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On King type modification of (p, q)-Lupas Bernstein operators
with improved estimates

Nisar K.S.1, Sharma V.2, Khan A.2

This paper aims to modify the (p, g)-Lupas Bernstein operators using King’s technique and to
establish convergence results of these operators by using of modulus of continuity and Lipschitz
class functions. Some approximation results for this new sequence of operators are obtained. It
has been shown that the convergence rate of King type modification is better than the (p, q)-Lupas
Bernstein operators. King type modification of operators also provide better error estimation within
some subinterval of [0, 1] in comparison to (p, q)-Lupag Bernstein operators. In the last section, some
graphs and tables provided for simulation purposes using MATLAB (R2015a).

Key words and phrases: post-quantum calculus, (p, g)-Lupas Bernstein operator, modulus of con-
tinuity, King type approximation, error estimate.
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1 Introduction

The applications of post quantum calculus ((p, g)-calculus) emerged as a new area in the
tield of constructive approximation and computer-aided geometric design. The concept of
(p,q)-calculus in approximation theory has been introduced by M. Mursaleen et al. in [23],
where they constructed post quantum analogue of Bernstein operators. After this, several
researchers started working in this area.

K. Khan and D.K. Lobiyal [18] recently defined post quantum analogue of Lupas Bernstein
operators Ly, : C[0,1] — CI[0, 1] (an extension of g-analogue of Lupas Bernstein operators [12])
as follows

Mmip,q ]

f<Pm[7] [ﬂm) { m ] p<mf/‘>(;17ffl>qj<j2—1> W (1 — )
pA

, (@)

=0 i {p1(1—u)+ g tu}
j=1

forany p,q > 0and m > 2.

They used basis functions of this post quantum analogue of Lupas g-Bernstein operators
to construct Bezier curves and surfaces which add parameter flexibility in approximation and
mimics the shape of control polygon. For basic definitions and related results about post quan-
tum calculus we refer the reader to [1,18].

YAK 17.518.8
2020 Mathematics Subject Classification: 65D17, 41A10, 41A25, 41A36.

© Nisar K.S., Sharma V., Khan A., 2023



On King type modification of (p, g)-Lupas Bernstein operators with improved estimates 21

We recall the results for post quantum analogue of Lupas g-Bernstein operators [18] for
Chebyshev system of test functions.

Lemma 1 ([18]). The following equalities are true:
(1) Lu(Lp,q;u) =1;
@) Lu(t,p,g;u) = u;

2 ooy 2wt ul(pog) () (o pt!
(3) Ln(#5, p,qyu) = u>+ Zoprs A (1 f)

Here, one can observe that the operator Lm(t2 ; ;q; u) does not preserve the quadratic test
function. J.P. King [17] established a technique to compute better approximation results for the
Bernstein polynomials at the beginning of the 21st century. In this method, these operators
approximate every continuous function f € C[0, 1], while preserving the function e;(u) = u?.

Thus, ]J.P. King constructed the sequence of (non-trivial) operators preserving the functions
eg and ey, where (e; = ut,i = 0,1, 2) and proved that these operators have a better conver-
gence rate for 0 < u < % than the classical Bernstein polynomials [5].

For classical approximation theory related to positive linear operators we refer the reader
to [5] and for quantum calculus to [14,19,20,27]. T. Acar et al. [2—4, 7] investigated approxima-
tion properties by constructing some operators via post quantum calculus. Q.-B. Cai et al. [8,9]
investigated approximation properties by constructing post quantum analogue of Lambda-
Bernstein operators. U. Kadak et al. [15] studied (p, q)-Szasz operators involving Brenke type
polynomials. A. Wafi and N. Rao [26] studied approximation properties by (p, q)-Bivariate-
Bernstein-Chlowdosky operators. M. Mursaleen et al. further analyzed approximation prop-
erties by considering operators via post quantum calculus like generalized (p, g)-Bleimann-
Butzer-Hahn operators [21], higher order generalization of Bernstein type operators [22] and
(p, q)-Lorentz polynomials on a compact disk [24] etc.

