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Fekete-Szego inequality for a subclass of analytic functions
associated with Gegenbauer polynomials

Kamali M.

In this paper, we define a subclass of analytic functions by denote TgH (z, Cﬁ,/\) (t)) satisfying

the following subordinate condition

() 2" (2) 1
-8 () +e 1+ f/(Z))<(1—2tz+zz))"

where § > 0,A > 0and t € (%, 1} . We give coefficient estimates and Fekete-Szego inequality for

functions belonging to this subclass.
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1 Introduction

Let D be the open unit disk {z € C: |z| < 1} and A be the family of all analytic functions
defined on D normalized by the conditions f (0) = 0 and f’ (0) — 1 = 0. Then each function f
in A has the following Taylor expansion

f(z)=z+ i anz". (1)
n=2

Furthermore, by S we shall denote the class of all functions A that are univalent in D.

In 1933, M. Fekete and G. Szegé [5] obtained a sharp bound of the functional |a3 — ;m%‘
with real pr, 0 < u < 1, for a univalent function f. Since then, the problem of finding the sharp
bounds for this functional of any compact family of functions f € A with any complex y is
known as the classical Fekete-Szego problem or inequality.

Let f and g be analytic functions in D. We define that the function f is subordinate to g in
D and denoted by

f(z) <8(z), zeD,

if there exists a Schwarz function w, which is analytic in D with w(0) =0 and |w(z)|< 1,
z € D, such that
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If ¢ is a univalent function in D, then

f(z) < ¢(z) < f(0) =¢(0) and f(D) C g(D).
A function f € A maps D onto a starlike domain with respect to wy = 0 if and only if

zf'(z) 1-—z
f(2) “1iz

zeD. )

A function f € A maps D onto a convex domain if and only if
zf" (z) 11—z
= ,
1" (z) 1+z
It is well known that if a function f € A satisfies (2), then f is univalent and starlike in D.
Let p € [0,1). A function f € A is said to be starlike of order p and convex of order f if

zf'(z)  1-(1-2B)z
f(z) = 1+z

1+ z € D.

, z€D,

and

2f'(z) ,1-(1-2f)z
1+ () < 112 , z€D,
are satisfied, respectively.

In recent years, many studies have been made on the coefficient estimates of functions be-
longing to this class and the Fekete-Szego inequality by defining sublasses of analytic functions
associated with Chebyshev polynomials. Some of these studies are presented below.

In 2015, J. Dziok et al. [4] have studied the coefficient bounds and Fekete-Szeg6 inequality

for the functions f € H (t),t € <%, 1] , satisfying the following condition

zf" (2) 1
H(z,t) = ——.
1 (z) < H(zt) 1— 2tz + 22
In 2016, S. Altinkaya and S. Yal¢in [1] have defined and studied the coefficient estimates, Fekete-
Szego inequality for the functions f € K(A,t), t € <%, 1], A > 0, satisfying the following

BRETA0 2" (2) .
(=155 +A<1+f,(z))<H(,t).

In 2018, S. Altinkaya and S. Yal¢in [2] have defined and studied the coefficient estimates, Fekete-

Szego inequality for the functions f € L(a,t), « > 0, t € <%, 1], satisfying the following

<}[<(>)> 1+ }c<(>))1 <H(zt), zeD.

In 2019, E. Szatmari and S. Altinkaya [7] have defined and studied the coefficient estimates,
Fekete-Szego inequality for the functions f € F (H,a,0,1),0<a<1,1<6<2,0<pu<1,
satisfying the following condition

(R vmo (58 () <o, <o

1+

condition

condition
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In 2020, M. Caglar et al. [3] have defined and studied the coefficient estimates, Fekete-Szego
inequality for the functions f € N (A, 5,¢),0 < B <A <1t e (%, 1] , satisfying the following
condition

ABZ " () + (2AB+ A — B) Z2f" (2) +2f (2)
< H
ABZ2f" (z) + (A= B)zf' (z2) + (1 = A+ B) f (2)
In 1994, J. Szynal [8] introduced and investigated the class T (A), A > 0, as the subclass of
A consisting of functions of the form

(z,t), ze€D.

