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Further investigations on a unique range set
under weight 0 and 1

Banerjee A., Maity S.

In this paper, we have found the most generalized form of the famous Frank-Reinders polyno-
mial. With the help of this, we have investigated the unique range set of a meromorphic function
under two smallest possible weights namely 0 and 1. Our results extend some existing results in the
literature.
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1 Definitions and terminologies

First we would like to recall some basic terminologies of value distribution theory over C.
The details are available in the book [7]. Let p be the multiplicity of z such that z is a root
of f(z) —a = 0. Let M(C) denotes the collection of all meromorphic functions on C. For
f € M(C)and a € CU {oo} we define

Ef(a) = {(z,p) e CxN:z isrootof f(z) —a=0}.

In the case of ignoring multiplicities we denote the set by Ef(a). Let f, ¢ € M(C), we
say f and g share the value a counting multiplicity (CM for short) if E¢(a) = Eg(a) and share
the value a ignoring multiplicity (IM for short) if E¢(a) = Eg(a). Now for f € M(C) and
S C CU {0}, we define

Ef(S) = Upes{(z,p) € CxN:z isrootof f(z) —a=0}.

If we do not take multiplicities into account then we denote the same set by Ef(S). Two
functions f, ¢ € M(C) are said to share a set S CM (resp. IM), if Ef(S) = E¢(S) (resp.
E¢(S) = E4(S)).

The notion of weighted sharing of sets was introduced in [8], defined as follows. The set
of all a-points of f with multiplicity m is counted m times if m < k and counted k 4 1 times
if m > k, is denoted by Ef(a, k). For two functions f, ¢ € M(C) if E¢(a,k) = E¢(a, k), then
we say f, g share the value a with weight k. We say f, g share the set S with weight k if
Ef(S, k) = E4(S, k) foraset S C CU {co}. We write f, g share (S, k) to mean that f, ¢ share
the set S with weight k. In particular, if S = {a}, then we write f, g share (4, k). In view of the
above notion of weighted sharing the following definition is well known in the literature.
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Definition 1 ([2]). Let f, g§ be two meromorphic functions over C and S C C U {co}. If
E¢(S, k) = Eg(S, k) implies f = g then S is called a unique range set for meromorphic functions
with weight k or in brief URSMk.

The case k = oo and 0 corresponds to URSM and URSM-IM respectively.

Definition 2 ([10]). Let P(z) be a polynomial in C. If for any two non-constant meromorphic
functions f and g, the condition P(f) = P(g) implies f = g, then P is called a uniqueness
polynomial for meromorphic functions. We say P(z) is UPM for short.

H. Fujimoto [5] introduced the following definition, which he called as “property H”. The
same definition latter characterized as “critical injection property”.

Definition 3 ([2]). Let P(z) be a polynomial such that P’(z) have | distinct zeros z1,zy, . .., z].
If P(z;) # P(zj) fori # j, i,j € {1,2,...,1}, then P(z) is said to satisfy the critical injection
property.

Definition 4. Fora € CU {oo} we denote by N(r,a; f |= 1) the counting function of simple
a-points of f. Fork € Z we denote by N(r,a; f |< k) (resp. N(r,a; f |> k)) the counting func-
tion of those a-points of f whose multiplicities are not greater (resp. less) than k, where each
a-point is counted according to its multiplicity. The functions N(r,a; f |< k) and N(r,a; f |> k)
are defined similarly, where in counting the a-points of f we ignore the multiplicities.

Definition 5. Leta € CU {oo} and f and g be two non-constant meromorphic functions such
that f and g share the value a IM. Let z; be an a-point of f with multiplicity s and an a-point
of ¢ with multiplicity t.

By N;-) (r,a; f) we mean the counting function of those a-points of f and g, wheres =t = 1.
Note thatNé) (r,a; f) = N};) (r,a; f).

Fork € Z, Ng((r, a; ) denotes the reduced counting function of those a-points of f and
g, wheres =t > k.