In this paper, we have introduced King type modification of post quantum analogue of
Lupas g-Bernstein operators and investigated statistical approximation properties of these op-
erators defined in [12] for 0 < g < p < 1. In comparison to King type modification of Phillips
type (p, q)-Bernstein operators [13], the calculations involved are more complex and challeng-
ing but it has advantage in approximation due to rational basis functions. In the last section, we
show that our modification gives us Dbetter error estimation than the
(p,9)-Lupas Bernstein operators on some subintervals of [0,1]. In case p = 1, it reduces to
King type modification of g-Lupas Bernstein operators.

2 Construction of operators

Using King’s technique, we will modify (p, q)-Lupas Bernstein operators (1), which pre-
serve monomials e;(u) = u' for i = 0,2. For this study, we consider 0 < g < p < 1 satisfying
the following condition

pq([mlpq —1) > p"(p —q) )

for m > 2. Here, we define the operators

F(Zl) [ ] P ) (= s
PAq

lpa j

]1’:”11 {11 = s () + ¢ L (1)}

Lya(fiu) =Ly (f,p,q;u i

3)



22 Nisar K.S., Sharma V., Khan A.

for every f € C[0,1], u € [0,1] and m > 2, where s,,(u) : [0,1] — [0,1] are continuous
functions. It is easy to observe that these operators L}, (f, p,q; u) are positive and linear. One
can notice that if we choose s,, (1) = u then it reduces to (p, q)-Lupas Bernstein operators.

Lemma 2. L*(f, p,q; x) satisfies the following properties:
(1) Ly(eo,p,q5u) =1
(2) Li(er, p,g;u) = sm(u);

* . 2 Sm(x)(l_sm(”))Pmil _ 5171(”)2(17_‘7)(1_5111(”)) _ PW’il
3) Lm(eZI p, q/u) = Sm(u) + [m]p.q p(1—sp (1)) +qsm(u) <1 [m]p,q) :

Based on the restriction mentioned in (2), if we take (using King’s approach)

an(u) = P u?[m]pq(p — 1)
2(pm g = p" + g m —1]p,)
N VPt mB g (p — )2+ 202(m] g (2pg (] — 1) = p(p — 9))
2(pm g = pm o+ P lm — 1)

then L} (f, p,q; u) preserves monomials, L} (eo, p,q;u) =ep(u) =1and L}, (e2, p,q;u) =e2=1u
for m > 2. Also 0 < s,,(u) <1 for s, (u) defined in (4).
From the equation (2) we have

(4)

4

2

2pq([mlpq —1) —p"(p—q) > p"(p —q).
Using the above inequality we get
2
PP+ 20 [m) g™ (p — q) + ut [m] . (p — q)% = (p" +u?[m]pe(p —q))° (5)
This imply s,,(u) > 0 under the condition (2). Since (1 — u)2 > 0for0 < u < 1, we have
42 [m]5 o (1 — u?) + 4q[m]pq (pu® — p™) >0
provided 4q[m],,,(pu* — p™) > 0. From the above inequality we get
p* + 202 [m) g (2pq([m]pg — 1) — p"(p — q)) + u*[m]5 . (p — ) ©
_ 2
< 2(p" g = p" g m = 1)) + P+ P [mlpe(p —q))".
If we use the equation (6) in (4), then we get s, (1) < 1.

Remark 1. If g € (0,1) and p € (q,1], one can observe that lim [m],, = 0 or -1-. To get

m—00 p—q°
convergence of the operator L}, (f, p,q; u), we choose a sequence q,,  (0,1) and py C (qm, 1]
such that lim p,, =1, lim g, = 1and lim p;; = 1, lim g} = 1. So we get lim [m]y,, 4, = .
m—co m—soo m—soo n—soo m—co

Theorem 1. Let L}, (f,p,q;u) be the sequence of operators and the sequences p = p, and
q = qm satisfy above Remark 1. Then for any function f € C[0, 1] we have

J%]L;(f,p,q;uo) — f(uo)| =0 for fixed ug € [0,1].