fe = [ ke, ®)
where

z

k(z,t) =
(1) (1 —2tz+ 22

))L/ ZGD/ _1§t§1/ (4)

and  is a probability measure on the interval [—1, 1] . The collection of such measures on [g, b]
is denoted by Py, ;). The function k (z, t) has the Taylor series expansion

k(zt)=z+CM )2+ M ()2 +cM () +...
where C,(q)\) (t) denotes the Gegenbauer polynomial of degree n.
First polynomials of this type are the following:

¢V (6 =1,
cM () = 2at, -
cM () =220 (A+1)2— 1,

A)

CM () =2AA+1) (A+2)B =20 (A+ 1),

If f € T (A) is given by (3), then the coefficients of this function can be written as follows

0, = /_ 11 c™ (1) dy (1) .

Note that T (1) = T is the well-known class of typically real functions. For A = 1 we obtain

1
the class of typically real functions related to Legendre polynomials P, () = C,Sz) ().

Now, we define a subclass of analytic functions in D, satisfying the subordination condi-
tion, associated with Gegenbauer polynomials.

Definition 1. We define the class of analytic functions, and denote it by T/;H <z, C,SA) (t)),
satisfying the following subordinate condition

b (£2) (- 58 nuei)HED 1

wherep > 0,A > 0andt € (%,1].

In this paper, we obtain initial coefficients |a;| and [a3]| for subclass TgH (z, ciM (t)) by
means of Gegenbauer polynomials expansions of analytic functions in D. Also, we solve
Fekete-Szego problem for functions in this subclass.
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2 Coefficient bounds for the functions, belonging to class TgH (z, cM (t))

We begin with the following result involving initial coefficient bounds |a;| and |a3| for a
function from the class TgH <z, C,(f‘) (t)) .

Theorem 1. Let the function f (z) given by (1) be in the class TgH <z, C,(f\) (t)) Then

2/t
1+

laz| <

=

and

laz] <
(

A (A+1)B2+2(1+4A) B+ (1+3A) 2 1
2+4p) (1+B)? '

wherep > 0,A > 0andt € <%,1]
Proof. From (4), we have

k(z,t)

1
(1—2tz+22)"

—1+CWM Wz M2+ )P+ =

From (1), we can write

zf' (z)  z+2ap2% +3a32% + ... )y
B =1 2a3 —
f(z) 2+ 422 + 4323 + ... +az + (2a3 — a5)z” +

and

zf" (z) 20,z + 6a3z% + . .. by
Ty T T aagr a2 s = L 2t (60— da)et 4

Thus, we obtain

(1-p) <ZJ{/(-(Z§)> = {1+azz+(2a3—a§)zz+...}
= (1) +(1-Plaz+(1-p) {203~ a3} 2+ ...

and

B <1 + ZJJ:,”((ZZ))> =B {1 +2ayz + (6a3 — 4a3)z> + ... }

= B+ 2Barz + B(6az — 4a3)z* + ... .
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With a simple calculation, we find

(1-p) (Zf/( >> +f3< Zf”(z)> =14 (14 ) ayz

f(z) f(2)
+{Ce+4pas—(1+3p)a3} 2+

From (6), we have

a-p) () b (1+ 5 ) — e 0pia

f(2) f'(2) (7)
+G WP @+ O (@) +
for some analytic functions
p(z) =piz+p +ps2+..., zeD, (8)
such that p (0) =0, |p (z)| < 1, z € D. For such functions, it is well known (see [6]), that
Pl <1 jeN, ©9)
and forallv € R
P2 —vpd| < max{1,[v]}. (10)
Therefore from (7) and (8) we have
a-p) () 45 (14 L) =14V 0pe@) + P0G + OGP+
=1+ (B piz+ [V () pa+ Y (1) p] 2+
and thus
1+ (14 B) az + { 2+ 4B)as — (1 +3ﬁ)a§}zz+... .
=1+ () pz+ |V (1) pa+ IV () 7] 2+
It follow from (11) that
(1+B)ar = ¢ () p (12)
and
@+4p)as—(1+3p) @3 = G () p2+ Y (1)1 (13)

