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Generalized fractional inequalities of the Hermite-Hadamard
type via new Katugampola generalized fractional integrals

Omaba M.E.

A new generalization of the Katugampola generalized fractional integrals in terms of the Mittag-
Leffler functions is proposed. Consequently, new generalizations of the Hermite-Hadamard in-
equalities by this newly proposed fractional integral operator, for a positive convex stochastic pro-
cess, are established. Other known results are easily deduced as particular cases of these inequali-
ties. The obtained results also hold for any convex function.

Key words and phrases: Hermite-Hadamard inequalities, Mittag-Leffler function, generalized
Katugampola fractional integral, convex and positive stochastic process.
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Introduction

The Mittag-Leffler function is considered as the mother of all other functions because of its
applications in fractional calculus. In this paper, we generalize the Hermite-Hadamard (HH)
inequalities for new Katugampola generalized fractional integrals via Mittag-Leffler functions
for convex-positive stochastic processes.

Let I C R be an interval. A function f : I — R is said to be convex if for all x,y € I and
A € [0,1], the following inequality holds:

fAx+ (1= A)y) <Af(x) + (1= A)f(y).
For this class of functions, the following theorem is known.

Theorem 1 (Hermite-Hadamard inequality). Let f : I — R be a convex function, and a,b € I

witha < b, then
F(E40) < [ s < 050 "

There are many extensions by means of convexity, analogues of inequality (1) (with the
Riemann-Liouville, Hadamard, Erdélyi-Kober, Katugampola, Weyl and Liouville fractional
integrals) that abound in the literature. Also, inequalities akin to the above double inequal-
ity have been established for different classes of functions. See the following papers [4,6,7,9,
10,12-14] and their references for more.
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Not long ago, U.N. Katugampola [5] unified the aformentioned six integral operators as
follows.

Suppose X7 (a,b), c € R, denote the set of complex valued Lebesgue measurable functions
f on [a, b] with the norm

1
b dt\ v
e = ([ 1r0PS) <o 1<p<en

and
I fllxe = supess [££(£)].
x€(a,b)
Let f € XF(a,b), « > 0and B,p,7,x € R. Then the left (and respectively the right) fractional
integral of f is given by

(7t f) 0=

t
/ (10 —sP) 1P )=l f(5)ds, 0<a<t<b< oo,
a

and
1=Bton b
(z?, ) () == (Df) /t (s — ) 101 F(5)ds, 0<a<t<b< oo,

Forn = 0, B = a and ¥ = 0, one obtains, from the above defined operators, the so-called
Katugampola integrals.

On the other hand, in 1980, K. Nikodem [8] introduced the notion of convex stochastic pro-
cesses (with (Q), F, P) a probability space) and proposed the following definition. A stochastic
process X : I x (3 — R is said to be convex if

X(Aa+ (1—A)b,.) < AX(a,.) + (1 — A)X(b,.)

holds almost everywhere for all a,b € I and A € [0, 1]. If we put A = 3 in the above inequality,
then the process X is Jensen-convex or 3-convex. A stochastic process X is termed concave if
— X is convex. For a stochastic process, we have the following result.

Theorem 2 ([6]). Let X : I x (3 — R be a convex and mean square continuous process in the
interval I x (). Then

a+b 1 b X(a,.) + X(b,.)
)< Jdt <
X( . ,)_b_a/QX(t,)dt_ . @)
holds almost everywhere.

Recently, B. Ahmad et al. [1] gave the definition of the new fractional integrals.

Definition 1 ([1]). Let u € Lq(a,b). The fractional integrals Z; and Z}; of order a € (0,1) are
defined by

Ziu(x) = %/x exp <— ! ; a(x - s))u(s)ds, x> a, 3)
and ,
Zyu(x) = %/ exp (— L ; a(s - x))u(s)ds, x <b, 4)

respectively.
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Theorem 3 ([1]). Letu : [a,b] — R be a positive function with0 < a < band u € Ly(a,b). If u
is a convex function on [a, b], then the following inequalities for fractional integrals (3) and (4)
hold:

u<”;b> < 1_exp1:‘f_a(b_a) [Igu(bwzgu(a)] < M 5)
( ( )

o

In this article, we propose the extension and generalization of the Katugampola generalized
integrals for Mittag-Leffler functions as follows.