Proof. We know that L;,(f,p,q;u) is a linear positive operator. If we choose the sequences
satisfying the Remark 1 together with the Lemma 2, we obtain

lgn |Ly (e, p,q;u0) —ei(ug)| =0 for i=0,1,2.
n—oo

Hence by using Korovkin’s theorem the proof is completed. O
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3 The convergence rate

Let f € C[0,1]. Then w(f;d) is said to be the modulus of continuity of f defined by

w(f;0) = sup  [f(t) = f(u)l.

u,te[0,1], [t—u|<é

For all f € C[0, 1], it satisfies the following conditions:

ili% w(f;6) =0,
and ;
F(8) = Fw)| < w f&)(’ ;”‘+1>. 7)

It is evident that if we put « = = 0 in [16], then we get the following convergence rate of
the operators (1)

Lo oo 0) = F(10)| < 200(f3 6 (1)
for every f € C[0,1] and 6 > 0, where

0 — q* [m—1]pq y et
m )_\/<P(1_”)+qu [m]p,q 1) o [mlpq ®

Next, rates of convergence will be computed for the operators L}, (f, p,q;u) to f(u) given
by (3) by using the modulus of continuity and we further show that error estimation obtained
is better than the (p, g)-Lupas operator given by (1).

Theorem 2. Let (p,,) and (g ) be the sequences satisfying Remark 1 for every m > 2. For fixed
u € [0,1], f € C[0,1] and é,, > 0, we have

L5, P i) = £ ()| < 20" (£, (w)),

where

(csmu))z:zuuu( P & 821} (Pon = )

(pm_lqm pm +q [ ]Pm qm)
\/pzm +1/l4 pm,qm(pm _qm) +2u2 [m]Pm qm (meqm([m]Pnz/q;n_l) _pm(pm _qm)) >
2(p " qm — Pt + g3 lm — Up,q.) '

Proof. For f € C|0,1] and by using linearity and positivity of L}, (f, pm, gm; 1), we get

L fsponr i) = FQ0)| < L (1£8) = ()],

foreachm > 2, m € N and u € [0,1]. Now using (7) in the inequality (9) we have

) ©)

L s tin) = £0)| < 0 (567 @) {14 5 (Lt =l pmgui )} (10

for any 6 > 0.
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Using the inequality of Cauchy-Schwarz in (10), we get

Lo (Fy P quitt) — F(0)| < 0" (£8° () {14+ — (Liy(t — )% pu g )2} (1)
o*

On the other hand, we have

Pm + ”z[m]pm,qm(l?m — qm)
2(pm gm — P+ 4% 0m — U g,)
\/sz + ut[m pm,qm(Pm — qm)* + 2u%[ml]p,,q,, (2PM‘7M([m]pm,qm —1) = p"(pm — qm)) )
2(m g — P+ g%lm — p ) '

Lo (= )2, o, qus 1) = 2u* +u (

(12)

= 0 and hence

For the given sequence satisfying the Remark 1, it is evident that lgn [ %p p
m-—00 /

P+ 12,00, (P — Gm)
2(piam — i+ 2 lm = 1p,.0,,)
VP m, g (P = )4 2062 ] g, (2P (1), 1) — p%(pm—qm»)
2(p%71qm - p% + q%’l[m - 1]17171/17171)
= lim {2u® + u(—2u)} = 0.

