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Approximation properties of modified Jain-Gamma operators
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In the present paper, we study some approximation properties of a modified Jain-Gamma
operator. Using Korovkin type theorem, we first give approximation properties of such operator.
Secondly, we compute the rate of convergence of this operator by means of the modulus of continuity
and we present approximation properties of weighted spaces. Finally, we obtain the Voronovskaya
type theorem of this operator.
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Introduction

Up to now, various linear positive operators via special functions of mathematics, distribu-
tions in statistics etc. and their generalizations and modifications have been studied intensively
by many authors and they are still being worked on (see [3,4,7-10, 14, 16,20,22-25,27]).

It is well known that one of the distributions in statistics is the Poisson distribution. This
distribution is defined as
«

(KRBTl ke Ng, 0<a<oo, B[ <1,

wg(k;a) =

on Ry = [0,00). In 1972, based on this distribution, G.C. Jain [14] defined a class of positive
linear operators as follows

Pf(f,x):iwﬁ(v,nx)f<%>, 0<B<1, nelNy xeRy, (1)
v=0

and studied various convergence properties, where

—(nx+vp)
wg (v, nx) = nx(nx + v[ﬂ)v_leT, v € Ny, ()

and wg (v,nx) = 1. In 1973, P.C. Consul and G.C. Jain [7] examined the features of the more
general version of this operator. In 2012, S. Tarabie [24] defined sequences of the Jain-Beta
operator using Jain operator and examined various convergence and statistical convergence
properties. In 2013, A. Farcas [12] proved a Voronovkaya type theorem for Jain operators.
Again, in 2013, V.N. Mishra and P. Patel [19] generalized the operator further and examined
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the convergence properties. In 2014, O. Agratini [2] studied uniform convergence properties
of linear positive operator sequences of integral type including Jain operator with the help of
continuity modulus. In 2015, A. Olgun, F. Tasdelen and A. Erencin [20] gave a different gener-
alization of the Jain operator with the help of a p function, and studied the convergence prop-
erties of this operator and the Voronovskaya type theorem. In 2015, V.N. Mishra, P. Sharma
and M.M. Birou [18] gave the convergence properties of a different form of Jain-Baskakov op-
erators. In 2017, A. Kumar and L.N. Mishra [16] discussed the convergence properties of the
Stancu type of Jain-Baskakov operators.
If B = 0in (1), well-known Szdsz-Mirakyan operators are obtained as follows

_ - —nx (nx )v %
Sulf.0) = L e ().
This operator is a well-known operator and has many generalizations. For this, we refer a
reader to [5,7,11,15]. Many researchers have still working on generalization of Jain operators.
One of the well-known important operators is the Gamma operator. In [17], A. Lupas and
M. Miiller defined Gamma operator as

xn+1

Gu(f,x) = /Ooo exyy"f<§>dy, x € (0,00), ne€N, (3)

n!
and examined various convergence properties. Later, some studies have been given on the
various convergence properties of the Gamma operator [23,26].

In 2007, L. Rempulska and M. Skorupka [22] extended a modified version of Gamma oper-

ator as follows
) xVH—l

Gn,p(f, x) 2/

n
XY —
o n! S Fp<x,y)dy
and investigated the approximation properties for differentiable functions in the polynomial
weighted spaces. Recently, new operators have been defined by using the Gamma operator
and the convergence properties of these operators are examined [1, 6,10, 21].
In this paper, we define the Jain-Gamma operator by using the expressions (1)—(3) and

examine the convergence properties of this operator.

