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Dynamical behavior of one rational fifth-order
difference equation

Oğul B.1, Şimşek D.2

In this paper, we study the qualitative behavior of the rational recursive equation

xn+1 =
xn−4

±1 ± xnxn−1xn−2xn−3xn−4
, n ∈ N0 := {0} ∪ N,

where the initial conditions are arbitrary nonzero real numbers. The main goal of this paper, is to

obtain the forms of the solutions of the nonlinear fifth-order difference equations, where the initial

conditions are arbitrary positive real numbers. Moreover, we investigate stability, boundedness,

oscillation and the periodic character of these solutions. The results presented in this paper improve

and extend some corresponding results in the literature.
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Introduction

Our aim in this paper is to investigate the behavior of the solution of the following nonlinear

recursive sequence, defined by

xn+1 =
xn−4

±1 ± xnxn−1xn−2xn−3xn−4
, n ∈ N0 := {0} ∪ N, (1)

where the initial conditions are arbitrary nonzero positive real numbers.

The study and solution of nonlinear rational recursive sequence of high order is quite chal-

lenging and rewarding. In the recent times, nonlinear difference equations have a critical role

in the fields of pyhsics, economy, ecology, computational science engineering, etc. Many re-

searchers have investigated the behavior of the solution of nonlinear difference equations. So,

recently there has been an increasing interest in the study of qualitative analysis of rational

difference equations.

R.P. Agarwal et al. [1] studied qualitative behavior solutions of the difference equation

xn+1 = a +
dxn−lxn−k

b − cxn−s
,

where a, b, c, d are positive real constants.

M. Aloqeili [2] has obtained the solutions of the difference equation

xn+1 =
xn−1

a − xnxn−1
.
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In [3], A. Bilgin and M.R.S. Kulenović presented some basic discrete models in population

dynamics of single species with several age classes. They considered the effect of the constant

and periodic immigration and emigration on the global properties of Beverton-Holt model.

They also considered the effect of the periodic environment on the global properties of the

Beverton-Holt model.

In [4], R. Devault et al. studied the following problem

xn+1 =
A

xn
+

1

xn−2
, n = 0, 1, 2, . . . , A ∈ (0, ∞) ,

and showed every positive solution of the equation.

E.M. Elsayed [5] investigated the solutions of difference equation

xn+1 =
xn−5

−1 + xn−2xn−5
.

In [6, 7], E.M. Elsayed obtained the solutions of the following difference equations

xn+1 =
xn−7

±1 ± xn−1xn−3xn−5xn−7
, xn+1 =

xn−9

±1 ± xn−4xn−9
.

In [8], E.M. Elsayed obtained the solution of the following difference equation

xn+1 =
xn−11

±1 ± xn−2xn−5xn−8xn−11
.

A. Gelişken [9] investigated behaviors of well-defined solutions of the following system

xn+1 =
A1yn−(3k−1)

B1 + C1yn−(3k−1)xn−(2k−1)yn−(k−1)
,

yn+1 =
A2xn−(3k−1)

B2 + C2xn−(3k−1)yn−(2k−1)xn−(k−1)
,

where n ∈ N0, k ∈ N0, the coefficients A1, A2, B1, B2, C1, C2 and the initial conditions are

arbitrary real numbers.

R. Karataş et al. [10] gave the solution of the following difference equation

xn+1 =
xn−5

1 + xn−2xn−5
.

In [13–15], D. Şimşek et al. studied the following problems with positive initial values

xn+1 =
xn−3

1 + xn−1
, xn+1 =

xn−5

1 + xn−2
, xn+1 =

xn−5

1 + xn−1xn−3
,

for n = 0, 1, 2, . . . .

D. Şimşek et al. [16] gave the solution of difference equation

xn+1 =
xn−(4k+3)

1 + ∏
2
t=0 xn−(k+1)t−k

,

where initial conditions are positive real numbers.
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E. Tasdemir [17] studied the global asymptotic stability of the following system of difference

equations with quadratic terms

xn+1 = A + B
yn

y2
n−1

, yn+1 = A + B
xn

x2
n−1

,

where A and B are positive numbers and the initial values are positive numbers. He also in-

vestigated the rate of convergence and oscillation behaviour of the solutions of related system.

D.T. Tollu and I. Yalçinkaya [18] investigated the global behavior of the positive solutions

of the system of difference equations

un+1 =
a1un−1

β1 + γ1 + v
p
n−2

, vn+1 =
a2vn−1

β2 + γ2 + w
q
n−2

, wn+1 =
a3wn−1

β3 + γ3 + ur
n−2

for n ∈ N0, where the initial conditions u−i, v−i, w−i are nonnegative real numbers and the

parametrs are positive real numbers.