mM— 00

lim ¢, (u) = lim 2u2+u(

m—r 00 m— 00

Thus, using (12) in (11) the proof is completed. Because of nlgn 04 (u) = 0, Theorem 2 gives us

the pointwise convergence rate of the operators L;, to the function f(u). O

If we choose
m—1

p

u <
2[m]p,q
then the convergence rate given in Theorem 2 is better than the estimate given by (8) for all
m > 2. However, computing exact bound of u from J;, (1) < 6,,(u), gives us it is complex.
Hence we will try to find a bound and take help of MATLAB for simulation purpose to claim

such that d;,(u) < 6, (u),

better rate of convergence within some subinterval of [O, Z’E:HI—L} .
Indeed, for
(1) < G ()

we have

2u2+u< pm + 12 [mlpq(p — q)
2(pm=1g — pm + g2 [m —1]p,)
\/sz +ut[m]z (p — q)* + 2u2my (2pg(mpq — 1) — p"(p — q)))
2(pmlg — pm + 2 m —1]p,)

2 _ m—1
< ( q [m — 1], _ 1) W2 p u
p(1—u)+qu [m]p,q [m]p,q
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— 2u’+u P mlpe(p—q) \/pZm g (p — q)* + 263 [mlpep™ (p — q)
2(pm=1g—p"4-q2[m — 1] pq) 2(pmlg — p" + g2 m —1]pq)
2 _ m—1
< < q [m 1];9,17 _1> u? + p u
p(1—u)+qu [m]p,q [m]p,q
2 -1 m—1
:>2u2+u(0)§< 9 [ ]p'q—1>u2+p u
p(1—u)+qu [m]y, [m]p,q
m—1 m—1 2 -1
— 2u? < 0u®+ P u = u< P as ( 1 = 1lpg —1> <0.
[m]p,q 2[7”];7,11 p(1—u)+qu [m]p,q

For all m > 2 and for u satisfying ¢y, (1) < 6,,(u), it provides a bound in which rate of
convergence will be better. To verify this, we will do simulation in graphical section.

Now, we can find the convergence rate of our modified operator defined in (3) for the
functions belonging to the Lipschitz class.

Let f € C[0,1] and 0 < p < 1. We know that f € Lipy(p) if

|f(v) — f(u)] < Mlv—ul’  for all u,ve[0,1]. (13)
Theorem 3. Forall f € Lipp(p) we have

”Lm(f/szQm}”)—f(”)Hc[o,l] < Mdy(u),

5m(u):\/< 9 [m—1]p4 _1> 2y P

p(1—u)+qu [mlp,

where

and M is a positive constant.

Proof. Let f € Lipp(p) and 0 < p < 1. By (13) and linearity of L, (f, p, g; x) we have

\Ln(f, 0, q5u) = f(u)| < Lua(If(8) = f(u)], p, g5 u) < MLy (|t —ul?, p, q; ).

and n = 2%, we obtain

Using the Holder’s inequality with m = 5

=IN

NI

|\Lon(f, p g5 u) — f(u)] < M(Lm((f —u)?, M;u)) :
If we choose 6 = d,,, then our proof is completed. O
Theorem 4. For all f € Lippy(p), from the condition (2) for p = pm, and q = g, we obtain
L5 Cf P i) = f(0) || o) < MBu(n),

where

(Sm(u) = 2u2 +u (2( pm+u2mpm/Qm(Prrz_qm) _ \/p%7’+u4m%n’/qm(pqum)ZJrzuzmpm,qm (p"’(lﬂm*qm)) )

m—1 m

Pm qm _P;71+q;271 [m_l] pm,qm) 2 (P%ilq;n _pm+q7271 [m_l] pm,qm )

and M is a positive constant.
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Proof. Let f € Lipp(p) and 0 < p < 1. By (13), we have

Lo (fo poiw) = f(u)| < Ly, (1 () = ()], poq;u) < ML (|t —ul?, p,q;u).