Definition 2. Let f € X!(a,b), « > 0 and B,p,7,x € R. Then the left (and respectively the
right) fractional integral of f is given by
1=ppe i 1—«a
PP - 97/ BTV VICES VS
< Ia*,q,xf) (t) F(CK) p EP,P[ o (t S ):| § f(S)dS, 0<a<t< b < 0o,

and

1=Bton b —
(PP of) () = P /tEp,p{‘lﬂs”—f")]““1f<s>ds, 0<a<t<b<oo

s )
The function E, g(.) is the Mittag-Leffler function given by
%) M
Eyp(.) = -, &, B >0,

with E,1(z) = Ex(2z), E1(z) =e*and E1p = ezz_l. It satisfies the following integral relations.

Lemma 1 ([2,3]). Letwa, p € C and R(x) > 0, R(B) > 0, then

z
/ tﬁ_lE,X,/;(xt"‘)dt = zﬁE,X,ﬁH(xz"‘). (6)
0
Lemma 2 ([2]). Forf+r > 0 andr € R, we have

1
/0 t}3+rEa,/3+r(tm)dt = Erx,,BJrrJrl(l) - Ea,/3+r+2(1)-
Lemma 3 ([11]). For R(«) >0, R(B) >0, R(p) >0, R(c) >0, v > 0, we have

o . (p7),(11)
/0 2P (1 —2)7" E,X,/;(xz”)dz = T(U)zlpz[
(B),(o+p,7)

where 71, is the generalized Wright function and «, 8, p, 0 € C.
Special case of equation (7) forp = B,y = a is

[0 2 gl = T(0) B (2), ®)

wherea > 0; B, 0 € C, R(B) >0, R(c) > 0.
The particular case of equation (8) wheno =1 is

1
/0 2P Ey p(x2%)dz = Eq1qp(x). )

Therefore, the goal of this article is to give a broader generalization of inequality (5) by
means of this new generalized fractional integral operators within the framework of the con-
vex stochastic processes. From this, inequalities involving the Riemann-Liouville, Hadamard,
Erdélyi-Kober, Katugampola, Weyl and Liouville fractional integrals are deduced as particular
cases.

This article is arranged as follows. Section 1 contains the statements and proofs of the main
results, which are the generalization of the Hermite-Hadamard inequalities in view of the new
fractional integral. A brief summary of the results is given in Section 2.

x}, )
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1 Main results

Here, we define A = 1=2(bP — af) with p := p(y7 + 1). We begin by presenting a generaliza-
tion of Theorem 3 in view of convex stochastic processes.

1.1 Generalized fractional Hermite-Hadamard inequality

Theorem 4. Leta >0, p >0, B > 0andy > 0. Let X : [a?+1), pp(1+1)] x () — R be a positive
stochastic process with 0 < a < b and X(t,.) € X! (aP(1V),pe(1+1)) If X(t,.) is convex, then
the following inequality holds almost everywhere

X<ap(17+1) + pPlr+1) > - I'(a) 1
2 ") T 20 PP D) — ) By ) o1y 1(—A)
1 1
p 1%p p(n+1) p r%B p(+1)
X Lkp(qﬂ) Ibp<n+1> WKX(’Z ")+bp217(17+1) Iap<n+1> M0 X(b )
- X(art1t1) ) erx(bp(iﬁl), _).

Proof. Forp:=p(y+1),t € [a,b] and u,v € [a,b], we define uf and o as follows:
uP = tPaf + (1 —t0)bP, of = (1 —t°)aP 4 t°bP,
Then, u? + v° = aP + bP. Since X is a convex stochastic process, we have

[Ty P P
X<u ;—v ,~> < X(u ,.)—2|—X(v ,.),

and obtain

a4 b - - o
2X( T ) < X(#af + (1= 19)6P, ) + X((1 = tF)af + 1707, ).

Now, multiplying both sides of the above inequality by #*~'E; ;(—A#f), § > 0 and integrating
over t in the interval [0, 1] we obtain

a0\ 5 ' VX (1 P \pP
2X e /O 7" Ep 5(—At )dtg/o 07 E5p(—At0) X (t0af + (1 — t°)bP, ) dt
1 _ o
+ /O P 1Es 5 (—A#P)X((1 — 17)aP + 1917, ) dt.
Thus, by equation (9), we have

A il < [ ¢t AP X (0P P ) d
2E5541(—A)X 5 _/ Ess(—AtP)X(taP + (1 —t9)bP, ) dt

(10)
+/ 1 E; 5(—AMP)X((1 — tP)aP + tP0F, ) dt.

