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Dynamical behavior of one rational fifth-order
difference equation

Ogul B.}, Simsgek D.?

In this paper, we study the qualitative behavior of the rational recursive equation

Xn—a
£1 £ XXy 1Xn—2Xn—3%y—4

Xpp1 = , neNp:={0}UN,

where the initial conditions are arbitrary nonzero real numbers. The main goal of this paper, is to
obtain the forms of the solutions of the nonlinear fifth-order difference equations, where the initial
conditions are arbitrary positive real numbers. Moreover, we investigate stability, boundedness,
oscillation and the periodic character of these solutions. The results presented in this paper improve
and extend some corresponding results in the literature.
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Introduction

Our aim in this paper is to investigate the behavior of the solution of the following nonlinear
recursive sequence, defined by
Xn—4
1 £ Xp Xy 1Xn—2Xn—3Xy—4

Xpi1 = , ne€Npy:={0}UN, (1)

where the initial conditions are arbitrary nonzero positive real numbers.

The study and solution of nonlinear rational recursive sequence of high order is quite chal-
lenging and rewarding. In the recent times, nonlinear difference equations have a critical role
in the fields of pyhsics, economy, ecology, computational science engineering, etc. Many re-
searchers have investigated the behavior of the solution of nonlinear difference equations. So,
recently there has been an increasing interest in the study of qualitative analysis of rational
difference equations.

R.P. Agarwal et al. [1] studied qualitative behavior solutions of the difference equation
AXp 1%k

Xpt1 =4a-—+
n+ b_C.Xn_s

4

where 4, b, ¢, d are positive real constants.
M. Alogeili [2] has obtained the solutions of the difference equation
Xn—1
Xpyp1 = ———.
n+1 a— XnXp 1
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In [3], A. Bilgin and M.R.S. Kulenovi¢ presented some basic discrete models in population
dynamics of single species with several age classes. They considered the effect of the constant
and periodic immigration and emigration on the global properties of Beverton-Holt model.
They also considered the effect of the periodic environment on the global properties of the
Beverton-Holt model.

In [4], R. Devault et al. studied the following problem

A 1

_4a , n=0,12,..., Ac(00),
Xn+1 xn+xn—2 n ( oo)

and showed every positive solution of the equation.
E.M. Elsayed [5] investigated the solutions of difference equation

Xn—5
—1+xy-2xy—5

Xn4l =

In [6,7], E.M. Elsayed obtained the solutions of the following difference equations

Xpn—7 X _ Xn—9
+1 £ x, 1%, 3%, 5%,-7 (AR Xp—4Xn—9

Xnt+1 =

In [8], E.M. Elsayed obtained the solution of the following difference equation

Xn—11
+1 4 Xy 2Xp—5Xp-8X5-11

Xnt+1 =

A. Gelisken [9] investigated behaviors of well-defined solutions of the following system

e A1Yn—(3k-1)
1 — 7
"B+ C1¥n— 3k—1)Xn— (2k-1)Yn—(k—1)
ApXy_(3k—1)
Yn+1 =

B + CoXpp— (3k—1)Yn— (2k—1)%n—(k—1)

where n € Ny, k € Ny, the coefficients A1, Ay, B1, Bp, C1,C, and the initial conditions are
arbitrary real numbers.
R. Karatas et al. [10] gave the solution of the following difference equation

Xn—5

X =
i 1+x, 2%, 5

In [13-15], D. Simsek et al. studied the following problems with positive initial values

Xn—3 Xn—5 Xn—5

n+1 1 +xn71, n+1 1 +xn—2, n+1 1+ xnflxn—3,

forn=20,1,2,....
D. Simsek et al. [16] gave the solution of difference equation

Xn— (4k+3)
14+ TT7—0 X (k1)

Xnt+1 =

4

where initial conditions are positive real numbers.
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E. Tasdemir [17] studied the global asymptotic stability of the following system of difference
equations with quadratic terms

Xn

X1 :A—i-B;;/—n, Ynt1=A+ B
n—1 xnfl

7

where A and B are positive numbers and the initial values are positive numbers. He also in-
vestigated the rate of convergence and oscillation behaviour of the solutions of related system.

