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On some integral inequalities for (/, m)-convex functions
in a generalized framework

Kérus P.1, Napoles Valdés J.E.23

In this paper, we present some new integral inequalities of Hermite-Hadamard type. To obtain
these results, general convex functions of various type are considered such as (h, m)-convex func-
tions. The main results extend some previously known inequalities by taking fractional integral
operators.

Key words and phrases: integral inequality, Hermite-Hadamard inequality, (%, m)-convex func-
tion, modified (h, m)-convex function, generalized integral operator.

1 University of Szeged, 10 Hattyas str., 6725, Szeged, Hungary

2 National University of the Northeast, 5450 Libertad ave., 3400, Corrientes, Argentina

3 UTN - Facultad Regional, 414 French str., 3500, Resistencia, Argentina

E-mail: korus.peter@szte.hu (KérusP.), jnapoles@exa.unne.edu.ar (Napoles Valdés J.E.)

1 Preliminaries
One of the most fruitful notions in current mathematics is that of the convex function.

Definition 1. A function : I — R, I := [&1, {3, is said to be convex if

p(Ax+ (1= Ay) < Ap(x) + (1= )p(y)
holds forall x,y € I and A € [0,1].

If the above inequality is reversed, then function ¢ is called concave on I. These notions
has spread in various directions (the interested reader can consult [30], where a fairly complete
overview of the generalizations and extensions of the convex function concept is presented).

For convex functions, the following inequality is known, undoubtedly one of the most fa-
mous in mathematics, for its multiple connections and applications

g1+ & 1 62 ¥(G1) +¢(&2)
o(055) =g, s PR "

this is called the Hermite-Hadamard inequality. The interested reader is referred to [1,6-8,11-
13,17,18,21,23,25,31,37] and the references therein for more information and other extensions
of the Hermite-Hadamard inequality.

G. Toader in [38] defined m-convexity in the following way.

Definition 2. The function ¢ : [0,{2] — R, & > 0, is said to be m-convex, where m € [0,1], if
p(tx+m(1—t)y) < ty(x) +m(1—1)y(y)
holds for all x,y € [0,&;] and t € [0, 1].
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If the above inequality holds in reverse, then we say that the function 1 is m-concave.
The following definitions are successive extensions of the concept of convex function and,
as we will see later, they are particular cases of our definition.

Definition 3 ([8,19]). Lets € (0, 1] be a real number. Function ¢ : [0, ] — [0,00) with &, > 0
is said to be s-convex in the first sense if

p(tx+ (1= ty) <)+ (1= £)y(y)
forallx,y € [0,é;] and t € (0,1).

Definition 4 ([8,19]). Lets € (0, 1] be a real number. Function ¢ : [0,&] — [0, c0) with {, > 0
is said to be s-convex in the second sense if

p(tx+(1—ty) <£P(x) + (1= 1)°p(y)
forallx,y € [0,&] and t € (0,1).

In [42], the above definition was extended for s € [—1,1], these functions are called ex-
tended s-convex. In [24] and [35], the following classes of generalized convex functions were
presented.

Definition 5. Function ¢ : [0,¢2] — [0,00) with &, > 0 is said to be («, m)-convex, where
a,m € (0,1], if for every x,y € [0,&>] and t € [0, 1] the following inequality holds

Ptx+m(1—t)y) < t“p(x) +m(1 — t*)p(y).

Definition 6. Function ¢ : [0,¢2] — [0,00) with &, > 0 is called (s, m)-convex in the second
sense, where s, m € (0,1], if for every x,y € [0,&,] and t € [0, 1] the following inequality holds

P(tx+m(1—t)y) < CP(x) +m(1—t)°P(y).

In [27], the authors presented two classes of s-(a, m)-convex functions (“redefined” in [41]),
but the one used there is equivalent to the class of («, m)-convex functions, therefore we do not
go in details. In [23], the following definition is introduced.