1 Constructions of operators

Let x € [0,00), {Bn} be a sequence, such that

Buel0,1) VneN,  limpB, =0, (4)

and f be defined on the space Cp[0,o0) of all continuous bounded functions. We define
Jain-Gamma operators as follows

0 n+1

. nx(nx + kB, )1 _ X o k _
Ag,a(f/'x) :kzl ( x p ) e (nx—i—kﬁn)T/O e xyynf<x_y>dy+e nxf(o). (5)

The following recurrence relations are proved in [12]. Let

00 k+r—1
S(r,a, Bn) = Z (a +k’i’:) e tkBn) o —01,2,..., (6)
k=0 :
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and aS(0,a, B,) = 1for0 < a < oo, |Bn| < 1, x € [0, 00). Then, it follows
S(r,a, Bn) = f BE (2 +kBu)S(r—1,a+ kB, ),
k=0
S(r,a, Bu) = aS(r —1,a, Bu) + S (” &+ B, Pn),
1 “:Bn Zﬁn_ _ﬁnr (7)
B (a +kﬁn) o B
S(2, n = , 8
R M e e (ks ®
o 3up; Bi + 2B
SB,a,Bn) = , 9
N (e R ey WA (e i ©
3 2 pk 3 6 5 4
(4 o 511) _ ( o + bu ﬁn + “ﬁn(llﬁﬂ +4) + +6:Bn +8:Bn +ﬁn. (10)

S @=Ba)t T (A=Bu) (1—pn)° (1=pn)

Now, by taking & = nx in (6), we can give some auxiliary lemmas for the operator (5).

2 Auxiliary results

Lemma 1. For the operators (5), we have:

1)
Al (1x) = 1;
i)
A (tx) = 2/ (1= Bu);
i) )
Bu (2. nx X .
Ana(t5%) A—B(n—1)  A—BaPn—1)
iv)
Br (13,4 — nia Snx”
M) = e T =)A= Bl T 1= D —2) (1 = B
N x(2Bn +1)
(n—1)(n—2)(1— Bn)®’
v)
b 3 6n2x3
A (1) (n—1)(n—2)(n—3)(1 — Bn)* - (n=1)(n—2)(n=3)(1 - pu)®
B nx2(8B +7) N x(6B2 + 8B, +1)

(n=1)(n=2)(n=3)(1=Bx)*  (n=1)(n—=2)(n=3)(1—pu)"

Proof. i) Using the operators (5), we obtain

. o0 nx+k x+l
Al (1;x) = ; 5") otk L [ gy

e
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If xy = t, then it follows
0 k-1 x+1 n
AB (1) = 3 PO R ot X [ i
- JO

x”x

which proves the first result.
ii) If (7) is used for f(t) = t, we have
1 (oo
nx nx—'—kﬁn) e —(nx+kBa) X Xt / efxyynﬁ d]/
n! Jo xy

At >
i nx + kﬁn)kil e (nx—i—kﬁn) X /oo et t" kdt
=1 0

Z nx(nx —i—kﬁn) e (nx—o—kﬁn)L
nn-—1)

n! x"t x
x(nx + kﬁn)k_l - nx—i—kﬁn o X(nx + ﬁn + kﬁn) — (nx+ButkBy)
k=0
X
= xS(l,nx +,Bn/ﬁn> = m
iii) If (8) is used for f(t) = t*,we write
Bu 12 N o NX nx+kﬁn) kB, x1+1 2
Anzx ;X —kgl e V™ il __ o xyynxz—yzdy

k=1

Taking into account k* = k(k — 1) + k, we can write last equatlon in the followmg form
Bn 2. o (nx + kIB) nx—b—kﬁ) o (nx + kIB) (nx+kp)
Ayl (5 x 3 kg:z e — ; mEyY e
X
= 15(2 nx +2‘B,5> + mS(l,nx +,B,ﬁ>
nx? X
~(1-pP(n- ) (1-pP(n-1)
iv) If (9) is applied for f(t) = t°, we have
b (. > nx(nx —|— kﬁn) kB, yit1 i3
Aual5x) = 1 e e
_ i nx +kﬁn> e —(nx+kpBy) K )
= nn—1)(n—-2)
Since k* = k(k — 1) (k — 2) + 3k? — 2k, the last equation is written as follows
) k—1
Al () = |y BT i

(n—1)(n—2) k3 (k—3)!