Let I be some interval of real numbers and let f : Ik+1 → I be a continuously differentiable

function. Then for every set of initial conditions x−k, x−k+1, . . . , x0 ∈ I the difference equation

xn+1 = f (xn , xn−1, . . . , xn−k), n ∈ N0, (2)

has a unique solution {xn}∞
n=−k (see [12]). A point x ∈ I is called an equilibrium point of (2) if

x = f ( x, x, . . . , x) .

That is, xn = x for n ≥ 0 is a solution of (2), or equivalently, x is a fixed point of f .

Definition (Stability). (a) The equilibrium point x of (2) is called locally stable if for every

ǫ > 0, there exists δ > 0 such that for all x−k, x−k+1, . . . , x−1, x0 ∈ I with

|x−k − x|+ |x−k+1 − x|+ · · ·+ |x0 − x| < δ,

we have |xn − x| < ǫ for all n ≥ k.

(b) The equilibrium point x of (2) is called locally asymptotically stable if x is a locally stable

solution of (2) and there exists γ > 0, such that for all x−k, x−k+1, . . . , x−1, x0 ∈ I with

|x−k − x|+ |x−k+1 − x|+ · · ·+ |x0 − x| < γ,

we have lim
n→∞

xn = x.

(c) The equilibrium point x of (2) is called a global attractor if for all x−k, x−k+1, . . . , x−1, x0∈ I,

we have lim
n→∞

xn = x.

(d) The equilibrium point x of (2) is called a global asymptotically stable if x is locally stable

and x is also a global attractor of (2).

(e) The equilibrium point x of (2) is called unstable if x is not locally stable.

The linearized equation of (2) about the equilibrium x is the linear difference equation

yn+1 =
k

∑
i=0

∂ f (x, x, . . . , x)

∂xn−i
yn−i.
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Theorem 1 ([11]). Assume that p, q ∈ R and k ∈ N0. Then |p|+ |q| < 1 is a sufficient condition

for the asymptotic stability of the difference equation

xn+1 + pxn + qxn−k = 0, n ∈ N0.

Remark. Theorem 1 can be easily extended to general linear equation of the form

xn+k + p1xn+k−1 + · · ·+ pkxn = 0, n ∈ N0, (3)

where p1, p2, . . . , pk ∈ R and k ∈ N. Then equation (3) is asymptotically stable provided that

k

∑
i=1

|pi| < 1.

Definition (Periodicity). A sequence {xn}∞
n=−k is said to be periodic with period p if xn+p = xn

for all n ≥ −k.

1 Solution of the Difference Equation xn+1 =
xn−4

1+xnxn−1xn−2xn−3xn−4

In this part, we give a specific form of the solutions of the difference equation

xn+1 =
xn−4

1 + xnxn−1xn−2xn−3xn−4
, n ∈ N0, (4)

where the initial conditions are arbitrary nonzero positive real numbers.

Theorem 2. Let {xn}∞
n=−4 be a solution of (4). Then for n ∈ N0,

x5n−4 =
e ∏

n−1
i=0 (1 + 5iabcde)

∏
n−1
i=0 (1 + (5i + 1)abcde)

, x5n−3 =
d ∏

n−1
i=0 (1 + (5i + 1)abcde)

∏
n−1
i=0 (1 + (5i + 2)abcde)

,

x5n−2 =
c ∏

n−1
i=0 (1 + (5i + 2)abcde)

∏
n−1
i=0 (1 + (5i + 3)abcde)

, x5n−1 =
b ∏

n−1
i=0 (1 + (5i + 3)abcde)

∏
n−1
i=0 (1 + (5i + 4)abcde)

,

x5n =
a ∏

n−1
i=0 (1 + (5i + 4)abcde)

∏
n−1
i=0 (1 + (5i + 5)abcde)

,

where x−4 = e, x−3 = d, x−2 = c, x−1 = b, x0 = a.

