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Generalized fractional inequalities of the Hermite-Hadamard
type via new Katugampola generalized fractional integrals

Omaba M.E.

A new generalization of the Katugampola generalized fractional integrals in terms of the Mittag-

Leffler functions is proposed. Consequently, new generalizations of the Hermite-Hadamard in-

equalities by this newly proposed fractional integral operator, for a positive convex stochastic pro-

cess, are established. Other known results are easily deduced as particular cases of these inequali-

ties. The obtained results also hold for any convex function.
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Introduction

The Mittag-Leffler function is considered as the mother of all other functions because of its

applications in fractional calculus. In this paper, we generalize the Hermite-Hadamard (HH)

inequalities for new Katugampola generalized fractional integrals via Mittag-Leffler functions

for convex-positive stochastic processes.

Let I ⊂ R be an interval. A function f : I → R is said to be convex if for all x, y ∈ I and

λ ∈ [0, 1], the following inequality holds:

f (λx + (1 − λ)y) ≤ λ f (x) + (1 − λ) f (y).

For this class of functions, the following theorem is known.

Theorem 1 (Hermite-Hadamard inequality). Let f : I → R be a convex function, and a, b ∈ I

with a < b, then

f

(

a + b

2

)

≤
1

b − a

∫ b

a
f (t)dt ≤

f (a) + f (b)

2
. (1)

There are many extensions by means of convexity, analogues of inequality (1) (with the

Riemann-Liouville, Hadamard, Erdélyi-Kober, Katugampola, Weyl and Liouville fractional

integrals) that abound in the literature. Also, inequalities akin to the above double inequal-

ity have been established for different classes of functions. See the following papers [4, 6, 7, 9,

10, 12–14] and their references for more.
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Not long ago, U.N. Katugampola [5] unified the aformentioned six integral operators as

follows.

Suppose X
p
c (a, b), c ∈ R, denote the set of complex valued Lebesgue measurable functions

f on [a, b] with the norm

‖ f‖X
p
c
=

(

∫ b

a
|tc f (t)|p

dt

t

)
1
p

< ∞, 1 ≤ p < ∞,

and

‖ f‖X∞
c
= sup ess

x∈(a,b)

|tc f (t)|.

Let f ∈ X
p
c (a, b), α > 0 and β, ρ, η, κ ∈ R. Then the left (and respectively the right) fractional

integral of f is given by

(

ρI
α,β
a+,η,κ f

)

(t) =
ρ1−βtκ

Γ(α)

∫ t

a
(tρ − sρ)α−1sρ(η+1)−1 f (s)ds, 0 ≤ a < t < b ≤ ∞,

and
(

ρI
α,β
b−,η,κ

f
)

(t) =
ρ1−βtρη

Γ(α)

∫ b

t
(sρ − tρ)α−1sκ+ρ−1 f (s)ds, 0 ≤ a < t < b ≤ ∞.

For η = 0, β = α and κ = 0, one obtains, from the above defined operators, the so-called

Katugampola integrals.

On the other hand, in 1980, K. Nikodem [8] introduced the notion of convex stochastic pro-

cesses (with (Ω,F , P) a probability space) and proposed the following definition. A stochastic

process X : I × Ω → R is said to be convex if

X(λa + (1 − λ)b, .) ≤ λX(a, .) + (1 − λ)X(b, .)

holds almost everywhere for all a, b ∈ I and λ ∈ [0, 1]. If we put λ = 1
2 in the above inequality,

then the process X is Jensen-convex or 1
2 -convex. A stochastic process X is termed concave if

−X is convex. For a stochastic process, we have the following result.

Theorem 2 ([6]). Let X : I × Ω → R be a convex and mean square continuous process in the

interval I × Ω. Then

X

(

a + b

2
, .

)

≤
1

b − a

∫ b

a
X(t, .)dt ≤

X(a, .) + X(b, .)

2
(2)

holds almost everywhere.