Using the Holder’s inequality with m = % and n = ﬁ, we get
) :
Lin(fopogiw) = f)] < M(Ly (=), p,gu)) (14)
Combining (12) and (14) we have the desired inequality.
If we choose u < 2’{;—; and satisfying o, (1) < 6,,(u) for all m > 2, then we get the desired
result. I O

4 The statistical convergence rate

H. Fast [25] was the first, who introduced this in 1951. In approximation theory, this concept
is used first in [11] for linear positive operators. Recently many researchers have investigated
the statistical convergence for several operators (see, e.g. [6]). For definition and examples of
statistically convergent sequence we refer the reader to [10,16].

Now, let g = g, and p = p;; be two sequences such that:

st- linrin gm =1, st- linrin pm =1, st- linrin gm =1 and  st- linrin pr=1. (15
Theorem 5. If the sequences p = py, and q = q,, satisfy the condition (15), then

| L (fs Py @i ) — f ()] < 2w(f;\/8mu) forall f e C[0,1],
where 6, = L, ((t — ), P, G u).

Proof. We will omit the proof as it is similar to the Theorem 2.
From the conditions (15), one can see that st-1im L}, ((t - u)z, P, Gm; u) = 0, which implies
m

st-lim w(f; ému) = 0 due to the fact that
m

St' 111’1’1 (Sm,u - 0.
m—»o0

This gives the pointwise statistical convergence rate of the operators L, (f, p,q;u) to the
function f(u). O

5 Graphical Analysis

By using MATLAB (2015), we show comparisons between the convergence rate of (p,q)-
Lupas Bernstein operators defined in (1) and their King type modification to the function
f(u) = sin7u under different parameters.

From the Figure 1(a), it can be observed that as the value the p and q approaches towards
1 provided 0 < g < p < 1, the operators given by (3) converges towards the function. If
we take p = 1, then it reduces to King type modification of g-Lupas Bernstein operators (see
Figure 1(b)).

Also, from Figure 2(a) and Figure 2(b), one can see the convergence of King type modifica-
tion of (p,q)-Lupas Bernstein operator defined in (3) for fixed values of parameters p, g and
different values of m.
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1 T — T T T T T T T 1

/ \ s For p=0.90,g=.88
For p=0.95, q=.93
For p=.98,g=0.96
— — — function

=——For p=1,g=9

08 / 0.8

06 0.6

04 0.4
02f 0.2

0 0
021 -0.2
-0.4 1 -0.4
06 -0.6
081 N 7 0.8
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4 . . . . . ~_~ . 4 . . . . . N . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
u (for m= 20) u (for m= 20)

(a) (b)
Figure 1. King type modification of (p, g)-Lupas Bernstein operators

7z N
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0.2
0.4
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u (forp=0.95,q =0.85) u (for p=0.98, q = 0.96)

(a) (b)
Figure 2. King type modification of (p, g)-Lupas Bernstein operators

Similarly, one can observe the approximation by (p, 9)-Lupas Bernstein operators defined
by (1) for the same function in Figures 3(a), 3(b) and Figures 4(a), 4(b).

1 T g T T T T T T T 1 T g T T T T T T T

/ \ = For p=1,g=0.40 / \ = For p=0.70,g=0.40
08 / \ 1 08 / \ For p=0.80, g=0.60 |

For p=1, 4=0.60
For p=1,g=0.96 \ For p=.98,g=0.96

061 — — — function 061 — — — function
04 1 0.4
02F 1 0.2

0 1 0
021 1 -0.2
-04r 1 -0.4
06t : 0.6
08 \ ; 1 081 N Y

\ 4 \ /
B L L L L L LN 7 L L A L L L L L N L L
0 0.1 02 03 0.4 0.5 06 07 0.8 0.9 1 0 0.1 0.2 0.3 04 05 0.6 0.7 08 09 1
u (for m= 20) u (for m= 20)

(a) (b)
Figure 3. (p, q)-Lupas Bernstein operators



28 Nisar K.S., Sharma V., Khan A.

1 T — T T T T T T T 1 T +—
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02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
u (forp=0.95,q =0.85) u (for p=0.98, q = 0.96)