Now, we compute the right hand side of the inequality using the definition of the gen-

bP—uf and

eralized integrals. From the definition of uf above, applying the following t# = T
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!

du = —tP~1dt on the first integral, we get

= APV X (16 2P P \d ‘ Nl ooy W

1 b < bﬁ—up -
= W/ﬂup 1Ep,ﬁ|:—)\<m>:|X(up,) du

F(OC) 1 0 [xﬁ 5
= _ —PJ™ X(b°,.).
pl—ﬁ(bP)PU (bP—aP) af™ 01 ( )

On the second integral, following similar steps, we also obtain

/1tﬁ—15~~(—mﬁ)x<(1—tﬁ)aﬁ+tﬁbﬁ O R S R
A pp T B (af)k (b0 —af) B

Substituting the integrals into (10), we obtain

af + bP
2Eﬁ,p~+1(—)\)x< - >

T'(a) 1 1 wp 5 1, ap 5
< Y e,. [ £, .
- p1*/5 (bﬁ —ap) ((bP)PW Iuﬁ+,i7,pi7X(b ! )+ (aP)k Ibpi,U,KX(a ’ )>

(11)

To obtain the other part of the inequality, we use the convex property of the process X as
follows

PX(af,.) + (1 —t0)X(b°,.),

X(taf + (1 —t)bP,.) < t ,
(1—t)X(a?,.) +t°X (b, .).

<
X((1—tP)aP +t°bP,.) <

Adding the two inequalities, we obtain
X(taf 4+ (1 — )P, ) + X((1 — tF)aP + tPbFP,.) < X(aP,.) + X(bP,.).

Multiplying through by t#*~1E; ;(—A#f), § > 0, and integrating the resulting inequality over ¢,
in the interval [0, 1], we obtain

T 1 1 ! 1 i
1(“) ( PP X, ) + =PI X(af, .))

- (bﬁ—gﬁ) (bﬁ)P’? a?* ,0n (aﬁ)k bo™ ¢

(12)

™
™
J’_
—_
—~
|
>
~—

< [ X(af,.) + X(b°, .))E ,

Thus, combining (11) and (12), we get

gﬁ_{_bﬁ T 0{) 1 1 o 7B 0 1 o %P 0
2EP45+1(_A)X< 2 ") < pl—lg (bﬁ _aﬁ) <(bﬁ)P’7 Iaﬁ+,;7,p;7X(b "> T (gﬁ)k Ibﬁf,;y,KX(a ")

Finally, divide all sides of (13) by 2E; 5,1(—A) and the intended result follows. O
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In what follows, we deduce the generalized Hermite-Hadamard inequality for the general-
ized Katugampola fractional integrals of any convex function.

Corollary 1. Let f € X! (a°+D), pp(1+D) [f £+ [aP(1+1), pe(1+1)] 5 R is a convex function with
0<a<ba>0p>0B>0andny >0, then

<ap(;7+1) + bp(n+1)> ['(a) 1
2 = zpl—ﬁ(bp(zyH) — gp(v+1)) Ep(q+1),p(q+1)+l(_A)

1 w,B 1 o
0T o(n+1) o 7%B p(17+1)
X |:akp(17 +1) petr+1)” Mf(a )+ bo*n(n+1) laﬂ<’7+1>+ﬂ7,pi7f(b )

o L) £ f00r)

Remark 1. If weset p = «,k = 11 = 0 and p = 1 in Corollary 1, then we recover Theorem 3,
since

) =1 1-—exp(-A) _ a(l—exp(~5E (b))
—A N A N (1—a)(b—a) '

That is, we obtain

a+b (1—a)T(a) » " . f@) +£(b)
f< 2 )SZa(l—exp(—¥(b_ )))[I oof( )+I+00f( )] — (14)

Equation (14) gives exactly the result (inequality) of Theorem 3 when I'(x) = « as given in
Definition 1.

Theorem 5. Leta >0, p >0, 8 > 0andn > 0. Let X : [a?(1+1), pP(1+1)] x () — R be a convex,
mean square differentiable stochastic process with0 < a < band X(t,.) € XF (aP(1+1), pe(1+1)),
If X'(t,.) is mean square differentiable, then the following inequality holds almost everywhere

X(ah,)+X(H,) T(@) 1 1
2 20'F (bP—aP) E5pia(—=A)
1 aﬁ 5 1 aﬁ 5
P p P p
< <(bp)p,7 X0+ i IbpMX(a,.)N

< Zp(b —af)? sup |X"(c,.)].

c€af,bP]

| [6V]

-2

Proof. Following the proof of Theorem 4, we have

T'(a) 1 1 op 1, wp ]
P 0 o7 5
p1=F (bP — aP) <(bﬁ)ﬁf7 Iap+,,7,p,7X(b ,-)+—(aﬁ)k sz,mX(a )