D.T. Tollu and I. Yal¢inkaya [18] investigated the global behavior of the positive solutions
of the system of difference equations

A1Up—1 Opi] = a20p—1 Wil = az3Wy—1
7 n+1 — 7 n+1 —
Bi+m+o_, Br+ 4wl _, Bs + 73+ uy_,

Upy1 =

for n € INp, where the initial conditions u_;, v_;, w_; are nonnegative real numbers and the
parametrs are positive real numbers.

Let I be some interval of real numbers and let f : I¥*! — I be a continuously differentiable
function. Then for every set of initial conditions x_j, x_1,...,xp € I the difference equation

X1 = f(Xn, Xp—1, ..., Xy—), 1 € Ny, )
has a unique solution {x,}7’_ _, (see [12]). A point X € I is called an equilibrium point of (2) if
T =f(%,%...,%).

That is, x, = ¥ for n > 0 is a solution of (2), or equivalently, X is a fixed point of f.

Definition (Stability). (a) The equilibrium point X of (2) is called locally stable if for every
€ > 0, there exists 6 > 0 such that for all x_y,x_y.1,...,X_1,X%0 € I with

Xk = X[+ |[x g1 =X+ + [xo — %] <6,
we have |x, —X| < € foralln > k.

(b) The equilibrium pointx of (2) is called locally asymptotically stable if X is a locally stable
solution of (2) and there exists y > 0, such that forall x_,x_yy1,...,x_1,%9 € I with

X = X[+ (X1 = X[+ [xo =X <,
we have lim x, = x.
n—00
(c) The equilibrium pointx of (2) is called a global attractor if forall x_j, X_jy1,...,X_1,X0€ 1,

we have lim x, = x.
n—oo

(d) The equilibrium pointx of (2) is called a global asymptotically stable if X is locally stable
and X is also a global attractor of (2).
(e) The equilibrium pointx of (2) is called unstable if X is not locally stable.

The linearized equation of (2) about the equilibrium X is the linear difference equation
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Theorem 1 (11]). Assume thatp,q € R and k € INy. Then |p| + |q| < 1 is a sufficient condition
for the asymptotic stability of the difference equation

Xp+1+ pXn +qx,—x =0, n € Np.
Remark. Theorem 1 can be easily extended to general linear equation of the form
Xpik + P1Xpsk—1+ -+ prxn =0, n €N, ©)

where p1,p2, ..., px € R and k € IN. Then equation (3) is asymptotically stable provided that

k
Y Ipil < 1.
iz

Definition (Periodicity). A sequence {x, }Z°:7 i 18 said to be periodic with period p if x,+p = Xy
for alln > —k.

Xn—4
1+xy Xy —1Xn—2Xn—3Xn—4

1 Solution of the Difference Equation x,, 1 =

In this part, we give a specific form of the solutions of the difference equation

Xn—
x}’l+1 - nd 7 ne NO/ (4)
1+ xpXp—1Xp—2Xn—3%Xn—4

where the initial conditions are arbitrary nonzero positive real numbers.

Theorem 2. Let {x,}>__, be a solution of (4). Then forn € N,

. _ eTT!=4 (1 + 5iabcde) . _ dTT7=5 (1 + (5i + 1)abcde)
M T (1 + (5i + 1)abede) M0 T (1 + (5i+ 2)abede)
o cTT' =y (1 + (5i + 2)abcde) o bIT' 5 (1 + (5i + 3)abcde)
n2 " (1+ (5i + 3)abcde) ’ -t T (1 + (5i + 4)abede)
alT'=) (1 + (5i + 4)abcde)
X5pn =

T+ (5i 4 5)abede)
wherex_4 =e,x_3=d,x_>2=¢,x_1=>b,xy=a.

Proof. For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for
n — 1. That s,

n—2 / n—2 .
Yoo — e[ T;=; (1 + Siabede) , Xoy g — dT1 =5 (14 (5i + 1)abcde) ’
TT;=5 (1 + (5i + 1)abede) TT-Z(1 + (5i + 2)abede)
o cTT-2 (1 + (5i + 2)abcde) - bIT-F(1 + (5i + 3)abede)
M7 I12(1 + (5i + 3)abede) | MO IT=2(1 + (5i + 4)abede) |
aTT'-Z(1+ (5i + 4)abcde)
X5n—5 =

TT-2(1 + (5i + 5)abcde) -
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Now, it follows from (4) that

X5n—9

X5n—4 =
1+ x5,1-5X5,_6X51—7X5n

—8X51n—9

e [T/ 2(1+5iabcde)
T3 (1+(5i+1)abede)