By Ny (r,a; f) (resp. N (r,a;g)) we mean the reduced counting function of those a-points
of f and g, wheres > t (resp. t > s).

We denote by N.(r,a; f,g) the reduced counting function of those a-points of f whose
multiplicities differ from the multiplicities of the corresponding a-points of §. Note that
N.(r,a:f,8) = Nu(r,a;g, f) and N.(r,a; f,g) = Ny (r,a; f) + Ni(r,a;).

2 Background and motivations

To find the minimum cardinality of a URSM-IM, in 1999, S. Bartels [3] considered a set
whose elements are the roots of famous [4] Frank-Reinders polynomial and obtained the fol-
lowing result.

Theorem A ([3]). Let n > 17 be an integer and ¢ # 0,1 be a complex number. Then the
polynomial Ppg(z) defined by

(n—1)(n—-2)

5 2" —n(n—2)z2" 1 4 mz”_2 —c (1)

Prr(z) = >

have only simple zeros and S = {z € C : Prgr(z) = 0} is a URSM-IM.
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Next an interesting question is whether the lower bound of the cardinality of a URSM-IM
can further be reduced? In this respect, till date no such fruitful results were obtained and it
seemed that the problem of reducing the cardinality of URSM-IM is hard nut to crack. Thus
the only way to reduce the cardinality is to increase the weight gradually.

In 2016, the first author of this paper [1] proved that the set S defined in Theorem A is a
URSM1 with cardinality > 12 (see [1, Remark, p. 205], which follows from [1, Theorem 1.1] by
putting k = 2). So from the above discussion it is evident that over C, the least cardinalities
of URSM-IM and URSMI1 are 17 and 12 respectively and hence the only way to improve the
existing results is to generalize the results so that all the results can be accommodated under a
single umbrella.

3 Main results

We are going to define a new polynomial of degree m 4 n 4 1 in the following manner,
which accommodates all polynomial of Frank-Reinders types [4]. Set

i—o\J m+n+1—j
= (m\ (n (=1 mnAl—i—j i
+§]§J<i><1>m+n+1—i—f W -e=QkE)-q

where a and b be distinct such thata € C\ {0}, b € C,c # 0,Q(a), Q(b). It is easy to verify
that

(2)

P'(z) = (z—a)"(z—b)".
As the only two zeros of P'(z) are a,b and ¢ # Q(a), Q(b), so P(z) have only simple zeros.

Remark 1. Notice that P(z) — P(b) = (z — b)"T1W;(z), where W, (b) # 0. Now let us assume
Wi (z) has a zero with multiplicity > 2. As the only zeros of P'(z) are a and b, so the only
possible multiple zero of Wi(z) is a and it should be of multiplicity n + 1. Thus the degree
of P(z) — P(b) is at least m + n + 2, which is a contradiction. Hence Wj(z) has no multiple
zero. Similarly, P(z) — P(a) = (z — a)""1W,(z), where W(a) # 0 and W,(z) has no multiple
zero. If possible let P(a) = P(b), then this implies (z — a)"t'Wy(z) = (z — b)" Wy (z). As
a # b, so W»(z) has a factor (z — b)"*1, hence the degree of P(z) is at least m + n + 2, which is
a contradiction. Thus P(a) # P(b). Therefore P(z) is a critically injective polynomial.

Remark 2. Fora =1,b = 0 and n = 2 the polynomial (2) reduces to

Zm+3 Zm+2 Zm+1

-2 —cC.
m-+3 m+2+m+1 ¢

(m41)(m+2)(m+3)
2

Multiplying this by and putm + 3 = t, actually we get Prr(z). Thus P(z) is a

generalization of Prr(z).

In our first theorem, considering the set of all zeros of P(z), we investigate the sufficient
conditions under which the set becomes a URSM-IM.

