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On generalized double almost statistical
convergence of weight ¢
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The purpose of this paper is to introduce the concept of A-double almost statistical convergence
of weight g, which emerges naturally from the concept of the double almost convergence and A-
statistical convergence. Some interesting inclusion relations have been considered.
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Introduction

An extension of the usual concept of sequential limits, which is called statistical conver-
gence, was first recognized by H. Fast [6] as follows.

A sequence (x) of real numbers is said to be statistically convergent to L if for an arbitrary
e > 0 we have

lim |{k < n: |y —L| > ¢} =o.

n—oo 11

Statistical convergence turned out to be one of the most active areas of research in summability
theory after the works of J.A. Fridy [7], T. Salat [18], J.S. Connor [5] and some others.

M. Mursaleen [13] defined A-statistical convergence which is more general than statistical
convergence as follows.

A sequence (xy) is said to be A-statistically convergent if there is a complex number L such
that

}}grgo%n}{k €ly:|xx— Ll >¢}| =0.

Later on E. Savas [19] continued the study of the concept of A-almost statistical convergence
by using almost convergence. Recently, A-statistical convergence of order «, 0 < a < 1, was
introduced and studied by R. Colak and C.A. Bektas [3]. This is a generalization of A-statistical
convergence.

In this paper, as new and more general approach, we introduce and study the concept
of A-double almost statistical convergence of weight g, where ¢ : [0,00) X [0,00) — [0,00),
¢(xXpm) — oo for any sequence (Xuy) in [0,00) x [0, 00) with x,,,, — o0. Throughout the paper,
the class of all such functions will be denoted by G.
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1 Basic facts and definitions

Let w; be the class of all real or complex double sequences. By the convergence of a double
sequence we mean the convergence in Pringsheim’s sense, that is, double sequence x = (xy;)
has a Pringsheim limit L denoted by P-lim x provided that for a given € > 0 there exists N € IN
such that |x;; — L| < € whenever k,I > N. We call such an x more briefly as “P-convergent”
(see [15]). Also double sequences were introduced and studied by R.F. Patterson (see [16], [17])
and many others.

We use symbol ¢, to denote the class of P-convergent sequences. A double sequence

x = (x) is bounded if ||x[| = sup; ;~q|xx| < oo. Let I3 and ¢’ be the set of all real or com-
plex bounded double sequences and the set of bounded and convergent double sequences,
respectively.

Set

{max(k,l), if min(k,1) =0,
Xkl =

0, otherwise.

It is easy to find that limy; x;; = 0 but supy |xg;| = oo. This shows that the convergence of a
double sequence in Pringsheim’s sense does not imply the boundedness of its terms. Further
J.D. Hill [8] studied the double sequences certain results obtained by G.G. Lorentz [9] for single
sequences.

Following S. Banach [1] we can easily define the following.

A linear functional ¢ on [3” is said to be Banach limit if it has the following properties:

1) ¢(x) >0if x > 0,1i.e. x;y > Oforallk,/;
2) ¢ (e) =1, wheree = (ey) with ey, = 1 forallk, [;

3) ¢(x) = ¢ (S10x) = ¢ (Sp1x) = ¢ (S11x), where the shift operators Sjpx, Sp1x, S1x are
defined by S10x = (x¢11,), So1x = (Xg141), S11x = (Xk11,041)-

Let B, be the set of all Banach limits on I5°. A double sequence x = (xj) is said to be almost
convergent to a number L if ¢ (x) = L for all ¢ € B, (see [8]).

F. Méricz and B.E. Rhoades [11] defined the almost convergence of double sequence as
follows.

A double sequence x = (xy) is said to be almost convergent to a number L if

m—+p n+q
P-lim sup (P+1 G+ 1) szkl

PA= m,n>0 k=m I=n

that is, the average value of (x;;) taken over any rectangle
D={(i,j)im<i<m+pn<j<n+q}

tends to L as both p and g tend to co and this convergence is uniform in m and n. We denote
the space of double almost convergent sequences by ¢, namely

by = {x = (xp) : k%lglo |tkipg (x) — L| = 0 uniformly in p,q} ,
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h
where 1 k+pl+g
tklpq (X) = (k+ 1) (l +1) I;ﬂéxkl'

M. Mursaleen and O.H. Edely [14] presented the notion of statistical convergence for double
sequence x = (xy) as follows.

A real double sequence x = (xy;) is said to be statistically convergent to L, provided that
for each e > 0

1 1 . p—
P-Ir}lrﬁﬁ}{(k,l) ck<mand ! <n,|xy—L|l>e}| =0.