Recently, B. Ahmad et al. [1] gave the definition of the new fractional integrals.

Definition 1 ([1]). Let u ∈ L1(a, b). The fractional integrals Iα
a and Iα

b of order α ∈ (0, 1) are

defined by

Iα
a u(x) =

1

α

∫ x

a
exp

(

−
1 − α

α
(x − s)

)

u(s)ds, x > a, (3)

and

Iα
b u(x) =

1

α

∫ b

x
exp

(

−
1 − α

α
(s − x)

)

u(s)ds, x < b, (4)

respectively.
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Theorem 3 ([1]). Let u : [a, b] → R be a positive function with 0 ≤ a < b and u ∈ L1(a, b). If u

is a convex function on [a, b], then the following inequalities for fractional integrals (3) and (4)

hold:

u

(

a + b

2

)

≤
1 − α

2
(

1 − exp
(

− 1−α
α (b − a)

)

[

Iα
a u(b) + Iα

b u(a)

]

≤
u(a) + u(b)

2
. (5)

In this article, we propose the extension and generalization of the Katugampola generalized

integrals for Mittag-Leffler functions as follows.

Definition 2. Let f ∈ X
p
c (a, b), α > 0 and β, ρ, η, κ ∈ R. Then the left (and respectively the

right) fractional integral of f is given by
(

ρ I
α,β
a+,η,κ f

)

(t) =
ρ1−βtκ

Γ(α)

∫ t

a
Eρ,ρ

[

−
1 − α

α
(tρ − sρ)

]

sρ(η+1)−1 f (s)ds, 0 ≤ a < t < b ≤ ∞,

and
(

ρ I
α,β
b−,η,κ f

)

(t) =
ρ1−βtρη

Γ(α)

∫ b

t
Eρ,ρ

[

−
1 − α

α
(sρ − tρ)

]

sκ+ρ−1 f (s)ds, 0 ≤ a < t < b ≤ ∞.

The function Eα,β(.) is the Mittag-Leffler function given by

Eα,β(.) =
∞

∑
m=0

zm

Γ(αm + β)
, α, β > 0,

with Eα,1(z) = Eα(z), E1(z) = ez and E1,2 = ez−1
z . It satisfies the following integral relations.

Lemma 1 ([2, 3]). Let α, β ∈ C and R(α) > 0, R(β) > 0, then
∫ z

0
tβ−1Eα,β(xtα)dt = zβEα,β+1(xzα). (6)

Lemma 2 ([2]). For β + r > 0 and r ∈ R, we have
∫ 1

0
tβ+rEα,β+r(t

α)dt = Eα,β+r+1(1)− Eα,β+r+2(1).

Lemma 3 ([11]). For R(α) > 0, R(β) > 0, R(ρ) > 0, R(σ) > 0, γ > 0, we have
∫ 1

0
zρ−1(1 − z)σ−1Eα,β(xzγ)dz = Γ(σ)2ψ2

[(ρ,γ),(1,1)

(β,α),(σ+ρ,γ)









x

]

, (7)

where 2ψ2 is the generalized Wright function and α, β, ρ, σ ∈ C.

Special case of equation (7) for ρ = β, γ = α is
∫ 1

0
zβ−1(1 − z)σ−1Eα,β(xzα)dz = Γ(σ)Eα,σ+β(x), (8)

where α > 0; β, σ ∈ C, R(β) > 0, R(σ) > 0.

The particular case of equation (8) when σ = 1 is
∫ 1

0
zβ−1Eα,β(xzα)dz = Eα,1+β(x). (9)

Therefore, the goal of this article is to give a broader generalization of inequality (5) by

means of this new generalized fractional integral operators within the framework of the con-

vex stochastic processes. From this, inequalities involving the Riemann-Liouville, Hadamard,

Erdélyi-Kober, Katugampola, Weyl and Liouville fractional integrals are deduced as particular

cases.