Theorem 1. Let f, ¢ be two non-constant meromorphic functions and m,n be two positive
integers such thatn > 2, m > n+3 and m+n > 16. Consider the polynomial (2) and
S={z € C:P(z) =0}. Then S is URSM-IM.
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Corollary 1. (i) Let m > 14. Consider the polynomial

ZM=+3 ZM+2 Zm+1
Pi(z) = m+3 _2m+2+m+1 —C
where c # 0, ( 2 . Then the set S, = {z € C : P(z) = 0} is URSM-IM.

B m+1)(m+2)(m+3) ;
(ii) Let t > 17. Consider the polynomial

Pz(Z) _ (t - 1)2(t - 2) . i'(i' _ 2)Zt—1 + t(t 2_ 1)Zt—2 —d,

whered # 0,1. Then the set S, = {z € C : Py(z) = 0} is URSM-IM.

Note that, (ii) of Corollary 1 is actually Theorem A, so Theorem 1 generalizes Theorem A
and the result of A. Banerjee (see [1, Remark, p. 205]) at a large extent.

Next, we increase to weight by 1 to investigate its effect on the cardinality of the range set
in Theorem 1.

Theorem 2. Let f, ¢ be two non-constant meromorphic functions and m,n be two positive
integers such thatn > 2, m > n+3 and m+n > 11. Consider the polynomial (2) and
S={z€C:P(z) =0}. Then S is URSM]1.

From Theorem 2, it is seen that the cardinality of URSM1 is > 12.

Corollary 2. (i) Let m > 9. Consider the polynomial P;(z) as in Corollary 1. Then the set
S; ={z € C:Pi(z) =0} is URSML

(ii) Let t > 12. Consider the polynomial P,(z) as in Corollary 1. Then the set
Sy = {z € C: Py(z) = 0} is URSML.

Thus Theorem 2 is an extension of the result of A. Banerjee (see [1, Remark, p. 205]).

4 Lemmas

Lemma 1 ([5]). Let P(z) be a polynomial of degree > 5 without multiple zeros, whose
tirst derivative have mutually k-distinct zeros, given by dj,d,...,d; with multiplicities
91,92, - - -, Gk, respectively. Assume that P(z) satisfies the critical injection property and there
are two distinct non-constant meromorphic functions f and g such that

1 o
:—0+C1/

P(f)  P(g)

for some constant cy # 0 and ¢1. Ifk > 3, or ifk = 2 and min{qy,q>} > 2, then ¢; = 0.

Lemma 2 ([6]). Let P(z) be a monic polynomial without multiple zero whose first derivative
have mutually k-distinct zeros, given by dy,ds, ..., d; with multiplicities q1,q2, . . ., gk, respec-
tively. Suppose that P(z) satisfy the critical injection property. Then P(z) will be a UPM if and
only if
k
Yo qgm > ) an
1<l<m<k I=1

4. When k = 3 and
5 then also the above

In particular, the above inequality is always satisfied whenever k
max{q1,q2,93} > 2 or when k = 2, min{qy,42} > 2 and q; + ¢
inequality holds.

>
>
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Lemma 3 ([9]). Let N(r,0; f%) | f # 0) denotes the counting function of zeros of f), which
are not the zeros of f, then

N(r,0; f5) | £ #0) < kN(r,o00; f) + N(r,0; f |< k) + kN (r,0; f > k) + S(r, f).
In particular, for k = 1 we have N(r,0; f' | f #0) < N(r,00; f) + N(r,0; f) + S(r, f).

Now let us consider two non-constant meromorphic functions F and G such that

Q) PPt o Q) Pl

c C c C

3)

where P(z) is defined as in (2). Besides this we also consider a function H as follows

B .F” 2.F/ g// Zg/
H‘(F‘f-l)‘(?_g—l) @)

Lemma 4. Let H # 0 and F, G share (1,0), then

N;_)(r,l;]-“) = Né)(r,l;g) < N(r,00;H) + S(r),
where S(r) = S(r, f) + S(r, 8).