More recent developments on double sequences can be found in [2,4, 10, 12] and some
others, where some more references can be found.

Definition 1. Let A = (A,) and = (um) be two non-decreasing sequences of positive real
numbers both tending to oo as n and m approach oo, respectively. Also let A,11 < Ay +1,
M =1and ppy1 < um +1, g1 = 1. We write the generalized double de la Valée-Poussin mean

by
1

Anbim et

A sequence x = (xy) is said to be (V2, A, u)-summable to a number L if t,,(x) — L as
n,m — oo in Pringsheim’s sense.
Throughout this paper, we shall denote Ay iy by Ay, and i € I, j € Ly by (i,§) € Lym-

2 Main Results

We now introduce our fundamental definition. Throughout this paper, for typographical
convenience we shall use the notation xy;p, to denote Xy 144

Definition 2. Let the sequence A = (Any) of real numbers be defined as above and let g € G.
A sequence x = (xy;) is said to be A-double almost statistically convergent of weight g if there
is a complex number L such that

. 1
P?nlnlgom [{(k,1) € Lum = [xuapg — L| > e} =0

uniformly in p, q. In this case we write §§\-lim xx = L.

The set of all A-double almost statistically convergent sequences of weight ¢ will be denoted
by S§. For example, the sequence x = (xy;) defined by

klpg, klpg = (nm)z,
X fry
o Kpg # (nm)?,

is A-double almost statistically convergent of weight ¢ to 0 for any ¢ € G, for which there exist
My, My > 0and (r,s) € N x N such that

(nm)*
g(nm)

where % <a<land A = (nm).

nm=12,...,

M; <

<M, forall n>r and m > s,
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Remark 1. In the above definition, if we consider g(Aum) = (nm), « = 1, we have the notion of
double almost statistical convergence [8]. The set of all double almost statistically convergent
sequences will be denoted by S.

This definition led to the following theorem.
Theorem 1. Let g € G and x = (xy), y = (yx) be sequences of complex numbers.
(i) IfsAﬁ-lim Xy = xg and ¢ € C, then §§—lim CXk] = CXp.
(ii) Ifﬁﬁ-lim Xx = Xo and §§\-limykl = Yo, then §§\-lim(xkl + yx) = Xo + Yo
Proof. (i) For ¢ = 0 the result is clear. Let ¢ # 0. We find that

1
8(Aum)

and the result follows.
(ii) The result follows from the fact that

1
8(Aum)

H(k,l) € Ly : }kalpq—ch} > 8}‘ = '{(k,l) € Lym: xklpq—xo‘ > i}‘

c]

1
o {6, 1) € Lum : |Xkipg + Yiapg — (x0 +yo)| > €} ]
1 &
< [ a2 )
1 &
o H(k,l) € Lum * |Ykipg — vo| > 5})-

0

Definition 3. Let A = (Auy,) be as above and let g € G. Let t be a positive real number. A
sequence x = (xy) is said to be strongly (V,A)-double almost summable of weight g if there
is a complex number L such that

. 1 t
lim = Xkl — LI =0
n,m—>oog()\nm) (k/l)XE:Inm } Pq }

uniformly in p, q. The set of all strongly (V, A)-double almost summable sequences of weight
g will be denoted by [VF, 1] .

Remark 2. For g(n) = (nm)*, 0 < a < 1, this notion coincides with the notion of strong
(V, A)-double almost summability of order a.

Theorem 2. Let g1,82 € G. If there exist M > 0 and (r,s) € IN x N such that
g1 (Aum)/g2(Aum) < M foralln > r and m > s, then 53" C ng

Proof. Write that,

1
82 (Anm

1

[{60) € bt [ — L] 2 ] = S0 {61 € b [y — L] 2 2}

)
( nrH) g(
! }{kl € Lo+ |3pg — L| > €}

< M- -
- 81 (Aum
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foralln >randm >s. If x = (xy) € SAf’y\l, then the right hand side tends to zero uniformly in
p, q for every € > 0 and in this case

1
= k,1) € Ly : |Xk1pg —L| > €}| =0
22 (Anm) H( ) nm ‘ klpq ‘ }‘
uniformly in p,  and finally x € 55*. Hence $§' C S32. O

Corollary 1. In particular, let § € G and if there exist M > 0 and (r,s) € IN x IN such that
(nm)/g(Aum) < M foralln > r and m > s, then SA§\ C S,.