® (nx + kB, )k —(nxkBy) | (nx + k) ! —(nx+kBy)
+3Z—) ¢ +k§ E T
X

= D) —2) P83 Br) 352 2 ) + St fu o]

B n?x3 3nx? n x(2Bn+1)
T DA - D2~ Ba)t | (D)1 —2) (1~ )
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v) If (10) is used for f(t) = t*, we have

AP (15 x) = i nx(nx + kp)*! e*(nx+k5n)_xn+1 /oo e*x‘l/y"—k4 dy
’ 0

= k! n! xhy
_ i nx(nx +kBa)* ! o (nxTkB) Kt
= k! nn—1)n-2)(n—-23)

Taking into account k* = k(k — 1) (k — 2)(k — 3) + 6k — 11k? + 6k, we can write last equation
as

Bu (4. 3y — x = (nx k) kg
Aa(t5x) = (11—1)(;1—2)(11—3)[,2JL (R R
= (nx + leH)k_l —(nx+kpBn) - (nx + kﬁn)k_l —(nx+kBy)
+6k§3 (k=3 * +7k/§2 k—2)r °©
- (Tlx—I—kﬁn)k*l —(nx n
i Pyt
MCEC iZ)(n g [SU 4B, Bu) +65(3, 1+ 3, i)
+75(2,nx 4 2B, Bn) + S(1, nx + By, Bn)]
_ n3x n 6n2x3
(=1 -2)(n-3)1—pu)*  (n—1)(n—2)(n—3)(1 - Bu)°
B nx%(8B, +7) x(6B% + 8B, +1)
(n=1)(n=2)(n=3)(1—pn)° (n—=1)(n—=2)(n—=3)(1—pa)""
which completes the proof. O

Theorem 1. Let f € Cg[0,0), x € [0,00) and n € IN. Then we have

lim (AR (fx) — f(x)) = 0.

n—oo

Proof. It is clear from Lemma 1. O
Lemma 2. For the operators (5), the inequality

x2+x
n—1

AL L ((F=x)%x) < M*(n, By)

holds, where M; = (n, By),i =1,2; M* = max(M;).

Proof. Note x°/(1 + x)l <x*forallx >0,/ <s,l,s =1,2. From Lemma 1 and from linearity
of the operators (5) it follows

B ) — 1 2 !
Al =27 = (=g~ 1 )T aena
_ 1 Bn-1)+1 1 1
S n—1 (Bn—1)? xz+”—1(1_ﬁn)3x
2 X%+ x

= S Mi(n, Bu) + = Ma(n Bu) < M (n, pu) .
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3 Rates of convergence

Now, let us give the convergence properties of the operators defined by (5) with the help of
the modulus of continuity and Peetre’s K-functional. We also present the convergence of the
operator for f € Lip,,(7).

Theorem 2. Letx € [0,0), n € N and f € Cg[0, ). Then we have

2
AR (%) - f(x)ISM**w<f; ’;ff),

where M** = 1 + v/ M*.

Proof. Using the definition of the continuity modulus, well-known properties and the linearity
of the operators (5), we may write

® vx(nx " k—1 n+1 3
A3 = ()| = | 3 B it X [ ey — )y

& n!
> nx(nx + kB ) ! —(nx+kBy) n+1/ —X K
< n Yy - -
__2£% Kl ‘ ntJo ¢V <xy> ] dy
< i nx(nx + kﬁn)kil ef(nxﬂqﬂn)&le
> k! n!
k=1

X

—xy, N |k/(xy) x|

Y .

/0 ey <1+ )w(f,&)d
w(f;0) Z nx nx+kﬁn) o (nxtkp) X

x/ooe —
0 Xy

By applying the Cauchy-Schwarz inequality to the second expression on the right side of
this inequality first for the integral and then for the sum, we get

n+1

— 5 w(fi9)

n:

—x‘dy.

