ∈ (I − S)q + NF(T)q, thus q ∈ Ω.

We next show that q ∈ Ω. Since xnij
⇀ q, then from (57) and (58), we know that ynij

⇀ q

and unij
⇀ q as j → ∞. Note that unij

= U(ynij
), where U := JE

µ (I − µ f ) and JE
µ := (I + µE),

can be written as
(ynij

− unij
)− µ f (ynij

)

µ
∈ E(unij

).
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By taking limit as j → ∞ in the above formula and using the fact that f is (1/α1)-Lipschitz

continuous and the graph of a maximal monotone operator is weakly-strongly closed, we get

0 ∈ f (q) + E(q). Since from (52) we have that vnij
⇀ q, with A been continuous, we have

Avnij
⇀ Aq. By nonexpansivity of V := JG

µ (I − µg), we get that V is demiclosed at zero

together with (49) we obtain 0 ∈ g(Aq) + G(Aq). Also, since xnij
⇀ q, it follows form (58) that

unij
⇀ q and from (59) we know that limj‖Wunij

− unij
‖ = 0. Since Tnij

wnij
⇀ q, then

lim sup
i→∞

〈p − Sp, p − Tni
wni

〉 = lim
j→∞

〈p − Sp, p − Tnij
wnij

〉 = 〈p − Sp, p − q〉

for any p that solves HFPP (2). Then

lim sup
i→∞

〈p − Sp, p − Tni
wni

〉 = 〈p − Sp, p − q〉 ≤ 0. (64)

Since F is k-strongly monotone and L-lipschitzian with µ ∈ (0, 2k/L2), we can set S = I − µF

so that if p solves HVIP (3), i.e. 〈F(p), p − q〉 ≤ 0. Thus, with the use of (62) we get

lim sup
i→∞

〈F(p), p − xni+1〉 = lim
j→∞

〈F(p), p − xnij
+1〉

= lim
j→∞

[〈F(p), p − Tnij
wnij

〉+ 〈F(p), Tnij
wnij

− xnij
+1〉] ≤ 0.

(65)

It follows from (C4), (64) and (65) that lim sup
i→∞

Sni
≤ 0, where

Sni
=

[

θni

τγni

‖xni
− xni−1‖M1 +

2µ

τ
〈F(p), p− xni+1〉+

αni
σn(1−βni

−γni
τ)

γni
τ

〈p− Sp, Tni
wni

− p〉

]

,

and we know from (42) that

‖xni+1 − p‖2 ≤ (1 − γni
τ)‖xni

− p‖2 + γni
τSni

. (66)

Therefore, applying Lemma 5 in (66), we have that the sequence {xn} converges strongly to

p ∈ Γ. This completes the proof.

3 Application

3.1 Split variational inequality problem

Let C and Q be two nonempty, closed and convex subsets of real Hilbert spaces H1 and H2,

respectively. Let NC(x) denotes the normal cone of C at point x ∈ C, that is

NC(x) := {a ∈ H1 : 〈a, y − x〉 ≤ 0}.

From (5) and (6), we let M = NC and N = NQ, where NQ is the normal cone of Q. If A : H1 →

H2 is bounded linear operator, then SMVIP (5)–(6) reduces to a problem of finding x∗ ∈ H1

such that for any µ > 0

x∗ = (I + µNC)
−1(x∗ − µ f (x∗)) (67)

and

Ax∗ = (I + µNQ)
−1(Ax∗ − µg(Ax∗)). (68)
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But we know that

y = (I + µNC)
−1x ⇔ x ∈ (y + µNCy) ⇔ x ∈ (y + µNCy) ⇔ x − y ∈ µNCy

⇔
1

µ
〈x − y, z − y〉 ≤ 0 ⇔ 〈x − y, z − y〉 ≤ 0 ⇔ y = PCx, ∀ z ∈ C.