Definition 7. Leth : [0,1] — [0,00) be a function, h # 0. Function ¢ : [0,&] — [0,c0) with
&» > 0 is said to be (h, m)-convex on [0, &;] if inequality

p(tx+m(1—t)y) < h(t)p(x) +mh(1—t)y(y)
is fulfilled form € [0,1], all x,y € [0,&;] and t € [0,1].

Remark 1. In the above definition, if we put

1) h(t) = € (0,1], then ¢ is (s, m)-convex in the second sense on [0, {>),
2) h(t) = € [-1,1], m =1, then ¢ is extended s-convex on [0, {7),

3) h(t) = t, then ¢ is m-convex on [0, {7),

4) h(t) =tandm = 1, then ¢ is convex on [0, {?).
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On the basis of these definitions, we present one more class of functions that will be used
in our work.

Definition 8. Leth : [0,1] — [0,00) be a function, h # 0. Function ¢ : [0,&] — [0,c0) with
&» > 0 is said to be modified (h, m)-convex on [0, {7] if

ptx+m(1—t)y) <hB)p(x) +m(1—h(t)p(y)
holds form € [0,1], all x,y € [0,&;] and t € [0,1].

Remark 2. In the above definition, if we put

1) h(t) = t* witha € (0,1], then ¢ is (x, m)-convex on [0, &),

2) h(t) =#,s € (0,1], m =1, then ¢ is s-convex in the first sense on [0, {7),
3) h(t) = t, then ¢ is m-convex on [0, {7),

4) h(t) =tandm = 1, then ¢ is convex on [0, 7).

In the last decades, we have witnessed the development of new ways of generalization,
some via integrals, which include both fractional and generalized. These integrals are origi-
nated from local derivatives and the integral operators that may or may not be fractional. To
date, the study of this area has attracted the attention of many researchers, not only in pure
mathematics, but in multiple fields of applied science. Between its own theoretical develop-
ment and the multiplicity of applications, the field has grown rapidly in the recent years, in
such a way that a single definition of “fractional derivative or integral” does not exist, or at least
is not unanimously accepted. In [5], D. Baleanu and A. Fernandez suggest and justifies the idea
of a fairly complete classification of the known operators of the fractional calculus, on the other
hand, in the work [4], some reasons are presented why new operators linked to applications
and developments theorists appear every day. These operators had been developed by numer-
ous mathematicians with a barely specific formulation, for instance, the Riemann-Liouville
(RL), the Weyl, Erdelyi-Kober, Hadamard integrals, and the Liouville and Katugampola frac-
tional operators, while many authors have introduced new fractional operators generated from
general classical local derivatives.

In addition, [2, Chapter 1] presents a history of differential operators, both local and global,
from Newton to Caputo and presents a definition of local derivative with new parameter,
providing a large number of applications, with a difference qualitative between both types of
operators, local and global. Most importantly, [2, Section 1.4] concludes: “We can therefore
conclude that both the Riemann-Liouville and Caputo operators are not derivatives, and then
they are not fractional derivatives, but fractional operators. We agree with the result [39] that,
the local fractional operator is not a fractional derivative” (see [2, p. 24]). As we said before,
they are new tools that have demonstrated their usefulness and potential in the modeling of
different processes and phenomena (see also [3]).

In fractional and generalized calculus, the functions I (see [34,36,43,44]) and I (see [9])

I'(z) =/ #le~tdt,  Ti(z) :/ Fle kgt Re(z) >0, k>0,
0 0

are used.
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Unmistakably, if k — 1 we have Ty(z) — T'(z), moreover I'x(z) = k*/*~1T(z/k) and
Tr(z+k) = zT(2).

One of the first operators that can be called fractional is that of Riemann-Liouville fractional
derivatives of order « € C, Re(a) > 0, defined as follows (see [15]).