AR (fix) = f(x)] < w(f;6) + §w<f;cs>{ §o 1A KB kg

= k!

o xntl k 2 \1/2, oo yntl 1/2

2 Y L S xy,nq2
X(/o T y(xy x)dy) </0 n yldy) }
1
= w(f;6) + 5 w(f; ) AR((t — 1))

1 — [x24x
w(f,cS)Jrgw(f,cS)\/M ——

If we take § = /(x2 + x)/(n — 1), then it follows

IAEZa(f;x)—f(x)ISW(f,\/x+1x)(1+\/—)<M** (f ffix)'

which ends the proof. O
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Let Cg[0,0) denote the space of real valued continuous and bounded functions on the

interval [0,00), with the norm ||f|| = sup |f(x)|. For every é > 0, Peetre’s K-functional is
0<x<o0
defined by
Ka(f;0) = Clznf {If =gl +3lg"II3

where C%(0,00) = {g € Cp(0, ) : g’,g” € Cp(0,00)}. There exists an absolute constant C > 0
such that B
Ka(f;6) < Cwa(f; V) (11)

holds, where w; is the second order modulus of smoothness of f, defined by

w(f;0) = sup sup |[f(x+2h)—2f(x+h)+ f(x)].

0<h<60<x<o0

Now, we consider AE?,X (f; x) by means of the operator AQ,”,X, namely
A x
AR (fix) = Ala(fix) = f(7=57) + (). (12)
1 - ‘Bn

Lemma 3. Let g € C3(0,0). Then we have

Al (g:%) = 8(x)| < Gu(x)lIg" [, where csn<x>=A57a<<t_x>2;x>+(1[3—%)2.

Proof. For the operators Abr W (f;x), we get

Agfa(t —xx) = Agf,,c(t —x;x) — 1ﬁnlg + (x —x) :AEZX(t;x) — xAEZX(l;x) _ Bnx. + (x —x)
- n

= APn (6 x) — x AR (1 %) — AR (8 x) + x AP (1;%) = 0.

Let ¢ € C2(0,) and x € (0,0). By Taylor’s formula of ¢, we may write

g(t) —g(x) = (t—x)g —{—/ du, te€[0,00).
If we apply the operator A[3 to this equality, we obtain

Ag,’la(g(” —g(x);x) = Agnrx((t —x)¢' (x);x) + AE",X < /xt(t —u)g" (u) du; x)

N A%"‘(/xt(t — u)g/ () du; ) = A%(/xt(t — u)g" () du; x)
_ </xx/(1—ﬁn) <1 _xﬁn B u)g”(u) du; x) +/xx(x .

By using the following inequality

x)?

/xt(f—u)g”(u) du‘ < /xt |t_u|Hg//(u)Hdu < (15_7

we can write

A S P PYRY R SO )

In view of this inequality, we can conclude that

AR (g3%) = g(0)] < { AR ((t = )% ) + (15”’; ) Mgl = 6n(x)l8"

" (Il < (£ = x)llg" (),
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Theorem 3. Let f € Cg|0, ). Forall x € [0,c0), there exists a constant B > 0 such that

A () = £ < Bua(Fi/0u(x)) + w(f; ﬁ—"Z)

where )
Su(x) = Abn (¢ = x)% %) + (1'6_’/; )
Proof. For the operators AE:’“, we write
ARn(frx) — f(x) = AR (f — &%) + (f — §)(x) + Af(g — 8(x); x). (13)

From the equality (12), it follows

AR = F (12 57) 00 = F0) = Aa(f = ) + (f — 9)(0) + Al ) — 8(x) (19
and
[ARR(F) = FOOL < AR =g 0]+ 1 =) )|+ AR (i) =80+ | £(7=5) = F )

By taking the supremum of AQ,”,X operators, we get

X

1—Bx

AR (i) = | Al (i) — f(7=5) + ()] < AR (Fim) | + 201 £
< £ AR (1) + 211 £1] = 3£l
Now if equality (13) is replaced by inequality (14), we have

X

1—- B,

AR (i) = F)] < 31 —gll + I1f — gl + 1 AR (&%) — g(@) | + | f (775 ) — ().

From Lemma 3, we obtain

AR () — £ < 41f sl + a0+ (£ 75)

<4{lf — gl + ("I} + w5 1225).