1 ~ o o
— / P, (— AP X (HaP + (1— #9)6P, )dt (1)
0

1 ) o
+/ 1y 5 (—AP)X (1 — t)aP + 1P, ) dt.
0
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Integrating by parts with u := X(t°af + (1 — tP)bf,.) and dv = tF71E;5(—At0) <
V= /tp_lEﬁ,ﬁ(—Atﬁ) dt = tﬁEﬁ,pH(—)\tp) (using equation (6) in Lemma 1) we obtain

1 . o . . o o 1
/ VB o (—AMP) X (taf 4+ (1— #7)bP, ) dt = tPE 5.1 (—AP) X (HPaf + (1 — #0)DP, )
0

0
/ HEs5(—AtP) X (tPaf + (1 — tP)bP, )p(af — bP )P~ dt
1 (16)
= E; 511 (—A)X(a?,.) — p(aP bP)/ 0 Es 5(—AMP) X (Haf + (1 — t0)DP, ) dt
0
T
= Byt (“A)X(@,) + (00 — ) [ B B (—A)X' (P + (1= #)80,.) di
0
Similarly, the second integral in equation (15) becomes
1 < S o
/ P VE; 5(~AP)X((1 — t7)aP + 11, ) dt
’ 17)

- - ool - R -
= Epp511(—A)X(b°,.) — (b —a’) /0 tzP—lEﬁ,ﬁ(—Atp)X’((l —tP)al + t°bP, ) dt.
Now, combining equations (16) and (17) into (15) we have
I'(a) 1 1 B 5 1 a,B < )
——— . I X(b*,. — P17 X(a,.
pl_ﬁ (bP — gP) <(bP)P’7 a®" 00 ( )+ (gP)k bo™ ¢ (El )
= Egp1(=A)(X(a",.) + X(¥°,.)) — p(b° — af) (18)

X / P Es 5(—AtF) {X’((l — t0)af +1°0,.) — X' (tPaf + (1 — tF)bP, -)] dt.
0

Rearranging equation (18) we obtain

Eppi1(—A) (X(a,.) + X(bP, ) — %ﬁ

1 aﬁ 5 1 aﬁ 5
o7 p o p
% ((bﬁ)P’? Iaﬁ+,11,p11X(b )+ (af)k Ibﬁf,ﬂ,xx(a ’>>
S B )
— 5(bP — aP) /0 (P1E, 5 (— A1)

X [X’((l — t0)af + PP, .) — X' (tPaf + (1 — tP)bP, .)] dt.

(19)

Next, in equation (19), apply the Mean Value Theorem for derivative on X’ for some ¢ € [a?, bF],
thus

1
=)

)

B
1 p p L ppp p 20
X ( ampnxw L)+ @ sz,ﬂ,KX(a ,.)) (20)

I'(a)
J1-B

Espi1(—A)(X(a?,.) + X(bP,.)) — ;

— 5(bF —aP)Z/O 201, 5(—At) (1 — 269)X" (c, ) dt.
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Divide both sides of equation (20) by 2E; 5, 1(—A) and take the absolute values of both sides
to guarantee

X(aP,) +X(P,) T(w) 1 1
2 2p17}5 (bﬁ — [115) Ep’/p~+1(_A)
1 [xﬁ 5 1 [xﬁ 5
P ™ o P o
x <(bp)P’7 Iap+,l7,p77X(b ,') + (aﬁ)k Ibﬁf,;y,KX(a ')> ‘ (21)
< < 1 T < <
< 5(bP — g0)? " _/29—1“_9 — 20| dt.
< p(bP —af) ZE@M(_NX ()] | 7 Epp(—At)|1 — 29| at

Given that t < 1, we estimate the integral in equation (21) as follows

/0 CRTE, (CAR)|1— 260 dt < /0 L R0E, (At)1 + 267t
= /01 PP E; 5(—AtP)[1 + 2t°) dt
< 3/01 1 E; 5(—AtF) dt
— 3E;511(— ).

Finally, equation (21) reads

X(af,.)+X(P,.) T(a) 1 1

N
N
=)
0
=
—~
oy
S
|
AN
=1
~—
™
™
™
+
—_
—~
|
>
~—

1 a,ﬁ = 1 a,ﬁ =
TP X)) + (aﬁ)kplbpmxw,.)) ‘

Espr1(—=A) sup [X"(c,.)],

c€af bP]

2E5541(—A)
and the result follows. O

Theorem 6. Letax >0, p >0, > 0andn > 0. Let X : [a?1+1), pP(1+1)] x Q) — R be a convex,
mean square differentiable stochastic process with0 < a < band X(t,.) € X! (a?(1+1), pe(1+1)),
If|X'(t,.)] is convex, then the following inequality holds almost everywhere

X(af,.)+ X(P,.) T(a) 1 1
2 - 201P (bP —af) Egpi1(—A)

pvh p 1 pmp p
x <(bﬁ)P’7 Iuﬁ+,11,p11X(b ’.) + (gﬁ)k Ibﬁf,q,KX(a ’)> ‘
X" (aP, )] + X' (b°,.)]