This article is arranged as follows. Section 1 contains the statements and proofs of the main

results, which are the generalization of the Hermite-Hadamard inequalities in view of the new

fractional integral. A brief summary of the results is given in Section 2.
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1 Main results

Here, we define λ = 1−α
α (bρ̃ − aρ̃) with ρ̃ := ρ(η + 1). We begin by presenting a generaliza-

tion of Theorem 3 in view of convex stochastic processes.

1.1 Generalized fractional Hermite-Hadamard inequality

Theorem 4. Let α > 0, ρ > 0, β > 0 and η > 0. Let X : [aρ(η+1), bρ(η+1)]× Ω → R be a positive

stochastic process with 0 ≤ a < b and X(t, .) ∈ X
p
c (a

ρ(η+1), bρ(η+1)). If X(t, .) is convex, then

the following inequality holds almost everywhere

X

(

aρ(η+1) + bρ(η+1)

2
, .

)

≤
Γ(α)

2ρ1−β(bρ(η+1) − aρ(η+1))

1

Eρ(η+1),ρ(η+1)+1(−λ)

×

[

1

akρ(η+1)
ρ I

α,β

bρ(η+1)−,η,κ
X(aρ(η+1), .)+

1

bρ2η(η+1)
ρ I

α,β

aρ(η+1)+,η,ρη
X(bρ(η+1), .)

]

≤
X(aρ(η+1) , .) + X(bρ(η+1), .)

2
.

Proof. For ρ̃ := ρ(η + 1), t ∈ [a, b] and u, v ∈ [a, b], we define uρ̃ and vρ̃ as follows:

uρ̃ = tρ̃aρ̃ + (1 − tρ̃)bρ̃, vρ̃ = (1 − tρ̃)aρ̃ + tρ̃bρ̃.

Then, uρ̃ + vρ̃ = aρ̃ + bρ̃. Since X is a convex stochastic process, we have

X

(

uρ̃ + vρ̃

2
, .

)

≤
X(uρ̃, .) + X(vρ̃, .)

2
,

and obtain

2X

(

aρ̃ + bρ̃

2
, .

)

≤ X(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .) + X((1 − tρ̃)aρ̃ + tρ̃bρ̃, .).

Now, multiplying both sides of the above inequality by tρ̃−1Eρ̃,ρ̃(−λtρ̃), ρ̃ > 0 and integrating

over t in the interval [0, 1] we obtain

2X

(

aρ̃ + bρ̃

2
, .

)

∫ 1

0
tρ̃−1Eρ̃,ρ̃(−λtρ̃) dt ≤

∫ 1

0
tρ̃−1Eρ̃,ρ̃(−λtρ̃)X(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .) dt

+
∫ 1

0
tρ̃−1Eρ̃,ρ̃(−λtρ̃)X((1 − tρ̃)aρ̃ + tρ̃bρ̃, .) dt.

Thus, by equation (9), we have

2Eρ̃,ρ̃+1(−λ)X

(

aρ̃ + bρ̃

2
, .

)

≤
∫ 1

0
tρ̃−1Eρ̃,ρ̃(−λtρ̃)X(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .) dt

+
∫ 1

0
tρ̃−1Eρ̃,ρ̃(−λtρ̃)X((1 − tρ̃)aρ̃ + tρ̃bρ̃, .) dt.

(10)

Now, we compute the right hand side of the inequality using the definition of the gen-

eralized integrals. From the definition of uρ̃ above, applying the following tρ̃ = bρ̃−uρ̃

bρ̃−aρ̃ and
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uρ̃−1

bρ̃−aρ̃ du = −tρ̃−1dt on the first integral, we get

∫ 1

0
tρ̃−1Eρ̃,ρ̃(−λtρ̃)X(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .)dt = −

∫ a

b
Eρ̃,ρ̃

[

− λ

(

bρ̃ − uρ̃

bρ̃ − aρ̃

)]

X(uρ̃, .)
uρ̃−1

bρ̃ − aρ̃
du

=
1

(

bρ̃−aρ̃
)

∫ b

a
uρ̃−1Eρ̃,ρ̃

[

− λ

(

bρ̃ − uρ̃

bρ̃ − aρ̃

)]

X(uρ̃, .) du

=
Γ(α)

ρ1−β(bρ̃)ρη

1
(

bρ̃−aρ̃
)

ρ I
α,β

aρ̃+,η,ρη
X(bρ̃, .).