(69)

Thus, using (69) and the projection technique in [29], (67) and (68) reduces to the following

split variational inequality problem (SVIP for short):

find x∗ ∈ C such that 〈 f (x∗), x − x∗〉 ≥ 0 ∀ x ∈ C (70)

and

y∗ := Ax∗ ∈ Q solves 〈g(y∗), y − y∗〉 ≥ 0 ∀ y ∈ Q. (71)

Denote the solution set of (70)–(71) by

Ω2 := {x∗ ∈ C : x∗ ∈ Sol(VIP (70)) and y∗ = Ax∗ ∈ Sol(VIP (71))}.

Hence, using (70)–(71), Algorithm 1 reduces to the following inertial Krasnoselki-Mann type

method for solving SVIP and HFPP.

Algorithm 2.

Initialization. Choose x0, x1 ∈ H1 to be arbitrary.

Iterative Steps. Calculate xn+1 as follows.
Step 1. Given the iterates xn−1 and xn for each n ≥ 1, choose θn such that 0 ≤ θn ≤ θ̄n,

where

θ̄n =

{

min{θ, µn/‖xn − xn−1‖}, if xn 6= xn−1,

0, otherwise.
Step 2. Compute















wn = xn + θn(xn − xn−1),

vn = (1 − αn)wn + αn(σnSwn + (1 − σn)Twn),

un = PC(I − µ f )(vn − λn A∗(I − PQ(I − µg))Avn),

where {αn} and {σn} are real sequences in (0, 1) and for any fixed value ǫ > 0, the step

size λn is chosen as follows

0 < ǫ ≤ λn ≤
‖(I − PQ(I − µg))Avn‖2

‖A∗(I − PQ(I − µg))Avn‖2
− ǫ,

if Avn 6= PQ(I − µg)Avn , otherwise λn = λ, λ ≥ 0.
Step 3. Compute

{

zn = (1 − ζn)Kun + ζnun,

xn+1 = βnxn + (1 − βn)zn − γnµF(zn), n ∈ N.

Set n := n + 1 and return to Step 1.

Using Algorithm 2, we obtain the following new result for solving SVIP and HFPP.

Theorem 2. Let Assumption 1 holds with E = NC, G = NQ and Ω2 6= ∅. Then, the sequence

generated by Algorithm 2 converges strongly to an element of Γ := Θ ∩ Ω2 ∩ F(W).

Proof. Setting U = PC(I − µ f ) and V = PQ(I − µg) in Theorem 1, we obtain the desired result

from Theorem 1.
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3.2 Split convex minimization problem

Let g1 : H1 → R and g2 : H2 → R be two convex and differentiable functions with

L1, L2-Lipschitz continuous gradients say ∇g1 and ∇g2, respectively. Let h1 : H1 → R and

h2 : H2 → R be two convex and lower semi-continuous function. Then for any bounded linear

operator A : H1 → H2 we define the split convex minimization problem (SCMP for short) as

follows:

find x∗ ∈ H1 that solves g1(x∗) + h1(x∗) = min
x∈H1

[g1(x) + h1(x)] (72)

such that

y∗ = Ax∗ ∈ H2 solves g2(y
∗) + h2(y

∗) = min
y∈H2

[g2(y) + h2(y)]. (73)

Thus by Fermat’s rule, the SCMP (72)–(73) is equivalent to the problem:

find x∗ ∈ H1 that solves 0 ∈ [∇g1(x∗) + ∂h1(x∗)] (74)

such that

y∗ = Ax∗ ∈ H1 solves 0 ∈ [∇g2(y
∗) + ∂h2(y

∗)], (75)

where ∇g1 and ∇g2 are gradients of g1 and g2, respectively; ∂h1 and ∂h2 are subdifferential of

h1 and h2, respectively. Let the solution set of SCMP (74)–(75) be denoted by

Ω3 := {x∗ ∈ H1 : x∗ ∈ Sol(SCMP (74)) and y∗ = Ax∗ ∈ Sol(SCMP (75))}.

It is known [24] that the subdifferentials ∂h1 of h1 and ∂h2 of h2 are maximal monotone, and

since g1 and g2 are convex and differentiable functions with L1, L2-Lipschits continuous gra-

dients ∇g1,∇g2, then ∇g1 and ∇g2 are (1/L1), (1/L2)-inverse strongly monotone (see [6]).