Definition 9. Let f € L'[¢1, &), 1,8 € R, & < &. The right and left side Riemann-Liouville
fractional integrals of order « are defined by

TS = ﬁ /; (t—s)""'f(s)ds, t> ¢,

1

A0 = 1 /fz (s—0"fls)ds, <

Their corresponding differential operators are given by
d _ 1 d t f(s)
« _ % (RLjl—« — -
Déﬁf(t) N dt( Je s (1) r(1—a)dt /;;1 (t —s)~ s,
d _ 1 d (2 f(s)
« _ 2 RLjl—a _ “
Do, f) == (M f ) = sy / (s
In [29], a generalized fractional derivative was defined in the following way (see also [14]
and [45]).

Definition 10. Given a function f : [0,00) — R. Then the N-derivative of f of order « is
defined by

t F(t, — f(t
N 1) — 1 O EFC0) — F(0)
e—0 S
forallt >0, € (0,1), being F(t, a) is some function.
If f is N-differentiable of order « on some interval (0, tg) and lim; o+ N} f(t) exists, then
define N§f(0) = lim; ,o+ Nff(t). Note that if f is differentiable, then N§f(t) = F(t,a)f'(t),
where f'(t) is the ordinary derivative.

It is easy to verify that this operator contains, as particular cases, most of the known local
differential operators, both conformable and non-conformable.

Now, we give the definition of a general integral. Throughout the work we will consider
that the integral operator kernel F defined below is an absolutely continuous function (the
interested reader is referred to [22,40]).

Definition 11. Let I be an interval I C R, ¢1,¢2,t € I and a € R. The integral operators, right
and left, is defined for every locally integrable function f on I as

@ _ [ f(s)
]F,§1+(f)(t) - & F((t—s)/(éz—gl),ﬂé) dS, t>§1,

& f(s)
& t) = ds, > f.
]F,gz (f)( ) ; F((S—t)/((_;"z—é'l),a) 62
Definition 12. Let I be an interval I C R, {1,8>,t € I, « € R and m € [0,1]. The m-integral
operators, right and left, is defined for every locally integrable function f on I as

Tez  ()(t) = . F((t—S)/j;(?jéz—gl),a) ds, t>&,
Fa () = ” fs) ds, & >t

t F((s—1t)/(¢2—mi1),«)
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Definition 13. We will also use the “central” integral operator defined as follows (see [14,45])

&2
e = [ @b

To cite just two particular cases of the central integral operator: if we consider F = 1 we
obtain the classical Riemann integral and if we put F(t,a) = t!~* we obtain the Riemann-
Liouville integral of Definition 9. Note that the latter is a fractional integral operator, which
can be generated from the conformable differential operator of [20].

Definition 14. Let p > 0 and a € (0,1]. We define the space L[|, &)] as the set of func-
tions over [¢1, 2] such that J§ - ([f(t)[P)(¢2) < oo. Similarly, L? | [Z1,&2) denotes the func-

tions for wich ]$,§1+(|f(t)lﬁ)(é‘z) < oo, LZ,_[gl,gz] the ones satisfy ]g,§27(|f(t)|;7)(§1) < oo,
LZ'm'+[§1’§2] the ones satisty ]g:g+(|f(t)|l7)(§2) < oo, and Lg,m,f[gllgﬂ the ones satisfy
Te e, (LF(OIP)(G1) <oo.

The following statement is analogous to the one known from the ordinary calculus [14, 16,45].

Theorem 1. Let f be an N-differentiable function on (tg, o) for some ty € R witha € (0,1].
Forallt > to, if N®f € LL[to, t], we have the following.

(a) If f is differentiable on (to, t), then J§ , (Npf(t)) = f(t) — f(to).
(b) If f is continuous on [ty, t], then Ng(J¢, (f)(t)) = f(¢).
An important and necessary property in our work is the following established result.

Theorem 2 (Integration by parts). Let f and g be differentiable functions on (ty, o) with
a € (0,1]. Then forall t > to, if N&f, N&g € Ll[to, t], we have

Ji 1o (FNEQ) (1)) = [f&(t) — fg(to)] = JF 4, ((§NES)(H))-

In this article, using the notion of modified (&, m)-convex function, we establish new inte-
gral inequalities via the generalized integral operators of Definitions 11, 12, and 13.