Proof. As F and G share (1,0), so each simple 1-point of F is also simple 1-point of G and
vice versa. Now each simple 1-point of F (i.e. simple 1-point of G) is a zero of H. Note that
m(r,H) = S(r). Hence

NP (r,1; F) = Np (r,1;G) < N(r,0; 1) < T(r, 1) < N(r,00; H) + S(r).
]

Lemma 5. Let S = {z € C : P(z) = 0}, where P(z) is defined as in (2). Let H # 0 and f, g be
any two non-constant meromorphic functions on C such that E¢(S,0) = E4(S,0), then
N(r,00;H) < N(r,00; f) + N(r,00;¢) + N(r,a; f) + N(r,a;¢) + N(r,b; f)

+N(r,b;8) + N.(r,1, F,G) + No (r,0; f') + No(r,0;¢"),

where Ny (7,0; f') denotes reduced counting function of those zeros of f', which are not zeros
of (F —=1)(f —a)(f —b), and Ny (r,0;¢’) denotes similar counting function.

Proof. Note that F/ = P 1 (f —a)"(f — b)"f'. The lemma directly follows by calculating

C C

all the possible poles of H and observe that all poles of H are simple. O

5 Proofs of the theorems

Proof of Theorem 1. Let S = {z € C : P(z) = 0}. Consider functions F, G and H as defined in
(3) and (4).
Case 1. First assume H = 0. Integrating (4) two times we obtain

]__1_ 7= gf 1 + B (where A, B are constants such that A # 0)
P(f) — P(g) P(f) — P@Q) ¢ '
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Asn > 2and m > n+ 3, so obviously min{m, n} > 2 and degree of the polynomial is > 17.
Now applying Lemma 1 for the equation (5) and we get % = 0. Consider a constant A; = %.
Sub-case 1.1. Let us assume A; # 1. Now from (5) we obtain

P(f) = A1P(g)
= P(f)+c=A1(P(g) +¢c)—c(A1—1)
= Q(f) = A1Q(g) +c(1 - Ay)
— Q(f) —Q(b) = A1Q(8) — (Q(b) —c(1 - A1)).
Note that T(r, f) = T(r,g) + O(1) since P(f) = A1P(g). Recall that the only zeros of Q’(z) are

a and b. So only possible multiple zeros of {(z) := A1Q(z) — (Q(b) —c(1 — Ay)) are a and b.
First assume b is the multiple zero of ¢(z). Thus ¢(b) = 0, i.e.

(6)

A1Q(b) = Q(b) — e(1 - Ay) = (1 - A)(Q(b) —¢) =0 = ¢ = Q(b),

a contradiction as we have ¢ # Q(b). Next assume a is the multiple zero of {(z). It is easy to
see that ¥(z) = (z —a)""'W;(z), where W; (a) # 0 and all zeros of W (z) are simple, namely
aj,j =1,2,...,m. Notice that Q(z) — Q(b) = (z — b)" "' Wy(z), where Wa(b) # 0 and all zeros
of W,(z) are simple, namely Bj,j=1,2,...,n. Hence from (6)

n m

N(r,b; f) + Z B f) = N(r,a;¢) + ZW(;’(X ).

: ]_

Next using the Second Fundamental Theorem, the above equation and the fact T(r, f) =
T(r,g) +O(1) we get

Ms
Z

(m—=1)T(r,g) < N(r,a;8) + (r,aj;8) +5(r,8)

-
Il
=

m:
Z|

N(r,b; f) + (r, Bj; /) +5(r,8) < (n+1)T(r,8) + 5(r, f).