On the second integral, following similar steps, we also obtain

∫ 1

0
tρ̃−1Eρ̃,ρ̃(−λtρ̃)X((1 − tρ̃)aρ̃ + tρ̃bρ̃, .) dt =

Γ(α)

ρ1−β(aρ̃)k

1
(

bρ̃ − aρ̃
)

ρ I
α,β

bρ̃−,η,κ
X(aρ̃, .).

Substituting the integrals into (10), we obtain

2Eρ̃,ρ̃+1(−λ)X

(

aρ̃ + bρ̃

2
, .

)

≤
Γ(α)

ρ1−β

1
(

bρ̃ − aρ̃
)

(

1

(bρ̃)ρη
ρ I

α,β

aρ̃+,η,ρη
X(bρ̃, .) +

1

(aρ̃)k
ρ I

α,β

bρ̃−,η,κ
X(aρ̃, .)

)

.

(11)

To obtain the other part of the inequality, we use the convex property of the process X as

follows

X(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .) ≤ tρ̃X(aρ̃ , .) + (1 − tρ̃)X(bρ̃ , .),

X((1 − tρ̃)aρ̃ + tρ̃bρ̃, .) ≤ (1 − tρ̃)X(aρ̃ , .) + tρ̃X(bρ̃, .).

Adding the two inequalities, we obtain

X(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .) + X((1 − tρ̃)aρ̃ + tρ̃bρ̃, .) ≤ X(aρ̃ , .) + X(bρ̃, .).

Multiplying through by tρ̃−1Eρ̃,ρ̃(−λtρ̃), ρ̃ > 0, and integrating the resulting inequality over t,

in the interval [0, 1], we obtain

Γ(α)

ρ1−β

1
(

bρ̃ − aρ̃
)

(

1

(bρ̃)ρη
ρ I

α,β

aρ̃+,η,ρη
X(bρ̃, .) +

1

(aρ̃)k
ρ I

α,β

bρ̃−,η,κ
X(aρ̃, .)

)

≤

(

X(aρ̃ , .) + X(bρ̃ , .)

)

Eρ̃,ρ̃+1(−λ).

(12)

Thus, combining (11) and (12), we get

2Eρ̃,ρ̃+1(−λ)X

(

aρ̃ + bρ̃

2
, .

)

≤
Γ(α)

ρ1−β

1
(

bρ̃ − aρ̃
)

(

1

(bρ̃)ρη
ρ I

α,β

aρ̃+,η,ρη
X(bρ̃, .) +

1

(aρ̃)k
ρ I

α,β

bρ̃−,η,κ
X(aρ̃ , .)

)

≤

(

X(aρ̃ , .) + X(bρ̃, .)

)

Eρ̃,ρ̃+1(−λ).

(13)

Finally, divide all sides of (13) by 2Eρ̃,ρ̃+1(−λ) and the intended result follows.
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In what follows, we deduce the generalized Hermite-Hadamard inequality for the general-

ized Katugampola fractional integrals of any convex function.