1+5iabede

n—2 1+ (5i+4)abcde 14 (5i+3)abede 1+ (5i+2)abede
1+ abede Hl 0 1+(5i+5)abcde 1+ (5i4-4)abede 14 (5i+3)abede *

H (1+5iabcde)
(1+( 51+1)abcde)

n=2 1 4 5igbcde

" 1+(5i+1)abcde

1+ abcdeH 1+5iabcd,
n—2

=elly

i= O 1+ (5i+5)abcde

e :eH

+ (5i + 1)abcede

Hence, we have

1+ 5iabcde 1+ (5n — 5)abcde
1+ (5n —4)abcde

n—1

. H 1+ biabcde
i 1+ (5i + 1)abcde

i 1+ (51 + 1)abcde

< 71 )
bed
1+ 1+(5f1f5§abcde

0

Theorem 3. The equation (4) has unique equilibrium point which is the number zero and this
equilibrium is not locally asymptotically stable. Also X is non hyperbolic.

Proof. For the equilibrium points of (4)

___X
1+%
Then ¥ + X° = ¥, x® = 0. Thus the equilibrium point of (4) is ¥ = 0. Let f : (0,
be the function defined by
!
flL ot w,a) = 1+ lotwa”
Therefore it follows that
I = 1 l =
fl(!oltlwlw)_ml fO(/OrtrwrlX)_
—2owa
ft(lloltlwloc) :W/ fW(lloltlw/a) ==
—Zowt
flx(lr o, t, w, OC) = m
We see that
fl(f X, X, X, Y) 1, fo (Y, X, X, X, Y) 0,
fw (Y, X, X, X, f) =0, fa (E, X, X, X, f) =0

we can write

The proof now follows by using Theorem 1.

00)5 — (0, 00)

—Ptwa
(1+ lotwa)?’
—1%ota
(1+ lotwa)?’

=0,
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Theorem 4. Every positive solution of (4) is bounded and 1211 xy, = 0.
n—oo

Proof. 1t follows from (4) that

Xn—4

< Xp—g.
1+ xpXy—1Xn—2Xn—3%p—4

Xnt+1 =

Then the subsequences {x5,_4}5 o, {X5n—3}0 o, {¥5n—2}00 0, ---, {¥5n} 5, are decreasing and
so they are bounded from the above by

T =max{x_4,X_3,X_2,X_1,X0}.
This completes the proof. O

Xn—4
1—XnXy—1Xn—2Xn—3Xn—4

2 Solution of the difference equation x,, 1 =

Here the specific form of the solutions of the difference equation

Xn—4
Xpt] = 1 , n &€ Ny, (5)
— XnXn—-1Xn—2Xn—-3Xn—4

where the initial conditions are arbitrary nonzero real numbers, will be derived.

Theorem 5. Let {x,}>__, be a solution of (5). Then forn € N,

N ey (1 — 5iabede) o= dT1! -y (1 — (5i + 1)abcde)
" " (1 — (5i + 1)abede)’ " " (1 — (5i + 2)abcde)
Xoy oy — cIT=) (1 — (5i + 2)abede) N bIT'; (1 — (5i + 3)abede)
"2 T I A (1 = (5 + 3)abede) | " A1 = (5 + 4)abede) |
alT'=5 (1 — (5i + 4)abcde)
X5n = n—1

T/, (1 — (5i + 5)abcde)
wherex_4, =e,x_3=d,x_>2=¢,x_1=>b,xy=a.
Proof. The proof is similar to the proof of Theorem 2 and therefore it will be omitted. O

Theorem 6. The equation (5) has a unique equilibrium pointx = 0, which is not locally asymp-
totically stable.

Proof. The proof is the same as the proof of Theorem 3 and hence is omitted. O

Xn—4
— 1422y —1Xy—2Xy—3Xn—4

3 Solution of the difference equation x,, 1 =

In this section, we investigate the solutions of the difference equation

Xn—4
Xpi1 = , n € Ny, (6)
=1+ xnXp 1% 2% 3%, 4

where the initial conditions are arbitrary nonzero real numbers with xpx_1x_px_3x_4 # 1.
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Theorem 7. Let {x,};>__, be a solution of the difference equation (6). Then forn =0,1,2,...

we have
e
9=, _g =d(abcde — 1),
X10n-9 (abede — 1) X10n—8 (abcde — 1)
c
= —6 — b b d - 1
X007 = Cpede 1)/ X10n—6 = b(abcde — 1),
a
X10n—5 = m/ X10n—4 = €,
X10n-3 = 4d, X10n-2 = €,
X10n—1 = b, X10n = 4.