.
I
=

Thus we have (m —n —2)T(r,g) < S(r,g), this contradicts the given condition m > n 4 3.
Hence we see neither a nor b are the multiple zeros of (z), and hence all the zeros of (z) are
simple, say Yi,j=12,...,m+n+1 From (6) we have

n m+n+1

N(r,b; f) + Z rBiif) = X; N(r,7:8)
=

Using the Second Fundamental Theorem and the above equation, we deduce

+
(m+n—-1T Z (r,7:8) +5(r,8)

n

N(r,b; f) + 2N(1’,ﬁj;f) +S(r,g) < (n+1)T(r,g) +S(r, f).

j=1

Hence we get (m —2)T(r,g) < S(r,g), a contradictionas n > 2and m > n + 3.
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Sub-case 1.2. Next assume Ay = 1. Thus P(f) = P(g). Now by Lemma 2 we conclude P(z)
is a UPM. Therefore f = g.

Case 2. Next assume H # 0. As Ef(§,0) = Eg(g, 0), thus F and G share (1,0). By the
Second Fundamental Theorem and Lemmas 4, 5, we get

(m+n+2)T(r, f) < N(r,00; f)+ N(r,1; F)+ N(r,a; f)+ N(r,b; f)— No (r,0; ')+ S(r, f)
SN(r,w;f)+N(r,00;7-£)+NL(r,1;]-")+NL(r,1;Q)+N,(52(r,1;.75)
+N(r,a;f) + N(r,b; f) = No (r,0; f') + S(r, f)
< 2N(r,00; f) + N(r,00;¢) + 2N(r,a; f) + 2N(r, b; f)
+N(r,a;9) + N(r,b;g) + No (r,0;¢) + NE(r, 1, F) 7)

+N.(r,,F,G)+ Ni(r,,F)+ Nr(r,1,G) + S(r, f)
< 2N(r,00; f) + N(r,00;¢) + 2N(r,a; f) + 2N(r, b; f)
+N(r,a;8) + N(r,b;8) + No (r,0;¢') +W,(52(r, 1; F)

+2Np(r,1; F) + 2N (r,1;G) + S(r, f).

Now we deduce

No (r,0;¢) + NE(r, 1,G) + 2Ny (r, 1, F) + 2Ny (r, 1;G) -
No (r,0,¢') + N(r,1,G |[> 2) + N.(r,1,G) + 2N (r, 1; F)
N(r,0;¢' | § #0) + N.(r,1;G) + 2N (r, 1, F).
In view of Lemma 3 we get
Ni(r,1,G) <N(r,1,G |>2) < N(r,0;¢' | g # 0) < N(r,00;¢) + N(r,0;¢) + S(r,3),
and similarly Ny (r,1; F) < N(r,o0; f) + N(r,0; f) + S(r, f) holds. Thus from (8) we have

Ny (r,0;¢") +W,(52(r, 1; F)+2Nr(r,1; F) +2N(r,1;G)

< 2{N(r,00;¢) + N(r,0;¢) + N(r,00; f) + N(r,0; f) } + S(r),
where S(r) := S(r, f) + S(, g). Combining (7) and (9), we obtain

)

(m+n+2)T(r, f) < AN(r,00; f) + 3N(r,00;g) + 2N(r,a; f) + 2N(r, b; f)
+N(r,a;8) + N(r,b;g) + 2N(r,0; f) +2N(r,0;¢) + S(r)  (10)
<10T(r, f) + 7T (r,g) + S(r).

Similarly we can get
(m+n+2)T(r,g) < 10T(r,g) +7T(r, f) + S(r). (1)
Thus adding (10) and (11), we get
(m+n—15)(T(r, f) + T(r,g)) < S(r),

which is a contradiction as m +n > 16.
Therefore combining Case 1 and 2 we get, forn > 2, m > n+ 3 and m 4+ n > 16 the set S is
URSM-IM. O
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Proof of Corollary 1. (i) Puttinga = 1, b = 0 and n = 2, the polynomial (2) reduces to
M=+3 ZM+2 Zm+1