Corollary 1. Let f ∈ X
p
c (a

ρ(η+1), bρ(η+1)). If f : [aρ(η+1), bρ(η+1)] → R is a convex function with

0 ≤ a < b, α > 0, ρ > 0, β > 0 and η > 0, then

f

(

aρ(η+1) + bρ(η+1)

2

)

≤
Γ(α)

2ρ1−β(bρ(η+1) − aρ(η+1))

1

Eρ(η+1),ρ(η+1)+1(−λ)

×

[

1

akρ(η+1)
ρ I

α,β

bρ(η+1)−,η,κ
f (aρ(η+1)) +

1

bρ2η(η+1)
ρ I

α,β

aρ(η+1)+,η,ρη
f (bρ(η+1))

]

≤
f (aρ(η+1)) + f (bρ(η+1))

2
.

Remark 1. If we set β = α, κ = η = 0 and ρ = 1 in Corollary 1, then we recover Theorem 3,

since

E1,2(−λ) =
exp(−λ)− 1

−λ
=

1 − exp(−λ)

λ
=

α(1 − exp(−1−α
α (b − a)))

(1 − α)(b − a)
.

That is, we obtain

f

(

a + b

2

)

≤
(1 − α)Γ(α)

2α(1 − exp(−1−α
α (b − a)))

[

Iα,α
b−,0,0 f (a) + Iα,α

a+,0,0 f (b)
]

≤
f (a) + f (b)

2
. (14)

Equation (14) gives exactly the result (inequality) of Theorem 3 when Γ(α) = α as given in

Definition 1.

Theorem 5. Let α > 0, ρ > 0, β > 0 and η > 0. Let X : [aρ(η+1), bρ(η+1)]× Ω → R be a convex,

mean square differentiable stochastic process with 0 ≤ a < b and X(t, .) ∈ X
p
c (a

ρ(η+1), bρ(η+1)).

If X′(t, .) is mean square differentiable, then the following inequality holds almost everywhere

∣

∣

∣

∣

X(aρ̃, .)+X(bρ̃, .)

2
−

Γ(α)

2ρ1−β

1

(bρ̃−aρ̃)

1

Eρ̃,ρ̃+1(−λ)

×

(

1

(bρ̃)ρη
ρ I

α,β

aρ̃+,η,ρη
X(bρ̃, .) +

1

(aρ̃)k
ρ I

α,β

bρ̃−,η,κ
X(aρ̃, .)

)∣

∣

∣

∣

≤
3

2
ρ̃(bρ̃ − aρ̃)2 sup

c∈[aρ̃,bρ̃]

|X′′(c, .)|.

Proof. Following the proof of Theorem 4, we have

Γ(α)

ρ1−β

1
(

bρ̃ − aρ̃
)

(

1

(bρ̃)ρη
ρ I

α,β

aρ̃+,η,ρη
X(bρ̃, .) +

1

(aρ̃)k
ρ I

α,β

bρ̃−,η,κ
X(aρ̃ , .)

)

=
∫ 1

0
tρ̃−1Eρ̃,ρ̃(−λtρ̃)X(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .) dt

+
∫ 1

0
tρ̃−1Eρ̃,ρ̃(−λtρ̃)X((1 − tρ̃)aρ̃ + tρ̃bρ̃, .) dt.

(15)
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Integrating by parts with u := X(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .) and dv := tρ̃−1Eρ̃,ρ̃(−λtρ̃) ⇐⇒

v :=
∫

tρ̃−1Eρ̃,ρ̃(−λtρ̃) dt = tρ̃Eρ̃,ρ̃+1(−λtρ̃) (using equation (6) in Lemma 1) we obtain

∫ 1

0
tρ̃−1Eρ̃,ρ̃(−λtρ̃)X(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .) dt = tρ̃Eρ̃,ρ̃+1(−λtρ̃)X(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .)









1

0

−
∫ 1

0
tρ̃Eρ̃,ρ̃(−λtρ̃)X(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .)ρ̃(aρ̃ − bρ̃)tρ̃−1 dt

= Eρ̃,ρ̃+1(−λ)X(aρ̃ , .)− ρ̃(aρ̃ − bρ̃)
∫ 1

0
t2ρ̃−1Eρ̃,ρ̃(−λtρ̃)X′(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .) dt

= Eρ̃,ρ̃+1(−λ)X(aρ̃ , .) + ρ̃(bρ̃ − aρ̃)
∫ 1

0
t2ρ̃−1Eρ̃,ρ̃(−λtρ̃)X′(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .) dt.