By taking the infimum for all ¢ € C%(0,00) on the right-hand side of the last inequality and
considering (11), we get

B

ARLFix) = ()] < 41230, () + w0 (fi 12

X
n

p

X
n

§4CZU2(f} (Sn(x))—l—ZU(f} B )

= Bw, (f; M) +w<f;1ﬁ—¢ﬁn>’

which completes the proof. O
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Theorem 4. Let f € Cg[0, ). Forall x € [0,c0), there exists a constant L > 0 such that

Abalf3) = F] < a1 ) +o0 (£ 125,

Proof. For x € [0,00), we consider the operators AQ,”,X, defined by

A (fix) = Afu(fix) - £ )+f<> (15)

1 - ‘Bn
By Taylor’s expansion, we have g¢(f) = g(x) + (t — x)g" (x) + / u)du. Applying

AE » on both sides of the above equation, we have

Afi(gi%) - g(x) = ¢ (ARt = x)i0) + Al ([

X

t

(t—u)g" (u) du; x).
Thus, by (15) we get

A (%) — g(x)] < Al (

(16)
x/(1=Bu)
+(f (1fﬁn—u)g<>du x)—5<>||g”|r
Since
. 00 +k " . n+1
AL (f 1)) gk;”x(”x B g X
- 17)
| ey f () v+ e 150)] < 1)
using (16) and (17) in (15), we obtain
|ARL(fix) = f()] < [ARK(F — &%) = (f — ) ()] + AR (g %) — g(x)] + 1_5n — f(x)
1 ﬁi’l
<20f =gl +a(lg" |+ (fi725)-
Taking infimum over all g € C3(0, o), we get
AR f33) = F(3)] < Lan(f000)) + (i 225 ).
In view of (11), we get
AR (f3) = F] < Lan(fi o) + (1325,
which proves the theorem. O

Theorem 5. Let0 < v < 1and f € Cg[0,0). Thenif f € Lip,,(y), that is, the inequality
F(t) — F(x)] < Mlt—x]7, %t € (0,00),
holds, then for each x € [0, c0) we have
e
AR (f; %) = F(x)] < MSF (x),

where 6, = AE:’,X((t — x)%;x) and M > 0 is a constant.
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Proof. Let f € Cp[0,c0) N Lip, (7). By the linearity and monotonicity of the operators AE , We

get

AR (f;x) — F(x)] < ARR(F(E) — F(x);x) < MARS (|t — x|7; x)
M . nx(nx + kB, )1 o~ (nx+kpa) X H/
k 0

N k! n! xy

By applying the Holder inequality twice succesively to the right side with p = 2/7,
q=2/(2— ), we obtain

=1

n+1

Bn (. < o 11X nx+kﬁﬂ) —(nx+kpa) X~ / —Xy, n k_ U
| AL (f;x) — f(x)] MkZ:l e el A e Yy o x’ 1dy
00 — 2
<M Z nx(nx+k5n)k 16 (nx+kpy) X "l / efxyyn ﬁ 5 zd]/ v
- P} k! n! Jo xy
ad nX(Tlx—f—kﬁn)kil (nerk/Bn) X"l / —XY, N @72
* <k§ K ¢ TR A
) k-1 YN v/2
< M( 3 nx(nx + kBn) o (nx+kp) X / 0 _ x’ dy)
= k! n! Jo
and
Bu (pn ® nx(nx + kB, )1 — (nx-+kBy) /°° x"H g (K N N2
AR (fi) = f0)] < MY = (f, e ( ) @)
oyl | (2-7)/2
Yy, n
x < 0 n! ¢y d]/)
) nx(nx+k[3n)k_1 (merkpn X1 P / L k 2 /2
< n LY.L
- M(,; k! ¢ n!' Jo ¢y <xy x) dy
= MADL((t — %)% 2)72 = M&Y % (x),
which is the desired result. O

4 Weighted approximation properties

Now, we give some definitions and theorems that we will use in this section.
Let p(x) = 1+ x? and B,[0, o) denote the space of all functions having the property