Theorem 3. § C §§ if liminf 8(Awn) > 0.
nm—00 (nm)

Proof. For any € > 0, we write
{k<mandl <m:|xyp —L| >e} 2D {(k1) € Lm : xklpq—L} > e},
Hence, it follows that for p,q € IN

1 1
%‘{kgnandl <m:|xgpg— L] > e}| > %‘{(k,l) € Inm : |xupg — L| > €}

§(Anm) ) _1
nm  g(Aum

) H(k,l) € Iym : ‘xklpq—L‘ > 8}}

If x — L(S), then % }{k <nandl < m: }xklpq — L} > e}‘ — 0asn,m — oo and consequently
we find

%}{kgnandlgm:‘xklw—u28}}—>O

and so
1
_ k1) € Ly | % — Ll > €| — 0
S(Aum) H( ) nm } klpq } }‘
asn,m — oo, Itis clear that x — L(5%). O

Theorem 4. Let g1,$> € G. If there exist M > 0 and (r,s) € IN x IN such that
gl()_\nmng(}_\nm) <M

foralln > r and m > s, then [Vtgl,}\] C [Vtgz,}\] )

Proof. The proof is similar to the proof of Theorem 3.6 and so is omitted. O

Corollary 2. Letg € G. If there exist M > 0 and (r,s) € IN x IN such that (nm)/g(Anm) < M
foralln > r and m > s, then §§ C SA,\.

Theorem 5. If 0 < t < u < c0 and g € G, then [Vf,)&} C [Vtg,)q .

The proof follows from Holder’s inequality.
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Theorem 6. Let g1,82» € G and there exist M > 0 and (r,s) € IN x N such that
91(Aum)/ 92 (Aum) < M foralln > rand m > s and let 0 < p < co. If a sequence x = (xy;) is
strongly (V, A)-almost double summable of weight g1 to L, then it is A-almost double statisti-
cally convergent of weight g, to L, i.e [V, A] C S5

Proof. Let x = (xi) € [V35',A] and let ¢ > 0 be given. Consider

). }xklm_ut: ). }xklw—ut+ Y. ‘xklpq_ut

(k1) ELim (k1) ELim (k1) Lum
‘xklpq7L|2£ |xklpq7L\<e
Z Z }xklpq_L}pZ H(k,l) Elnmi ‘xklpq—L‘ ZE}‘-Et.
kel
\xklquL|2£

Now it follows that

1 t 1 |
- - X —L > ——|{(k1]) € Ljy: |x — Ll >} e
gl(Anm)(krl)ZEInm‘ klpg ‘ = gl()\nm) }{( ) } klpq } }‘
_ gZ(an> . 1 . B y
= 21 Chum) 22 Choum) [{(k,1) € Lum = |xpapg — L| > €}] - ¢
1 1 | ) y
2M‘gz(}\inm)H(k'l)EI”m'}xklﬁq L}ZSH €

foralln > rand m > s. If x — L( [Vtgl,}\]) then the left hand side tends to zero and conse-
quently the right hand side also tends to zero uniformly in p, 9. Hence x — L(53?). O

Corollary 3. Let g € G. If there exist M > 0 and (r,s) € N x N such that g(ﬁmm) < M for all
n>r,m>sand0 < p < oo, then th,)\} C §,.

3 Conclusion

Recently, A-statistical convergence has been considered as a better option than statistically
convergence. It is found very interesting that some results on sequences, series and summa-
bility can be proved by replacing the statistical convergence by A-statistical convergence. This
concept has also been defined and studied in different setups. In this paper, we study the con-
cept of A-double almost statistical convergence of weight g, which emerges naturally from the
concepts of the double almost convergence and A-double statistical convergence.
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Mertoro 11i€l CTATTi € BIPOBaAUTY MOHSITTSI A-TIOABIVHOI Malke CTaTUCTUUHOI 361KHOCTI 3 Baroo
8, SIKa TIPMPOAHNM YMHOM BUIIAMBAE 3 TIOHSTTSI MOABIHOI Marike 361KHOCTI Ta A-CTaTHMCTIIHOI 36i-
JKHOCTI. Y CTaTTi PO3TASIHYTO AsIKi I1ikKaBi BiAHOIIIEHHsI BKAIOUEHHSI.

Kntouosi crnoea i ppasu: BaroBa PYHKIIST g, IOABilHA CTaTUCTMYHA 361KHICTh, TOABITHA Marbxe
361KHICTh, MOAYAD (PYHKIIIL.