(16)

Similarly, the second integral in equation (15) becomes

∫ 1

0
tρ̃−1Eρ̃,ρ̃(−λtρ̃)X((1 − tρ̃)aρ̃ + tρ̃bρ̃, .) dt

= Eρ̃,ρ̃+1(−λ)X(bρ̃ , .)− ρ̃(bρ̃ − aρ̃)
∫ 1

0
t2ρ̃−1Eρ̃,ρ̃(−λtρ̃)X′((1 − tρ̃)aρ̃ + tρ̃bρ̃, .) dt.

(17)

Now, combining equations (16) and (17) into (15) we have

Γ(α)

ρ1−β

1
(

bρ̃ − aρ̃
)

(

1

(bρ̃)ρη
ρ I

α,β

aρ̃+,η,ρη
X(bρ̃, .) +

1

(aρ̃)k
ρ I

α,β

bρ̃−,η,κ
X(aρ̃, .)

)

= Eρ̃,ρ̃+1(−λ)
(

X(aρ̃ , .) + X(bρ̃, .)
)

− ρ̃(bρ̃ − aρ̃)

×
∫ 1

0
t2ρ̃−1Eρ̃,ρ̃(−λtρ̃)

[

X′((1 − tρ̃)aρ̃ + tρ̃bρ̃, .)− X′(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .)

]

dt.

(18)

Rearranging equation (18) we obtain

Eρ̃,ρ̃+1(−λ)
(

X(aρ̃ , .) + X(bρ̃, .)
)

−
Γ(α)

ρ1−β

1
(

bρ̃ − aρ̃
)

×

(

1

(bρ̃)ρη
ρ I

α,β

aρ̃+,η,ρη
X(bρ̃, .) +

1

(aρ̃)k
ρ I

α,β

bρ̃−,η,κ
X(aρ̃ , .)

)

= ρ̃(bρ̃ − aρ̃)
∫ 1

0
t2ρ̃−1Eρ̃,ρ̃(−λtρ̃)

×

[

X′((1 − tρ̃)aρ̃ + tρ̃bρ̃, .)− X′(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .)

]

dt.

(19)

Next, in equation (19), apply the Mean Value Theorem for derivative on X′ for some c ∈ [aρ̃, bρ̃],

thus

Eρ̃,ρ̃+1(−λ)
(

X(aρ̃, .) + X(bρ̃, .)
)

−
Γ(α)

ρ1−β

1
(

bρ̃ − aρ̃
)

×

(

1

(bρ̃)ρη
ρ I

α,β

aρ̃+,η,ρη
X(bρ̃, .) +

1

(aρ̃)k
ρ I

α,β

bρ̃−,η,κ
X(aρ̃ , .)

)

= ρ̃(bρ̃ − aρ̃)2
∫ 1

0
t2ρ̃−1Eρ̃,ρ̃(−λtρ̃)(1 − 2tρ̃)X′′(c, .) dt.

(20)
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Divide both sides of equation (20) by 2Eρ̃,ρ̃+1(−λ) and take the absolute values of both sides

to guarantee









X(aρ̃, .) + X(bρ̃, .)

2
−

Γ(α)

2ρ1−β

1
(

bρ̃ − aρ̃
)

1

Eρ̃,ρ̃+1(−λ)

×

(

1

(bρ̃)ρη
ρ I

α,β

aρ̃+,η,ρη
X(bρ̃ , .) +

1

(aρ̃)k
ρ I

α,β

bρ̃−,η,κ
X(aρ̃ , .)