[f()] < Mpp(x),

where x € [0,00) and My is a positive constant on f functions. The norm on B,[0, ) is defined

as follows )|
X

Ifllp = sup ——5.

f 3 0§x£oo1+x2

Co[0, 00) denotes the space of all continuous functions belonging to B,[0, o0) and Cg [0, 00) de-
notes the subspace of all functions f € C,[0, c0) for which

lmM:

A ()
The basic theorem for approximation of weighted spaces is given by A.D. Gadjiev in [13].
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Theorem 6. Let {A,} be a sequence of positive linear operators defined from Cg [0,00) to
B,[0,00), and satisfying the conditions nh_r}n | An(t%;x) = x°[|, = 0, v = 0,1,2. Then for any
f e Cg [0, 00),

Tim || Ay (f;2) — f(2)], = 0.

It is shown in [13] that a sequence of linear positive operators A, is defined from Cg [0, o0)
to Bp[0, c0) if and only if || A, (0; x)[|, < M,, where M, is a positive constant.

Theorem 7. Let {Ag ".} be a sequence of positive linear operators. For each f € C [O ), we
have
Tim [| AR (F; %) = £(x)]p = 0.

Proof. Using Lemma 1, we get

Al Abn (14 25 x Al (1;2) + Al (1
p VR0 AROE R IR0 + AR )
0<x<eo T+x 0<x<o0 IT+x 0<x<oo 1+x
1+ nxz n X
= sup (n—1)(1_ﬁn)2 (”_1)(1—511)3
0<x<oo 1+ 2
n 1
<1+ +

(n=1)A=pn)? (=11 —pa)>

There exists a positive constant D such that for eachnand 0 < B, <1

- + L <D
(=11 =pa)? (=11 —=pa)>
Bn .
Hence we may write sup % = HAE”,X (0;x)[|[p < 1+ D, which shows that {AE’L} is a
0<x<o0

sequence of positive linear operators defined from Cg [0, 00) to B, [0, o0). Considering the results

(7) and (8) obtained above, for v = 0,1, 2 it is clear that lgn HAEZX(H’; x)—x"p=00=0,1,2.
n—oo

Thus, the proof is completed. O

Theorem 8. Letx € [0,00), n € N andf € Cp0, ). For the operators

}3’1 2 nx nx—i—kﬁn) —(nx+kBn) n+1/ e XYy i —nx
Al(fix) = : )y () dv e )

and

Bﬁ” (fi2) = i nx(nx + kﬁn)kfl e(nxﬂqsn)f(E),

o »
the inequality

AR (%) = Bha(f: )| < w(f30)g(x)
holds true, where

and
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Proof. From the definition and properties of modulus of continuity, we have

AR 0) Bl ) = 3 PP s S [ (1) — (1))

|
=1 n. Xy

from which it follows

s < B o £ () B
Sij nx~|—k,3n) . :;1/0 e—xyynu,(f; Tg(gjé}(ﬂy
w(£,9) + 50(£,9) i ) g 2
<)y yne*xy———)dy

By applying the Cauchy-Schwarz inequality to the second expression on the right side of this
inequality first for the integral and then for the sum, we get

xy n

[AR(ix) — BEA(S) < w(£,8) + s, W Al (£ 5%,
If we calculate Ag/”,,‘((k/(xy) —k/n)?; x), we show that

B (K K\ ey nx(mx A BT kg, "“/ (L2 1
A"’“((xy n)'x)_kkgl k! e n! Jo xyyn<x2y2 xyn+n2)dy'

If we say xy = t, then it follows

Al (£ = 5yx) = 3 e BT g K2

Xy n = k! n(n—1)
L2 8l K i
ni= k! n
1 & nx(nx +kBy) kB,
Tz L ! N

=== }{(n—l)(l—ﬁn)2+(n—l)(l—,Bn)]
x2 x
T DB n(n D)1 )
from which, it follows L "
imAP (2= =2 .x) =
nlaooA"“<<xy n)') 0
Thus, we have
AP ) BP0 < (£ 8) 4 Lo F 8 x?
| n,zx(f/x)_ n,a(f/x)|_w(f/ )+5w(f, )\/(n—l)(l—ﬁn)2+ (n—l)(l—ﬁn)
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5 Voronovskaya type theorem