5 .

< p(bf —af)

Proof. Divide both sides of equation (19) by 2E; 51(—A) and take absolute values of both sides
to give



Hermite-Hadamard+ inequalities via new Katugampola generalized fractional integrals 483

X(af,.) + X(b°,.) () 1 1
2 207 (bF — aP) Egpy1(—A)
1 lXﬁ 5 1 lXﬁ 5
e p I Y
% ((bﬁ)P’? Iaﬁ,q,pﬂx(b )+ (af)k Ibﬁf,ﬂ,KX(a ’)> ‘
L 1 1 i
=P —af)—— [ PPTVE;5(—ALP
o )2Eﬁ,p+1(— A) Jo ool ) (22)

X | X'((1—tP)aP + t0bP,.) — X' (tPaf + (1 — tP)bP,.) | dt

1 /1 261
_ - E~ 5(—Atf
2E5541(=A) Jo p(=AP)

X | X'((1—tP)af +tPbP,.) + X' (tPaf + (1 — tP)bP,.) | dt.

< p(bF — af)

)
By triangle inequality and the convexity of | X'(,.)|, we have
X' (1= tP)af +tPLP, ) + X' (Hal +(1 — tP)bF, )|
<|X'((1=tP)aP + tPbP, )| + | X' (tPaf + (1 — )P, )]
< |X'(af, )+ X' (07, )],
and equation (22) becomes
X(af, )+ X(b°,.)  T(a) 1 1
2 207 F (0 —af) Eppia(—A)
x ( L o Xl )+ ——pf X(aP, .)) ‘ (23)

(bP)PW a?* ,0n (gP)k bo™

1 "(aP 1(HP 12;371 0
ﬁ(\X(a,.)H\X(b,.)\)/Ot Epo(—At0) dt.

< PP —al)
o0

Since t < 1, we have that
1 1 1
261 6y 4 5—1 5 6—1 0\ gt —
/O (2P1E, 5(— AP dt = /0 (P 1E, 5(—AtF) dt < /O P LE 5(—At) dt = Ej541(—A),
and therefore, equation (23) gives us

X(af )+X(bP,.) T(a) 1 1 1, wp . up i )\
— _ —_P["P X(bP,. __P1"P X(aP,.
‘ 2 20'F (bP—aP) Eg i (—A) \(bP)PT "o 1 ( )+(aP)k s (a.)
X! (aP ' (bP
< o9 — ap) X X0, )]

2
UJ

Remark 2. We can obtain the same result by using the convexity of X' instead, and by triangle
inequality, thus

X (1= t0)alP+tPbP, ) + X' (tPaf + (1 —tP)bP, )| < | X/ (af,.) + X' (bP, )| < X/ (af, )|+ | X (BF, ).

2 Conclusion

New fractional inequalities of the Hermite-Hadamard type for positive-convex stochastic
processes via new fractional integrals were established. The obtained results extend, generalize
and unify some known results in the literature.
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3anpoIIOHOBaHO HOBE y3aTaAbHEHHsI AAS y3araAbHEHMX ApoboBmx iHTerparis KaTyrammoan B
TepMiHax pyHKIIT MiTTar-Aedpdparepa. BctaHOBAEHO HOBI y3araabHeHHsT HepiBHOCTelt EpmiTa-Aaa-
Mapa 3a AOIIOMOTOIO HeIJOAABHO 3aIpOIIOHOBAHOTO APOOOBOTO iHTErpaAbHOTO OIlepaTopa AASI AO-
AATHOTO OIyKAOTO BUITAAKOBOro Iporecy. IlokasaHo, 110 HM3KY BiAOMMX Pe3yABTaTiB A€TKO BU-
BECTH K OKpeMi BUITaAKM IMX HepiBHOCTelt. OTpuMaHi pe3yAbTaTy CIpaBeAAMBi i AAsT 6y Ab-sTKOi
OITyKAOI PyHKIIIi.

Kntouosi cnosa i ppasu: HepisHOCTI EpMmiTa-Aaamapa, dyskuis Mitrara-Aedpdaepa, yzararbre-
HIIT Apo6oBuii iHTerpas KaTyraMnoan, omyKAmit i MOSUTUBHIIL CTOXaCTUYHMIA IIPOLIeC.