Proof. Suppose that n > 0 and that our assumption holds for n — 1. Then

e
X10n-19 = ———, X10n—18 = d(abcde — 1),
c
X10p—17 = ——, X10n—16 = b(abcde — 1),
10n—17 (abcde — 1) 10n—16 ( )
a
X . =, X _ =e,
X10n—13 = d, X10n-12 = C,
X10n—11 = b, X10n-10 = 4.
Now, it follows from (6) that
ion_o = X10n—14 _ e
T =1+ X100-10X10n—11X101—12X10n—13%100—14  —1 + abcde
Then, we have .
X10n_9 = ——————.
109" (abede — 1)
Other relations can be proven similarly. O

Theorem 8. The equation (6) has three equilibrium points which are 0, ++/2, and these equi-
librium points are not locally asymptotically stable.

Proof. The proof is the same as the proof of Theorem 3 and hence is omitted. O

Theorem 9. The equation (6) has a periodic solution of period five if abcde = 2, and then takes

the form
{e,d,c,b,a,...}.

Proof. The proof is obtained from Theorem 7. O

Xn—4
—1—xuXxy—1Xy—2Xy—3Xn—4

4 Solution of the difference equation x,, 1 =
In this section, we investigate the solutions of the difference equation

Xn—4
=1 = XnXp 1% —2Xp 3%y 4

Xp+1 = s ne NO/ (7)

where the initial conditions are arbitrary nonzero real numbers with xox_1x_px_3x_4 # —1.
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Theorem 10. Let {x, }?> _, be a solution of the difference equation (7). Then

—e
g = —— _8 — —d b d 1
xlOi’l 9 (lled€+1)’ xlOi’l 8 (a c €+ )r
—c
. N _6 = —b(abcde + 1),
X10n—7 (abode + 1) X10n—6 (abcde +1)
—a
X10n—5 = m, X10n—4 = €,
X10n—3 = d, X1on—2 = C,
X10n—1 = b, X10n = 4,

where the initial conditions are arbitrary nonzero real numbers with xox_1x_2xX_3x_4 # —1.
Proof. The proof is similar to the proof of Theorem 7 and therefore is omitted. O

Theorem 11. The equation (7) has three equilibrium point which are 0, =v/—2 and these equi-
librium points are not locally asymptotically stable.

Proof. The proof is the same as the proof of Theorem 3 and hence is omitted. O

Theorem 12. The equation (7) has a periodic solution of period twelve if abcde = —2, and then
takes the form
{e,d,c,b,a,...}.

Proof. The proof is obtained from Theorem 10. O
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Y Wiif cTaTTi MM BUBYAEMO SIKiCHY HOBEAIHKY palliOHaABHOI'O Pi3HMIIEBOTO PiBHSIHHSI

Xn—a o
Tl = X0 X1 X 2Xp3Xp—4’ neNo:= {0 UN,
3 AOBIABHMMI HEHYABOBMMU AiVICHMMM ITOUaTKOBMMM yMoBaMi. OCHOBHa MeTa IIi€l cTaTTi — OTpu-
MaTy popMyM PO3B’SA3KiB HEAIHIVHMX Pi3HMIIEBMX PiBHSIHD IT'SITOTO IOPSIAKY 3 AOBIABHMMI AOAa-
THVMU AIVICHMMM TIOYaTKOBMMM YMOBaMM. BiAbIlle TOTO, MU AOCAIAXKYEMO CTilIKiCTh, OOMeXEeHiCTb,
KOAVBHMI Ta IIePiOAVUHIIA XapaKTep LX Po3B’s13KiB. Pe3yAbTaTy 11i€i cTaTTi HOKpAaIIyIOTh Ta po3-
IIVPIOIOTH AeSIKi BiATIOBiAHI pe3yAbTaTH B AiTepaTypi.

Kntouosi cnoea i ppasu: pisHMIIEBe piBHSIHHS, peKypCUBHA IIOCAIAOBHICTD, IEPiOAMYHIIA PO3B’s-
30K.