Hence, letting E = ∂h1, G = ∂h2, f = ∇g1 and g = ∇g1 in Assumption 1, from Algorithm 1

we obtain the following new algorithm.

Algorithm 3.

Initialization. Choose x0, x1 ∈ H1 to be arbitrary.

Iterative Steps. Calculate xn+1 as follows.
Step 1. Given the iterates xn−1 and xn for each n ≥ 1, choose θn such that 0 ≤ θn ≤ θ̄n,

where

θ̄n =

{

min{θ, µn/‖xn − xn−1‖}, if xn 6= xn−1,

0, otherwise.
Step 2. Compute















wn = xn + θn(xn − xn−1),

vn = (1 − αn)wn + αn(σnSwn + (1 − σn)Twn),

un = J∂h1
µ (I − µ∇g1)(vn − λn A∗(I − J∂h2

µ (I − µ∇g2))Avn),

where J∂h1
µ := (I + µ∂h1)

−1, J∂h2
µ := (I + µ∂h2)

−1, {αn} and {σn} are real sequences in

(0, 1) and for any fixed value ǫ > 0, the step size λn is chosen as follows

0 < ǫ ≤ λn ≤
‖(I − J∂h2

µ (I − µ∇g2))Avn‖2

‖A∗(I − J∂h2
µ (I − µ∇g2))Avn‖2

− ǫ,

if Avn 6= J∂h2
µ (I − µ∇g2)Avn; otherwise λn = λ, λ ≥ 0.
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Step 3. Compute

{

zn = (1 − ζn)Kun + ζnun,

xn+1 = βnxn + (1 − βn)zn − γnµF(zn), n ∈ N.

Set n := n + 1 and return to Step 1.

Using Algorithm 2, we obtain the following new result for solving SCMP and HFPP.

Theorem 3. Let Assumption 1 holds with E = ∂h1, G = ∂h2, f = ∇g1, g = ∇g1 and

Ω3 6= ∅. Then the sequence generated by Algorithm 3 converges strongly to an element of

Γ := Θ ∩ Ω3 ∩ F(W).

Proof. Setting U = J∂h1
µ (I − µ∇g1) and V = J∂h2

µ (I − µ∇g2) in Theorem 1 for all µ ∈ (0, L),

where L := min{2 min{(1/L1), (1/L2)}, }, we obtain the desired result from Theorem 1.

4 Numerical illustration

Next, we give numerical experiment to substantiate the efficiency of our Algorithm 1 in

comparison with algorithm of K.R. Kazmi et al. [18] (see (7)) and algorithm of D.-J. Wen [31]

(see (9)) in a infinite dimensional Hilbert space.

Example 1. Let H1 = H2 = L2([0, 1]) with norm

‖x‖ :=
(

∫ 1

0
|x(t)|2dt

)1/2
for all x ∈ L2([0, 1])

and inner product

〈x, y〉 :=
∫ 1

0
x(t)y(t)dt for all x, y ∈ L2([0, 1]).

Let A, E, G : L2([0, 1]) → L2([0, 1]) be operators defined as follows:

Ax(t) =
∫ 1

0
x(t)dt, Ex(t) = 5x(t), and Gx(t) = 4x(t)

for all x ∈ L2([0, 1]) and t ∈ [0, 1]. Then A is bounded and linear, E and G are maximal

monotone operators with resolvents JE
µ x(t) = x(t)/(1 + 5µ) and TG

µ x(t) = x(t)/(1 + 4µ),

µ > 0, respectively. Also, let maps f , g : L2([0, 1]) → L2([0, 1]) be defined by f (x(t)) = 2x(t)

and g(x(t)) = 3x(t), then f and g are 1/2, 1/3 inverse strongly monotone with order 2 and 3,

respectively. Thus, for α = min{1/2, 2/3} and µ ∈ (0, α), we get

U(x(t)) := JE
µ (I − µg)x(t) = (1 − 3µ)/(1 + 5µ)x(t)

and

V(x(t)) := TG
µ (I − µ f )x(t) = (1 − 2µ)/(1 + 4µ)x(t).