From (5), (9) and (12), we can write

2)\1'}71 2At
— <

T

(1+pB)ax = Cp) (t)pr = a2 =
From (5), (9) and (13), we can write
@+4B)m — (1+3p) @3 = ) () p2 + G (1) pf =

c (1) Pl]z
1+B

@+4B)as = N (1) pa+ Y (1) 2 + (14 38) [

2Atp1:|2
1+p

(2 +4B) az = 2Atps + {2}\ A+1)2 =21+ (&i;‘; )4}\2152];7

e
(2+4ﬁ)a3:2)\t{p2—%{1—((}H—l) (1125 )2}\)2#} }

(24 4B) a3 zzAtp2+{2A(A+1)t2—A}p%+(1+3fs) {
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Thus, from (10), we have

ol < e el (000 (vge) 1)

With a simple calculation, we find that

forp>0,A>0andt € (Lz’ 1] . Consequently, we obtain

o< (000 (5288 1)

A A+1)B2+2(1+410)B+ (1+3A)\ .0
|613| < 5 2t —1 5.
(2+4p) (1+8)
The proof of Theorem 1 is completed. O

Taking A = 2 in Theorem 1, we obtain the following corollary.

1
Corollary 1. Let the function f (z) given by (1) be in the class TgH (z, C,(f) (t)) = TgH(z, Pu(t)).
Then

lap] < —— and |a3|

_15

where p > 0andt € (% }

1 (3% + 128 +5)
—4<1+25>{ A+ p)2 tz‘l}'

Taking A = 1, B = 1 in Theorem 1, we obtain the following corollary.

1
Corollary 2. Let the function f(z) given by (1) be in the class T1H(z, C,(f) (t)) = T1H(z, Py(t)).
Then

t 1, _5
< — < — —
lag| < 5 and |az| < 12(515 1),
where t € <\[,1].

Taking A = 1 in Theorem 1, we obtain the following corollary.

Corollary 3. Let the function f(z) given by (1) be in the class TgH(z, C,(f) (t)) = L(B, ). Then

2t (2B +108+4) , 1
|aa| < T+ B and 3| < 128 2 pr 20+ 2p)
where B > 0andt € <f’ }

Remark 1. The estimate of |a3|, obtained in Corollary 3, is better than the corresponding esti-
mate of §. Altinkaya and S. Yalgin [1].
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Taking A = 1,8 = 1 in Theorem 1, we obtain result of J. Dziok et al. [4] the following
corollary.

Corollary 4. Let the function f (z) given by (1) be in the class T1H(z, C,Sl) (t)) = H(t). Then

4, 1

<t and <P
laz| <t an |613|_3 g

where t € <%, 1] .

3 Fekete-Szego inequality for the function class TgH (z, cM (1))
Now, we are ready to find the sharp bounds of Fekete-Szeg functional a; — a3 defined for

TgH <z, C,(f) (t)) given by (1).

Theorem 2. Let a function f(z) given by (1) be in the class TgH <z, C,(f) (t)) Then for some
¢ € R we have

M f € &, 5],
jas — ga3| < (fjﬁ) AADP-A | [ 143p 1428 forc;‘ e
(1+2) ) o <(1+l3)2) 2Mt—¢ <(1+ﬁ)2) 4rt), for g ¢ (81,82,
where ( . : .
C(4B? f  2AAFDER-A (1438
R o B Tmd (==
and

. (1+p)? 2AA+ 12— A 1+3p
52“4A¢(].+2;3){1'+ 20 +'<(1+f5)2>2“}'

Proof. From (12) and (13) we can easily see that
(1 +ﬁ) ap = Cg)\) (t) p1 = ax =
and

(2+4B)as — (1+3B) a3 = CM () p + Y ()} =

%= j%) {c" Op+ SO+ (1+38) a3}

Thus, we can write

(1) 2 (1) 2
0~ a3 = 5 {C?)(t)pﬁCé“(t)pﬂ(l +3ﬁ)<c17(t)pl> }—C<M> —

SROYME0 GMop GV 0@+ g
a3—§ﬂ2— 21+4,3{pz_'—CEA)(t)p%—i_(l—i_?"B) (11+,3)21_§ 1 (1‘{’!3)2 1}

c™M) M) V) cMme+4p)
”W‘QZ_214ﬁ{m+[C?Mw+%1+3m(ﬁ+m2_€1(1+5F ]%}



Fekete-Szego inequality for a subclass of analytic functions 589

Then, in view of (10), we conclude that

cM () cM () cMy M) (@2 +4p)
o3l = iy (G + O T T
cMb) cM(t) cMiy M) (2 +48)
’“3‘5”%’:<21+4ﬁ>"”_{_c?)<t>_(1+35)<11+ﬁ>2+€1<1+ﬁ>2 - a0