)








≤ ρ̃(bρ̃ − aρ̃)2 1

2Eρ̃,ρ̃+1(−λ)
|X′′(c, .)|

∫ 1

0
t2ρ̃−1Eρ̃,ρ̃(−λtρ̃)|1 − 2tρ̃| dt.

(21)

Given that t ≤ 1, we estimate the integral in equation (21) as follows

∫ 1

0
t2ρ̃−1Eρ̃,ρ̃(−λtρ̃)|1 − 2tρ̃| dt ≤

∫ 1

0
t2ρ̃−1Eρ̃,ρ̃(−λtρ̃)[1 + 2tρ̃] dt

=
∫ 1

0
tρ̃tρ̃−1Eρ̃,ρ̃(−λtρ̃)[1 + 2tρ̃] dt

≤ 3
∫ 1

0
tρ̃−1Eρ̃,ρ̃(−λtρ̃) dt

= 3Eρ̃,ρ̃+1(−λ).

Finally, equation (21) reads









X(aρ̃ , .) + X(bρ̃, .)

2
−

Γ(α)

2ρ1−β

1
(

bρ̃ − aρ̃
)

1

Eρ̃,ρ̃+1(−λ)

×

(

1

(bρ̃)ρη
ρ I

α,β

aρ̃+,η,ρη
X(bρ̃ , .) +

1

(aρ̃)k
ρ I

α,β

bρ̃−,η,κ
X(aρ̃ , .)

)








≤ 3ρ̃(bρ̃ − aρ̃)2 1

2Eρ̃,ρ̃+1(−λ)
Eρ̃,ρ̃+1(−λ) sup

c∈[aρ̃,bρ̃]

|X′′(c, .)|,

and the result follows.

Theorem 6. Let α > 0, ρ > 0, β > 0 and η > 0. Let X : [aρ(η+1), bρ(η+1)]× Ω → R be a convex,

mean square differentiable stochastic process with 0 ≤ a < b and X(t, .) ∈ X
p
c (a

ρ(η+1), bρ(η+1)).

If |X′(t, .)| is convex, then the following inequality holds almost everywhere









X(aρ̃ , .) + X(bρ̃, .)

2
−

Γ(α)

2ρ1−β

1
(

bρ̃ − aρ̃
)

1

Eρ̃,ρ̃+1(−λ)

×

(

1

(bρ̃)ρη
ρ I

α,β

aρ̃+,η,ρη
X(bρ̃ , .) +

1

(aρ̃)k
ρ I

α,β

bρ̃−,η,κ
X(aρ̃ , .)

)








≤ ρ̃(bρ̃ − aρ̃)
|X′(aρ̃, .)|+ |X′(bρ̃, .)|

2
.

Proof. Divide both sides of equation (19) by 2Eρ̃,ρ̃+1(−λ) and take absolute values of both sides

to give
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







X(aρ̃ , .) + X(bρ̃, .)

2
−

Γ(α)

2ρ1−β

1
(

bρ̃ − aρ̃
)

1

Eρ̃,ρ̃+1(−λ)

×

(

1

(bρ̃)ρη
ρ I

α,β

aρ̃+,η,ρη
X(bρ̃ , .) +

1

(aρ̃)k
ρ I

α,β

bρ̃−,η,κ
X(aρ̃ , .)

)








= ρ̃(bρ̃ − aρ̃)
1

2Eρ̃,ρ̃+1(−λ)

∫ 1

0
t2ρ̃−1Eρ̃,ρ̃(−λtρ̃)

×


X′((1 − tρ̃)aρ̃ + tρ̃bρ̃, .)− X′(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .)


dt

≤ ρ̃(bρ̃ − aρ̃)
1

2Eρ̃,ρ̃+1(−λ)

∫ 1

0
t2ρ̃−1Eρ̃,ρ̃(−λtρ̃)

×


X′((1 − tρ̃)aρ̃ + tρ̃bρ̃, .) + X′(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .)


dt.