2 Results

We present our first result.

Lemma 1. Let I C R be an open interval and ¢ : I — R be a differentiable function on I,
furthermore ¢1,8 € I, m € [0,1] and & < m. IfNfyp € LY, . [&1,m,] fora € (0,1], then

¥(81) + ¢(mé)
: 2 : _mg —& ]F§1+( )(ng) ?

= T2 ZEL (1 — 20Nt + m(1 — D] (D).

Proof. It is enough to apply Theorem 2 to the integral of the right member of (2), to obtain the
left member. O
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Remark 3. One can obtain a similar result in case of taking y(té, + m(1 — t)&;) instead of
P(t&1 +m(1 —t)&2). On the other hand, it is clear that we can work with the ¢ function in
t61+ (1 —t)& and t&p + (1 — t)&q, getting a result already known for several integral operators

(see e.g. [23]).
Remark 4. Putting F = 1 and m = 1 we have [10, Lemma 2.1].

Hereafter, we will provide various extensions of the Hermite-Hadamard inequality (1),
using the above lemma.

Theorem 3. Under the assumptions of Lemma 1, if |N§ip| is (h, m)-convex, then we have

P@E)+g0ms) 1
2 _mgz — & ]F,§1+(¢)(m62)‘
< M2 =81

- 2

JEolINF@ ()11 — 28| (t) + m|NEp(S2)[[1 = 2¢[R(1 = H)](1).

Proof. Using Lemma 1 and (h, m)-convexity of |Nf| we have

¥(G1) +21/J(m§2) _mézl_ - ]ﬁ’?ﬁ(lﬁ)(m@)‘
< @]ﬁo[ll — 24| |NEp(tE1 + m(1 — )&)[](1)
< 182 INR ()L — 2600(8) + mINEY(E) 11— 2601 — D)),
which is the required inequality. -

Remark 5. In case of considering F = 1, one can obtain [23, Theorem 2.6].
An analogous theorem could be proved in a similar way:.

Theorem 4. Under the assumptions of Lemma 1, if |N}ip| is modified (h, m)-convex, then we
have

PO +pms) 1w
2 Cmé,— & ]F,é‘1+(1/’)(m€2)’

< EL Sl INEY(E)IIT — 26h(e) + mINE(E2) 11— 21— ()1,

Remark 6. In case of F = 1 and h(t) = t*, from this result one can obtain [27, Theorem 2.3], if
in addition, « = m = 1, then this result implies [26, Theorem 2].

Theorem 5. Under the assumptions of Lemma 1, if [Nf|7 is (h, m)-convex withq = p/(p — 1)
and p > 1, then we have

$(61) + ¢ (méa) 1 oam
2 N mér — &1 ]F,§1+(¢)(m§2)

< M2 g 1 2P (1) g INER(E)ITHE) + m NEP(E) (L — D)(1))1,
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Proof. Using Lemma 1, the (h, m)-convexity of [Nf|7 and the well-known Hoélder integral
inequality, we get

¢(§1)+2¢<m€z> g — e () md2)
< @]ﬁpﬁl — 24||NEP(t81 + m(1— £)&)[](1)
< M2 E (g1 26 ()P o INEP (18 -+ m(1 = 082) (1))

< 62 ZE (g 1 — 24P ()P (R o [INS(@)I() + mINE(E2) (1 — 0](1)"7,

that is the desired inequality. O

Remark 7. If we consider F = 1 and h(t) = t* from this result we obtain [27, Theorem 2.5], if
you also have a = m = 1, then this result reduces to [26, Theorem 4].

The following theorem can be proved analogously.

Theorem 6. Under the assumptions of Lemma 1, if |[N§y|7 is modified (h, m)-convex with
q=p/(p—1)andp > 1, then we have

b)) A )2
< @Uﬁo“ = 2t[P ()P (JEo[INF(G0)|7h(1) + m|NEp(G2)| T (1 = h(£))) (1)1,

Theorem 7. Under the assumptions of Lemma 1, if |[N§|7 is (h, m)-convex with ¢ > 1 and
q=p/(p—1), then

P(&) +(mey) 1 o
2 Cméy — & ]F,§1+(1/’)(m€2>)

< mézz_él (J& I =2[ (1) P (JE o [INFp (&) 9|1 —2¢ () +m|NF (&) 9|1 —2¢ (1 —1)] (1)) /9.