(a) (b)
Figure 4. (p, q)-Lupas Bernstein operators

6 The rates of convergence and error estimate
Here we can compare convergence rate of operators defined in (1) and their modifica-
tion using King’s technique defined in (3) denoted by d,,(1) and &;,(u), respectively. For
f(u) = sin7u and fixed p and g we will take values of u, that lay in the interval {O, %] .
pAa
6.1 Error Estimation

In the following tables, one can easily see that our modified operator (3) gives better error
estimation than the (p, g)-Lupas Bernstein operators defined in (1).

m (for p = 0.95, g = 0.85) | 0y (1) at u = 0.01 | &y, (1) at u = 0.02 | 6y, (1) at u = 0.03
5 0.0493 0.0691 0.0839
10 0.0392 0.0548 0.0664
15 0.0356 0.0497 0.0601

Table 1. Rate of convergence table for (p, )-Lupas Bernstein operator

m (for p = 0.95, 9 = 0.85) | ;,(u) atu = 0.01 | &;;,(u) atu = 0.02 | &;,(u) atu = 0.03
5 0.0136 0.0260 0.0372
10 0.0125 0.0211 0.0247
15 0.0123 0.0205 0.0231

Table 2. Rate of convergence table for King type (p, 9)-Lupas Bernstein operator

m (for p = 0.95, ¢ = 0.85) | J, (1) at u = 0.01 | Absolute error bound 2w(f : §,, (1))
5 0.0493 0.6726
10 0.0392 0.5392
15 0.0356 0.4851

Table 3. Error estimation table for (p, q)-Lupas Bernstein operators

m (for p = 0.95, ¢ = 0.85) | J;,(u) at u = 0.01 | Absolute error bound 2w*(f : &, (1))
5 0.0136 0.1817
10 0.0125 0.1678
15 0.0123 0.1678

Table 4. Error estimation table for King type modification of (p, q)-Lupas Bernstein operators
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7 Conclusion

From the above Tables 1-4, one can see easily that King type modification of (p, g)-Lupas

Bernstein operators have better rate of convergence than the classical (p, g)-Lupas Bernstein

operators within the interval [O, ﬂ} . Similarly this modified operator (3) gives less error

2[m]p,q

bound than the operator (1) for fixed values of m.
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Meroro i€l crarTi € Moaudixarist (p, g)-Aymarosux omeparopis bepHImTeiiHa 3a AOIIOMOTOI0
TexHiky KiHra Ta BCTAHOBAEHHSI pe3yABTATiB MIOAO 361KHOCTI IMX OIEpaTOpPiB, BUKOPUCTOBYIOUN
MOAYAD HellepepBHOCTI Ta KAac Amummiesnx pyHKIii. OTprMaHO AesIKi allpOKCHMAITiHI pe3yAb-
TaTM AASI LIMX HOBUX IIOCAIAOBHOCTeNT onlepaTopis. ITokasaHo, 10 IIBMAKICTB 36iKHOCTI MoaMdika-
il tiny Kinra e xpamoro y mopiBasiHHi 3 (p, )-Aymnamiosumu oneparopamu bepHinrertaa. Moan-
drixariist omepaTopis Ty Kira Takox 3abesmedye Kpally OIiHKY HOXMOKM BCEPEeAVHIi AeSIKOTO IIi-
AlHTepBaAy Biapiska [0, 1] y mopisasHHI 3 (p, q)-Aynamosumn oneparopamu beprinreiiHa. B ocras-
HBOMY PO3AIAL MM IIPEACTABMAM AeSIKi PHCYHKM Ta TabAMIIL 3 METOIO MOAEAIOBAHHS 33 AOIIOMOTOIO
MATLAB (R2015a).

Kmouoei ciosa i ppasu: TIOCTKBAHTOBe UMCAEHHS], (p, q)-Aynaioswmi onepaTop BepHiTeitta, Mo-
AyAb HellepepBHOCTI, ampokcyMartist Tviy Kinra, omiHka moXmubKm.