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for

n − 1. That is,

x5n−9 =
e ∏

n−2
i=0 (1 + 5iabcde)

∏
n−2
i=0 (1 + (5i + 1)abcde)

, x5n−8 =
d ∏

n−2
i=0 (1 + (5i + 1)abcde)

∏
n−2
i=0 (1 + (5i + 2)abcde)

,

x5n−7 =
c ∏

n−2
i=0 (1 + (5i + 2)abcde)

∏
n−2
i=0 (1 + (5i + 3)abcde)

, x5n−6 =
b ∏

n−2
i=0 (1 + (5i + 3)abcde)

∏
n−2
i=0 (1 + (5i + 4)abcde)

,

x5n−5 =
a ∏

n−2
i=0 (1 + (5i + 4)abcde)

∏
n−2
i=0 (1 + (5i + 5)abcde)

.
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Now, it follows from (4) that

x5n−4 =
x5n−9

1 + x5n−5x5n−6x5n−7x5n−8x5n−9

=

e ∏
n−2
i=0 (1+5iabcde)

∏
n−2
i=0 (1+(5i+1)abcde)

1 + abcde ∏
n−2
i=0

1+(5i+4)abcde
1+(5i+5)abcde

1+(5i+3)abcde
1+(5i+4)abcde

1+(5i+2)abcde
1+(5i+3)abcde

. . . 1+5iabcde
1+(5i+1)abcde

=
e ∏

n−2
i=0

(1+5iabcde)
(1+(5i+1)abcde)

1 + abcde ∏
n−2
i=0

1+5iabcde
1+(5i+5)abcde

= e
n−2

∏
i=0

1 + 5iabcde

1 + (5i + 1)abcde

(

1

1 + abcde
1+(5n−5)abcde

)

= e
n−2

∏
i=0

1 + 5iabcde

1 + (5i + 1)abcde

(

1 + (5n − 5)abcde

1 + (5n − 4)abcde

)

.

Hence, we have

x5n−4 = e
n−1

∏
i=0

1 + 5iabcde

1 + (5i + 1)abcde
.

Theorem 3. The equation (4) has unique equilibrium point which is the number zero and this

equilibrium is not locally asymptotically stable. Also x is non hyperbolic.

Proof. For the equilibrium points of (4) we can write

x =
x

1 + x5
.

Then x + x6 = x, x6 = 0. Thus the equilibrium point of (4) is x = 0. Let f : (0, ∞)5 → (0, ∞)

be the function defined by

f (l, o, t, w, α) =
l

1 + lotwα
.

Therefore it follows that

fl(l, o, t, w, α) =
1

(1 + lotwα)2
, fo(l, o, t, w, α) =

−l2twα

(1 + lotwα)2
,

ft(l, o, t, w, α) =
−l2owα

(1 + lotwα)2
, fw(l, o, t, w, α) =

−l2otα

(1 + lotwα)2
,

fα(l, o, t, w, α) =
−l2owt

(1 + lotwα)2
.

We see that

fl(x, x, x, x, x) = 1, fo(x, x, x, x, x) = 0, ft(x, x, x, x, x) = 0,

fw(x, x, x, x, x) = 0, fα(x, x, x, x, x) = 0.

The proof now follows by using Theorem 1.
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Theorem 4. Every positive solution of (4) is bounded and lim
n→∞

xn = 0.

Proof. It follows from (4) that

xn+1 =
xn−4

1 + xnxn−1xn−2xn−3xn−4
≤ xn−4.

Then the subsequences {x5n−4}∞
n=0, {x5n−3}∞

n=0, {x5n−2}∞
n=0, . . . , {x5n}∞

n=0 are decreasing and

so they are bounded from the above by

T = max{x−4, x−3, x−2, x−1, x0}.

This completes the proof.

2 Solution of the difference equation xn+1 =
xn−4

1−xnxn−1xn−2xn−3xn−4

Here the specific form of the solutions of the difference equation

xn+1 =
xn−4

1 − xnxn−1xn−2xn−3xn−4
, n ∈ N0, (5)

where the initial conditions are arbitrary nonzero real numbers, will be derived.

Theorem 5. Let {xn}∞
n=−4 be a solution of (5). Then for n ∈ N0,

x5n−4 =
e ∏

n−1
i=0 (1 − 5iabcde)

∏
n−1
i=0 (1 − (5i + 1)abcde)

, x5n−3 =
d ∏

n−1
i=0 (1 − (5i + 1)abcde)

∏
n−1
i=0 (1 − (5i + 2)abcde)

,

x5n−2 =
c ∏

n−1
i=0 (1 − (5i + 2)abcde)

∏
n−1
i=0 (1 − (5i + 3)abcde)

, x5n−1 =
b ∏

n−1
i=0 (1 − (5i + 3)abcde)

∏
n−1
i=0 (1 − (5i + 4)abcde)

,

x5n =
a ∏

n−1
i=0 (1 − (5i + 4)abcde)

∏
n−1
i=0 (1 − (5i + 5)abcde)

,

where x−4 = e, x−3 = d, x−2 = c, x−1 = b, x0 = a.