Proof. Using Lemma 1, the (I, m)-convexity of [Nf|7 and taking into account the well-known
power mean inequality, we have

¥(G1) +2¢7(m§2) 3 mgzl . ]?’z+(¢)(m€'z)‘
< M2 g 11— 21 INgp (e + (1 — D) (1)
< 82 281801 — 24](1)) M7 (T l[1 — 2] [N + m(1 — £)E)[7)(1) /7
< 2 2L (1 o1 — 26](1))
X (JEolINFP @011 — 2 |(t) + m|Nfp(&2) |1 - 2¢|n(1 — 1)](1))1/7,
that completes the proof. O
Remark 8. If as before, we consider F = 1 and h(t) = t* from this result we obtain [27,

Theorem 2.7], if additionally a = m = 1, then this result reduces to [26, Theorem 6]. If we
consider the kernel F = 1 and work with convex functions, that is, h is the identity function
and m = 1, this result becomes [33, Theorem 1].
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The following theorem can be proved analogously.

Theorem 8. Under the assumptions of Lemma 1, if |[Nfy|7 is modified (h, m)-convex with
g>landqg=p/(p—1), then

¥(&1) + ¥ (ma) 1 m
’ : 2 = - mé, — & ]F,§1+(1P)(m§2)’

< M2 ZEL (g 112t (1) (T INF (E0) 1124 R(E) 4 N (&) 11124 (1~ h(0))] (1)1

Theorem 9. Let ¢ : [0,00) — R be an (h, m)-convex function withm € (0,1]. If 0< &1 <&, < oo,
W(t) € LY [&1, 8] NLY _[&1/m,&/m] and h(t),h(1 —t) € L}[0,1], h(1/2) # 0, then we have
the following inequality

m

< (pe)+mp (E2)) o) m (p (52) 1 (2) ) 1o b1 -1)) (1)

1 d
Fzﬁpd@
Proof. For x,y € [0,00) and t = 1/2, we have
$(550) <u(R)v+mn(3)v ().

If we choose x = t&1 + (1 — t)¢r and y = t&p + (1 — t)&; with t € [0,1], we get

p(S5E2) <n(3) (vt + (1 - @) +mp(£2 4 (1- S, @

After dividing the members of the previous inequality by F(t, «) and integrating with respect
to t on [0, 1], and changing variables brings us to the first inequality of (3).
Using the (h, m)-convexity of ¢ again, we obtain

it (D) < ez (Re @+ )(5) o

with

n(3) (vt + (1= 0@) +mp (12 1 (1 - 1)°L)
< h(3) (m(eyp (@) +mh(1— 09 (52) 4 m(1 - p (1) + mh(eyp ().

After division by F(f,a) and integration with respect to f, between 0 and 1, we obtain the
second inequality of (3). O

Remark 9. If in the previous Theorem we consider the Riemann integral, or what is the same,
F = 1 and ¢ is a convex function (h(t) = t and m = 1), then from (4) we obtain the classic
Hermite-Hadamard inequality (1). This result also extends and corrects [32, Theorem 9].