Lemma 4. Since operator AEZX (f; x) defined in (5) is linear and positive, we get:

i)
Aﬁﬁx(t —x;%) = Bux/(1 — Bu);

i)
Bu (5 _ )2 ) — pa(n—1) +1 2 1 -
Ana((E=2)52) = 08 T ) T A B
iii)
B (4 )y = B2 =31 +2) +3B,(n—2) +4 ,
Ana((£ =20 2) o~ 1P(n—1)(n—2)
L 32-m-2 5 2B, +1 .
A p)i -0 -2" 0B Dn 2"
iv)

Al (£ = x)%x)
_ Br(6n* —n® —11n+6) + 6B2(—n® +5n — 6) +16B,(3 — n) — 3(n + 6)
a (n—=1)(n—2)(n—3)(1— ppn)*
6(4Bx(n — 3) + 2 (n* —5n +6) +n+6) 5
(n—=1)(n—2)(n—=3)(1—pn)°
125n(n—1)+85%,(3—n)+11n—12x2+ 6B2 + 8B, + 1 N
(n=1)(n—2)(n=3)(1—pu)° (n=1)(n—2)(n=3)(1—pn)""

x4

The proof can be easily done by using the linearity of operator AEZX and Lemma 1.
Theorem 9. Letx >0, 0 <a < B,andn € N. For f € C? [0, 00) and bounded, we have

X x2
lim n[A% (;x) — ()] = EE) ey

n—oo 2

Proof. Let x,t € [0,00), f € C?(0,0). By Taylor’s formula for f, we have

a2
£ = £+ (-0 )+ E 0 4 (- x6), (19

where ¢(t; x) € C[0,00) and }imgb(t; x) = 0. By applying the operator AEZX to the both sides of
—X
(18), we have
ARLF(E) = FAR (L) + f () AR (= x3%)
1
x
L2 A (= 2) + AT (= P06,

Bn 2 ca). _ - nx(nx‘}'klgn)kil —(mc—i—kﬁn)xthl /oo —xy, n k_ 2 .
A ((t—x)p(Ex);x) = Z T e prA e Yy <xy x) $(t; x)dy.
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By applying the Cauchy-Schwarz inequality twice succesively to the right side, we get

n AR ((F— )2 (52); %) <\ m2AR (£ — )% )\ AL (15 2); 1),

From Lemma 4, we obtain AEZX((t —x)%x) = O(n=2). Since ¢(t;x) € C[0,00) and
lim ¢(t;x) = 0, we get

n—oo

Tim nAPL (£ = x)%(t; x); x) = 0.
If (4) and Lemma 4 are used, the desired result is obtained. 0
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Y it poboTi AOCAIAXKYIOTBCS AeSIKi alpOKCHMMAalIiliHI BAACTMBOCTi MOAMIKOBAHOTO OIepaTopa
Axelna-T'amma. Buxopucrosyroun reopemy tumy KoposkiHa, cloyaTKy HaBeA@HO allpOKCHMMAaLIiliHi
BAACTMBOCTI Takoro onepatopa. [ToTim o6umcaeHo MBMAKICTD 361KHOCTI ILOTO OMepaTopa 3a AOIIO-
MOTOI0 MOAYASI HellepepBHOCTI Ta MPeACTaBACHO alpOKCUMAalliliHi BAACTMBOCTI BarOBMX MPOCTOPiB.
Hacamkinenp oTpumaHo TeopeMy Tuily BopoHOBCEKOI 1IbOTO omepaTopa.

Kntouosi cnosa i ¢ppasu: omeparop AXeliHa, omeparop ['aMma, Barosmit pocTip, MOAYAD Helle-
pepsHOCTi, K-dyrkuis [Teerpe, Teopema BopoHOBCHKOI.