Furthermore, we define the mappings F, S, T, W : L2([0, 1]) → L2([0, 1]) by F(x(t)) = 2x(t),

S(x(t)) =
∫ 1

0
x(t)

2 dt, T(x(t)) = x(t) and W(x(t)) = −4x(t). Then S is strongly monotone

and Lipschitz continuous, S and T are nonexpansive and W is 9-demimetric. Thus, we can

choose κ = 1/3, so that K(x(t)) = −2/3x(t). We assume also that αn = (n + 5)/(100n),
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Figure 1. The error plotting of comparison of Algorithm 1,

algorithm of K.R. Kazmi and algorithm of D.-J. Wen

σn = 24n/(25n + 1), γn = 1/(n + 1)(0.3), βn = 0.8 − γn, ζn = 1/3 − 1/4n, cn = γn/n(0.03),

θ = 1/(2n + 1), ǫ = 0.01, η = 0.65 and in addition for K.R. Kazmi [18] (algorithm (7)) and

D.-J. Wen [31] (algorithm (9)), we take λ = 0.1, µn = 1/(5n) and D(x(t)) = 3x(t). Then, we

let the iteration terminate if ‖xn+1 − xn‖ ≤ ǫ, where ǫ = 10−8. The numerical experiments

are listed on Table 1. Also, we illustrate the efficiency of strong convergence of the proposed

Algorithm 1 in comparison with convergence of algorithms (7) and (9) in Figure 1.

Algorithm 1 Algorithm (7) Algorithm (9)

x0 = t3 − 3 no. of iter. 5 25 24

x1 = t cpu (time) 4.1740 5.6569 5.3922

x0 = t no. of iter. 5 23 22

x1 = t3 − 3 cpu (time) 4.6335 6.2346 6.32286

x0 = et no. of iter. 5 25 24

x1 = 2t2 cpu (time) 4.1514 11.8047 11.3466

x0 = e2t no. of iter. 5 25 25

x1 = t3 + 1 cpu (time) 7.3563 12.5365 12.5672

Table 1. Comparison of Algorithm 1, algorithm (7) and algorithm (9)

Conclusion

A new accelerated Krasnoselki-Mann type algorithm for solving hierarchical fixed point

and split monotone variational inclusion problems is introduced in the setting of a real Hilbert

space. It is then proved that the algorithm approximates to a common solution of the said

problems which is also solution to some fixed point problem of demimetric mapping in the

space. A numerical example is given to ascertain the implementation of the proposed algo-

rithm.
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Уґвуннадi Ґ.К., Харуна Л.Й., Харбау М.Х. Прискорений алгоритм типу Красносельського-Манна

для iєрархiчної задачi про нерухому точку та задачi монотонного варiацiйного включення у гiльбер-

тових просторах // Карпатськi матем. публ. — 2023. — Т.15, №1. — C. 158–179.

У цiй статтi представлено новий прискорений алгоритм екстраполяцiї типу Красносель-

ського-Манна для знаходження спiльного елемента в множинi розв’язкiв iєрархiчної задачi

про нерухому точку та розщепленої проблеми монотонного варiацiйного включення у дiй-

сному гiльбертовому просторi. Доведено, що послiдовнiсть, згенерована алгоритмом, сильно
збiгається до такого спiльного елемента, який також наближає розв’язок деякої задачi про
нерухому точку демiметричного вiдображення в просторi. Наприкiнцi наведено деякi засто-

сування та чисельнi експерименти, щоб показати ефективнiсть запропонованого алгоритму
порiвняно з нещодавно вiдомими вiдповiдними результатами у лiтературi. Встановлений ре-

зультат поширює та узагальнює багато останнiх, описаних в лiтературi.

Ключовi слова i фрази: iєрархiчна задача про нерухому точку, розщеплена проблема моно-

тонного включення, проблема варiацiйної нерiвностi, демiметричне вiдображення, обернений
сильно монотонний оператор.