Proof. The proof is similar to the proof of Theorem 2 and therefore it will be omitted.

Theorem 6. The equation (5) has a unique equilibrium point x = 0, which is not locally asymp-

totically stable.

Proof. The proof is the same as the proof of Theorem 3 and hence is omitted.

3 Solution of the difference equation xn+1 =
xn−4

−1+xnxn−1xn−2xn−3xn−4

In this section, we investigate the solutions of the difference equation

xn+1 =
xn−4

−1 + xnxn−1xn−2xn−3xn−4
, n ∈ N0, (6)

where the initial conditions are arbitrary nonzero real numbers with x0x−1x−2x−3x−4 6= 1.
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Theorem 7. Let {xn}∞
n=−4 be a solution of the difference equation (6). Then for n = 0, 1, 2, . . .

we have

x10n−9 =
e

(abcde − 1)
, x10n−8 = d(abcde − 1),

x10n−7 =
c

(abcde − 1)
, x10n−6 = b(abcde − 1),

x10n−5 =
a

(abcde − 1)
, x10n−4 = e,

x10n−3 = d, x10n−2 = c,

x10n−1 = b, x10n = a.

Proof. Suppose that n > 0 and that our assumption holds for n − 1. Then

x10n−19 =
e

(abcde − 1)
, x10n−18 = d(abcde − 1),

x10n−17 =
c

(abcde − 1)
, x10n−16 = b(abcde − 1),

x10n−15 =
a

(abcde − 1)
, x10n−14 = e,

x10n−13 = d, x10n−12 = c,

x10n−11 = b, x10n−10 = a.

Now, it follows from (6) that

x10n−9 =
x10n−14

−1 + x10n−10x10n−11x10n−12x10n−13x10n−14
=

e

−1 + abcde

Then, we have

x10n−9 =
e

(abcde − 1)
.

Other relations can be proven similarly.

Theorem 8. The equation (6) has three equilibrium points which are 0,± 5
√

2, and these equi-

librium points are not locally asymptotically stable.

Proof. The proof is the same as the proof of Theorem 3 and hence is omitted.

Theorem 9. The equation (6) has a periodic solution of period five if abcde = 2, and then takes

the form

{e, d, c, b, a, . . . }.

Proof. The proof is obtained from Theorem 7.

4 Solution of the difference equation xn+1 =
xn−4

−1−xnxn−1xn−2xn−3xn−4

In this section, we investigate the solutions of the difference equation

xn+1 =
xn−4

−1 − xnxn−1xn−2xn−3xn−4
, n ∈ N0, (7)

where the initial conditions are arbitrary nonzero real numbers with x0x−1x−2x−3x−4 6= −1.
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Theorem 10. Let {xn}∞
n=−4 be a solution of the difference equation (7). Then

x10n−9 =
−e

(abcde + 1)
, x10n−8 = −d(abcde + 1),

x10n−7 =
−c

(abcde + 1)
, x10n−6 = −b(abcde + 1),

x10n−5 =
−a

(abcde + 1)
, x10n−4 = e,

x10n−3 = d, x10n−2 = c,

x10n−1 = b, x10n = a,

where the initial conditions are arbitrary nonzero real numbers with x0x−1x−2x−3x−4 6= −1.

Proof. The proof is similar to the proof of Theorem 7 and therefore is omitted.

Theorem 11. The equation (7) has three equilibrium point which are 0,± 5
√
−2 and these equi-

librium points are not locally asymptotically stable.

Proof. The proof is the same as the proof of Theorem 3 and hence is omitted.

Theorem 12. The equation (7) has a periodic solution of period twelve if abcde = −2, and then

takes the form

{e, d, c, b, a, . . . }.

Proof. The proof is obtained from Theorem 10.
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У цiй статтi ми вивчаємо якiсну поведiнку рацiонального рiзницевого рiвняння

xn+1 =
xn−4

±1 ± xnxn−1xn−2xn−3xn−4
, n ∈ N0 := {0} ∪ N,

з довiльними ненульовими дiйсними початковими умовами. Основна мета цiєї статтi — отри-

мати форми розв’язкiв нелiнiйних рiзницевих рiвнянь п’ятого порядку з довiльними дода-

тними дiйсними початковими умовами. Бiльше того, ми дослiджуємо стiйкiсть, обмеженiсть,

коливний та перiодичний характер цих розв’язкiв. Результати цiєї статтi покращують та роз-

ширюють деякi вiдповiднi результати в лiтературi.

Ключовi слова i фрази: рiзницеве рiвняння, рекурсивна послiдовнiсть, перiодичний розв’я-

зок.