Finally, by using (5) in (14), we get

R (R (i)

’ag, —g’,‘a%’ < O_i\itzﬁ)max{l,

Because t > 0, we have

‘2A(A+1)t2—}\+ ((1+3/3 >2At_€<(1+2ﬁ >4M‘ <1 e—

2t 1+ )2 1+B)?
2AA+1)2 = A 1+3p 1+28
1< B (2 e st =

(1+p)? {_1+2A(2\+1)t2—}\+<(1+3[3 )w}

4At(1 4 2PB) 2t 1+ p)2
(1+p)* 2AA+ 12— A 1+3p
s6s 4AH(1 +2B) 1+ 2t * (14 p)? Ay =
61 < ¢ <.
The proof of Theorem 2 is completed. O

Taking A = 2 in Theorem 2, we obtain the following corollary.

1
Corollary 5. Let the function f(z) given by (1) be in the class TgH(z, C,(f) (t)) = TgH(z, Pu(t)).
Then for some ¢ € R we have

t for ¢ € [&1,8),
05— 22| < | T2
2 U P o

2(1+2f3)
where  (1+B)? , 32 -1 1436,
51‘zt<1+2ﬁ>{‘ o +<(1+ﬁ)2>}
and . (1+p)? , 3t2 — 1 1436,
é2‘2t<1+25>{ o +<(1+ﬁ)2> }

Taking A = 3, B = 1 in Theorem 2, we obtain the following corollary.
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1
Corollary 6. Let the function f(z) given by (1) be in the class T1H(z, Cﬁ,z) (t)) = ThH(z, Pu(1)).
Then for some ¢ € R we have

! ’T +t—5Gt|, for¢ & [C1,Ga,
where
2 (52 —2t—1
1= {T}
and

2 (582 42t—1
o= ——= -
3t 2t

Taking A = 1 in Theorem 2, we obtain the result of §. Altinkaya and S. Yalcin (see [1]).

Corollary 7. Let the function f(z) given by (1) be in the class TgH(z, C,gl)(t)) = L(B,t). Then
for some ¢ € R we have

_t for ¢ € 81,82,
_g 2 S (1+2,B) 5
a3 — Za3| (1+tZ/3) ‘4t2t—1 4 <(i;€2> 2 ¢ <éi—é€2> 4t|, for¢ ¢ [G1,80),
where
g = (B +5p+2)a8 — (14 B)2(1+21)
1= 8t2(1 + 2B)
and
- (B +5p + 24 — (1+ p)*(1 —2t)

8t2(1+ 2pB)
For A = 1and B = 1 in Theorem 2, we obtain result of J. Dziok et al. (see [4]).

Corollary 8. Let the function f(z) given by (1) be in the class T1H(z, Cﬁ,l) (t)) = H(t). Then for
some ¢ € R we have

t for ¢ € [¢1, 2]
3/ 7 7
a3 — §a§} < |82 32121
", for¢ ¢ [C1,02),
where
‘- 8t — (1+2t)
t= 612
and
G — 8t — (1 —2t)
2= 612
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V mivt cTaTTi MM BU3HAYAE€MO MiAKAAC aHANTHUHVX (PYHKIIIN Tﬁ H (z, Cﬁl)‘) (t)), 110 3aAOBOABHSIE

YMOBY IIi ATIOPSIAKYBaHHSI

f (2) 2 (2) 1
-5 () 8 (14 ) = 12zt 22)"

2eB>0,A>0ite (%, 1} . Mi HapraeMo oLiHKM KoedpillieHTiB Ta HaBOAMMO HepiBHicTh DexeTe-

Cery AAST PYHKIIIN, 0 HAA€XKATh AO IBOTO MAKAACY.

Kntouosi cnosa i ¢ppasy: aHaAITMIHA Ta OAHOAMCTHA (PYHKIISI, TUIIOBO AliicHa pyHKIIiSI, Iiamo-
psiaKyBaHHsI, moAiHOM [ erenbayepa, owinka koedpiuienTa, HepisaicTs Oexere-Cery.