(22)

By triangle inequality and the convexity of |X′(, .)|, we have

|X′((1 − tρ̃)aρ̃ + tρ̃bρ̃, .) + X′(tρ̃aρ̃+(1 − tρ̃)bρ̃, .)|

≤ |X′((1 − tρ̃)aρ̃ + tρ̃bρ̃, .)|+ |X′(tρ̃aρ̃ + (1 − tρ̃)bρ̃, .)|

≤ |X′(aρ̃, .)|+ |X′(bρ̃, .)|,

and equation (22) becomes








X(aρ̃ , .) + X(bρ̃, .)

2
−

Γ(α)

2ρ1−β

1
(

bρ̃ − aρ̃
)

1

Eρ̃,ρ̃+1(−λ)

×

(

1

(bρ̃)ρη
ρ I

α,β

aρ̃+,η,ρη
X(bρ̃, .) +

1

(aρ̃)k
ρ I

α,β

bρ̃−,η,κ
X(aρ̃ , .)

)








≤ ρ̃(bρ̃ − aρ̃)
1

2Eρ̃,ρ̃+1(−λ)
(|X′(aρ̃, .)|+ |X′(bρ̃, .)|)

∫ 1

0
t2ρ̃−1Eρ̃,ρ̃(−λtρ̃) dt.

(23)

Since t ≤ 1, we have that
∫ 1

0
t2ρ̃−1Eρ̃,ρ̃(−λtρ̃) dt =

∫ 1

0
tρ̃tρ̃−1Eρ̃,ρ̃(−λtρ̃) dt ≤

∫ 1

0
tρ̃−1Eρ̃,ρ̃(−λtρ̃) dt = Eρ̃,ρ̃+1(−λ),

and therefore, equation (23) gives us








X(aρ̃, .)+X(bρ̃, .)

2
−

Γ(α)

2ρ1−β

1
(

bρ̃−aρ̃
)

1

Eρ̃,ρ̃+1(−λ)

(

1

(bρ̃)ρη
ρ I

α,β

aρ̃+,η,ρη
X(bρ̃, .) +

1

(aρ̃)k
ρ I

α,β

bρ̃−,η,κ
X(aρ̃, .)

)








≤ ρ̃(bρ̃ − aρ̃)
|X′(aρ̃, .)|+ |X′(bρ̃, .)|

2
.

Remark 2. We can obtain the same result by using the convexity of X′ instead, and by triangle

inequality, thus

|X′((1− tρ̃)aρ̃+ tρ̃bρ̃, .)+X′(tρ̃aρ̃ +(1− tρ̃)bρ̃, .)|≤ |X′(aρ̃, .)+X′(bρ̃, .)|≤ |X′(aρ̃, .)|+ |X′(bρ̃, .)|.

2 Conclusion

New fractional inequalities of the Hermite-Hadamard type for positive-convex stochastic

processes via new fractional integrals were established. The obtained results extend, generalize

and unify some known results in the literature.
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Омаба М.Е. Узагальненi дробовi нерiвностi типу Ермiта-Адамара в термiнах нових узагальнених

дробових iнтегралiв Катугампола // Карпатськi матем. публ. — 2022. — Т.14, №2. — C. 475–484.

Запропоновано нове узагальнення для узагальнених дробових iнтегралiв Катугамполи в

термiнах функцiй Мiттаг-Леффлера. Встановлено новi узагальнення нерiвностей Ермiта-Ада-

мара за допомогою нещодавно запропонованого дробового iнтегрального оператора для до-

датного опуклого випадкового процесу. Показано, що низку вiдомих результатiв легко ви-

вести як окремi випадки цих нерiвностей. Отриманi результати справедливi i для будь-якої

опуклої функцiї.

Ключовi слова i фрази: нерiвностi Ермiта-Адамара, функцiя Мiттага-Леффлера, узагальне-

ний дробовий iнтеграл Катугамполи, опуклий i позитивний стохастичний процес.