As we will see, the following result complements the previous one.
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Theorem 10. Let ¢ : [0,00) — R be an (h, m)-convex function withm € (0,1]. If 0 < & <
méy < oo, Y(t) € LY, ,[&1,m)] and h(t),h(1 —t) € LL[0,1], then we have the following
inequality

ﬁ[lﬁj&(l[])(’ﬂ@z)] < P(G)JEo(h(8)) (1) + mp(82)JEo(h(1 — 1)) (1). (5)

Proof. Using the (h, m)-convexity of ¢, we have
Y(t61 +m(1 = 1)6) < h(H)p(51) +mh(1 = Hp(Ca)-

After dividing the members of the previous inequality by F(t, a) and integrating with respect
to ton [0, 1], we obtain

The required result is easﬂy obtained by changing variables in the first integral. O

Remark 10. It is easy to verify that if F = 1 and 1 is a convex function, then from (5) we get
the right member of the classic Hermite-Hadamard inequality (1). Also, Theorem 10 extends
[32, Theorem 10], and taking F = 1, we obtain [23, Theorem 2.1], while [23, Remark 2.1] is
also still valid. If, on the contrary, we consider the kernel F(t,a) = +1=*/T'(a), the following
inequality not reported in the literature, is valid for Riemann-Liouville fractional integrals

1
(my — 1)1

Naturally, if we consider ditferent kernels, we will get new variants of (5).

[(ETE cw(mE2)] < (@) T (h(D) (V)] + mip(Z2) [ g (h(1 = 1))(1)]-

A more general result than the previous one, in which two (h, m)-convex functions are
involved, is as follows.

Theorem 11. Let ¢; be an (hy, m)-convex function and , an (hy, m)-convex function with
m € (0,1) I 0 < & < m&y < oo, pr(E)2(t) € Lap, 4 [61,mE] N Ly, [m1, E2), and

I (£)ho (), 1 (1 — Dhy (1 — ), hy (H)ha (1 — t), 1 (1 — D (t) € LL[0,1],

then we have the following jnequa]i ty

Je g+ ($1¢2) (md2) + 5o § == Jre_ (P192)(méy)

< ($1(81)92(81) + 91(82)$2(82)) UF ol ()2 ()] (1) + mJg o[ (1 = H)h2 (1 — £)](1))
+m(1(61)¢2(82) + ¥1(82)¥2(80))F ol (B2 (1 = ) + by (1 = H)ha (1)](1).
Proof. Since 11 and 1, are (hy, m)-convex and (hy, m)-convex, respectively, we have

P1(t81+m(1 — 1)) 2 (t81 +m(1 —t)¢2)
< (h(H)91(81) + mhy(1 = t)P1(62)) (h2(t)2(G1) + mha(1 — t)h2(82))

1
méy — 1

(6)

and

1 (tG2+m(1 — £)81 )2 (¢ +m(1 —t)¢1)

< (O (E) + mha(1— 91 (E0) a(ODpa(E) + mha(1 — (@), )
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After multiplying and ordering from (6) and (7) we get

1 (tC1+m(1 — 1)) o (t81 +m(1 —1)62) + 1 (t62 +m(1 —£)G1) 2 (t82 + m(1 —1)G1)
< hi(HDha(8) (¥1(81)$2(81) + ¥1(S2)92(S2))
+ mhy ()ha (1 — £)91(81)92(82) + mhi (1 — t)ha () P1(2)
+ mhy (#)ha (1 — £)91(82)92(81) + mhy (1 — t)ha () 1(61)
+m?hy (1= £ (1= £) (91 (&) $2(E1) + ¥1(82)92(E2)).

The sought inequality is obtained after dividing the members of the previous inequality by
F(t,«) and then integrating with respect to ¢ between 0 and 1. O

2(¢1)

P
$2(82)

Remark 11. In the Theorem 11, if we put F = 1 and consider only (6), we can obtain
[23, Theorem 2.2]. If we consider the kernel F(t,a) = =% we can obtain new inequalities
under the Riemann-Liouville fractional integrals. If we use another kernel F, we can obtain
inequalities not reported in the literature.

Another general conclusion is given in the following result.