-2
m-+3 m+2+m+1

_C,

Pi(z) =

where ¢ # 0, m +1)(m%rZ)(m +3)- BY Theorem 1, we get that the set S; with m > 14 is URSM-IM.
(ii) From (i), assuming m + 3 = t we get

2 (t=1D(t—-2), i1 HE=T1) 4p
P = —t(t—2 —-— —d
;
tHt—1)(t—2)*
where d = c%. Note that as m > 14, so t > 17. From (i), we have ¢ # 0, m, SO
d # 0, 1. Therefore for t > 17 and d # 0, 1, the set §2 is URSM-IM. O

Py(z),

Proof of Theorem 2. Let S = {z € C : P(z) = 0}. Consider two function F, G and H as in
Theorem 1.
Case 1. First assume H = 0. Proceeding same steps as Case 1 of Theorem 1 we get f = g.
Case 2. Next assume H # 0. As Ef(g, 1) = Eg(g, 1), thus F and G share (1, 1), this implies

N é) (r,1, F) = N(r,1; F |=1). By Second Fundamental Theorem and Lemmas 4, 5, we get

(m+n+2)T(r, f) < N(r,00; f)+ N(r,1; F)+ N(r,a; )+ N(r, b; f) = No (r,0; f') + S(r, f)
< N(r,00; f) + N(r,1; F |=1) + N(r, 1, F |> 2)
+N(r,a; f) + N(r,b; f) = No (1,0 f') + 5(r. f)
< N(r,00; f) + N(r,00; H) + N(r,1,G |> 2) (12)
+N(r,a;f) + N(r,b; f) = No (1,0, f') + S(r, f)
ZN_(r oo; f) + N(r,00;¢) +2N(r,a; f) + 2N(r,b; f) + N(r,4;g)

N(r,b;)+ No (r,0;8')+ N(r,1,G |> 2)+ N.(r, 1, F,G)+ S(r, f).
Now using Lemma 3, we deduce

Ny (r,0;8") + N(r,1,G |> 2) + N.(r,1, F,G)
<Ny (r,0;¢") +N(r,1,G |>2) + N(r,1;G |> 3) + N(r, 1, F | > 3)
/ 1 /
< N0 | g #0)+ 5N 0 | f#0) 1)
< N(r,09:8) + N(r,0:8) + 5 {N(r,09; f) + N1, 0 )} +5(r).

Combining (12) and (13), we get
5__ _ _ _
(m+n+2)T(r,f) < EN(r,oo;f) +2N(r,00;¢) +2N(r,a; f) +2N(r,b; f)

— — 1— —
+N(r,a;8) + N(r,b;8) + 5N(r,0; f) + N(r,0;) + 5(r) (¥
<7T(r,f)+5T(r,g) + S(r).
Similarly we can obtain

(m+n+2)T(r,g) <7T(r,g) +5T(r, f) + S(r). (15)
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Adding (14) and (15), we obtain (m +n — 10)(T(r, f) + T(r,g)) < S(r), this is a contradiction
asm+n > 11.
Therefore combining Cases 1 and 2 we get, forn > 2, m > n+3and m +n > 11 the set S

is URSM1. 0
Proof of Corollary 2. We left the proof since it is same as the proof of Corollary 1. O
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Y milt cTaTTi MU 3HAVIIIAM HalibiABII 3aTaAbHY popMy BiaoMoro moaiHoma Dparka-PerHAepca.
3a AOITOMOTOIO ITLOTO MV AOCAIAMIAM MHOXWHY €AMHOCTI 06pa3y MepoMopdHOI PYHKIIII Tpy ABOX
HalViMeHIIIMX MOXAMBMX Barax, a came 0 i 1. Hamri pe3yabTaTy y3araAbHIOIOTH A€SIKi BIAOMI pe3yAb-

TaTy B AiTeparypi.

Kntouosi cnosa i ppasu: mepomopdpHa OYHKIIiSI, MHOXIHA €AVHOCTI 06pa3sy, 3BakKeHni1 06MiH.