Theorem 12. Let i1 be an (hy,my)-convex function and y, an (hy, my)-convex function with
my,my € (0,1 If 0 < &y < & < oo, 1 (8)iha(t) € Ly . [C1, 6] N Ly, _[81, 2] and

I (£)ho (), 1 (1 — Dhy (1 — ), hy (H)ha (1 — t), b (1 — Do (t) € LL[0,1],
then the following inequality is satistied

1

ﬁ[]?,gﬁ(’#l’#z)(@z) + JE - (P192)(61)] < ($1(81)92(81) + ¥1(82)¥2(82)) JF 0 (h1h2)(1)

+ my [’7”1 < €2 )4’2(51) + lPl( &1 )E’Jz(@'z)] JEolh1 (1 = H)ha(8)](1)
[ (E0)92 (32) + @92 (51 ) Il (Da(1 - ](1)
+ mymy <¢1 < 611)1#2(@) (5} <Q)1P2( €2 ))]1—" ol (1 —t)ha (1 —1)](1).

ny mq

Proof. Inequalities (6) and (7) can be rewritten as follows
P1(t8+(1 = £)E2)a(t81 + (1 — 1)82)
— g1 (014 ma(1 = 022 g (181 ma(1 - 1)22) @
< (1) + miin (1= 01 (£2)) (1a(0)92(@r) + maha(1— )92 (£2)
and

1(ta+(1 — t)G1) 2 (b2 + (1 — £)G1)
=1 <i’€2 —+ ml(l — i') é )l[)z(i’éz + 1112(1 — i') é )
my

< (1) + min (1= 1 (1)) (ha(0)9a(@2) + maha(1— g (£1)).
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Adding up the members yields

P1(t6+ (1 — 1)82) 2 (t + (L — 1)) + 1 (t82 + (L — £)G1) 2 (t82 + (1 — £)G1)
< Iy ()2 (8) (1(81)92(81) + ¥1(82)2(22))
+mahy () (1 —t)wl(cnwz(g ) +miln (1= )t (fT)
+ (a1 = D12 (1) + ms (1= a1 (£ ) pa(e
Cl 1 G2
+ mymahy (1= £)hy (1 — t><1/’1< )‘P ( ) +¢1<m_1)¢ (m_>)

my
Proceeding as in the proof of Theorem 11, we obtain the required inequality. O

Remark 12. If we consider the kernel F = 1 and use only (8), we get an analogous result
to [23, Theorem 2.3]. Using different kernels, we obtain new integral inequalities, in particular,
for the Riemann-Liouville fractional integrals.

3 Conclusions

In this paper, using a generalized integral operator, we have obtained various integral in-
equalities, which generalize several interesting results reported in the literature and which
open up new work possibilities, depending on the kernel used: for example, if we use that of
the generalized fractional integral of Hilfer (see [28]), we can derive new inequalities not yet
published.

Finally, we want to emphasize that the results presented contain generalized inequalities
valid for various functional classes such as convex, h-convex functions, m-convex functions,
and s-convex functions, defined on a closed interval of non-negative real numbers. The prob-
lem of extending these results to other types of generalized convex functions remains open.
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Kopyc I1., Hamoaec Baabaec X.E. IIpo Oeaki inmeepanvni vepisnocmi 0nq (h, m)-onykaux ¢yHkyiii y
pamkax nesHoeo ysaearvHenHs // KapmaTtcbki MaTeM. myoa. — 2023. — T.15, Nel. — C. 137-149.

V Wil CTaTTi PO3TASIAQIOTHCSI 3araAbHI OIyKAi dpyHKIIT pisHOrO TNy, Taki sik (h, m)-omykai dpyH-
kuii. OTpumaHO AesiKi HOBi iHTerpaabHi HepiBHOCTI Tty Epmita-Aaamapa. IToxasaHo, 1110 OCHOBHI
pe3yAbTaTH PO3LIMPIOIOTh AesIKi paHillle BiAOMi HEpiBHOCTI y TepMiHaX oIepaTopiB Apo60oBOro iH-
TerpyBaHHSI.

Kutouosi cnosa i ¢ppasu: iHTerparbHa HepiBHICTb, HepiBHICTh Epmita-Aaamapa, (h, m)-omyxaa
dynxiist, MoaudikopaHa (h, n)-omyKaa (yHKIIisI, y3araAbHEHMIT IHTErpaAbHMUI OIIepaTop.



