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Convergence properties of generalized Lupas-Kantorovich
operators

Qasim M.™ Khan A.2, Abbas Z.1, Mursaleen M.23

In the present paper, we consider the Kantorovich modification of generalized Lupas operators,
whose construction depends on a continuously differentiable, increasing and unbounded function
p. For these new operators we give weighted approximation, Voronovskaya type theorem, quanti-
tative estimates for the local approximation.
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Introduction

Classical approximation theory, including polynomial approximation is a fundamental re-
search area in applied mathematics. Development in approximation theory play an important
role in numerical solution of partial differential equation, image processing as well as data sci-
ence and many other disciplines. For example, radial basis functions and shift invariant spaces
are widely used for geometric modeling in aerospace and automobile industries.

In 1912, S.N. Bernstein [7] proposed the famous polynomials, constructed by probabilistic
method, to give the simple, short and most elegant proof of Weierstrass theorem [25], namely

Ful) = 1 b5 (1),
L

where By, : C[0,1] — C[0,1], u € [0,1], m = 1,2,..., and the Bernstein basis b,,, ; is defined by

m . .
bg ) = (7} )0 = ). 0
J
Bernstein polynomials are not useful for discontinuous measureable functions, more suit-
able modification of the Bernstein polynomials, for this kind of functions, that was introduced

by L.V. Kantorovich [17], namely, for any ¢ € Lp[0,1],u € [0,1] and p > 1

UL (j+1)/ (m+1)
Hnlgin) = (m+1) Y- by(u) [ g(v)dy,
j=0 j/ (m+1)
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where by, (1) is given by (1).

After that Kantorovich type modification of several sequences of linear positive opera-
tors has been made and studied for their approximation behavior (cf. [11, 23, 24]). Several
researchers also defined different types of generalizations of these operators and studied their
approximation properties, we refer the reader to e.g. [1,6,8,16,20-22] etc.

In 2011, D. Cérdenas-Morales, P. Garrancho and I. Rasa [9] introduced Bernstein-type
operators defined for f € C[0,1] by B,,(gop~1)op, By being the classical Bernstein opera-
tors and p being any function that is continuously differentiable co times on [0, 1], such that
p(0) =0, p(1) = 1and p~*(u) > 0 for u € [0,1]. The results obtained there showed that
approximation with these new construction of Bernstein operators are sensitive and present
better convergence results with the suitable selection of p. A Durrmeyer type generalization
of By (gop~1)op was also studied in [4]. The results of the aforementioned papers show that
it is possible to obtain some improvements of the classical approximation by Bernstein and
Bernstein-Durrmeyer operators in certain senses, simultaneously. Inspired by this idea, many
researchers have performed studied in this direction. Recently A. Aral, D. Inoan and I. Rasa [5]
introduced similar modifications of the Szdsz-Mirakyan operators further properties in [2],
also Szdsz-Durrmeyer operators in [3].

Very recently, a new modification of Lupas operators [19] has been introduced in [14] by
using a suitable function p, which satisfies following properties:

(p1) pisa continuously differentiable function on [0, c0);

(p2) p(0) =0and inf p/(u) > 1.

ue(0,00)

The new operators which are called generalized Lupas operators are defined as

= (mp(u));

fﬁ(g;u)=2‘mP(”)]§ o0 D (5) @

m

form > 1, u > 0, and suitable function g defined on [0, o). If p(u) = u, then (2) reduces to the
Lupas operators defined in [19].

In this paper, we define Kantorovich variant of operators (2) which depends on p. In Kan-
torovich type modifications we mainly replace the sample values j/m by the mean values of
(gop™1) in the interval [j/(m + 1), (j + 1)/ (m + 1)].

The present work is organized as follows. In the second section, we define Kantorovich
variant of the generalized Lupas operators and calculate their moments and central moments.
In the third section, we study convergence properties of new constructed operators in the light
of weighted space. In section fourth, we obtain the order of approximation of generalized
Lupas-Kantorovich operators associated with the weighted modulus of continuity. In section
fifth, a Voronovskaya type result is obtained. Finally, in last section, we obtain some local
approximation results related to J# -functional, also we define a Lipschitz-type functions, as
well as related results.

1 Construction of the generalized Lupas-Kantorovich operators

Inspired by the above mentioned work, we introduce Kantorovich variant of operators (2),
which depend on a suitable function p as follows.
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Definition 1. Forg € L1[0,00) and m € IN, we define Kantorovich variant of generalized Lupas
operators as

e / (jﬂ)/(mﬂ)(gf)p‘l)(y)dy, (3)
J

HE(gu) = (m+1)2-mew 3 )
m(gu)=(m+1) ];) it Jiyman)

where the rising factorial (mp(u)); is defined as:

(mo(u))o =1, (mp(u)); = (mo(u))(mp(u) +1)(moe(u) +2)... (mp(u) +j—1), j=0.

The operators (3) are linear and positive. The operators .%#;; are constructed to obtain results
in approximation for discontinuous functions on the basis of integral mean of (gop~!) over
small intervals. Next, we prove some auxiliary results for .#;;, which are used to prove main
results.

Lemma 1. Let %} be given by (3). Then for each u > 0 and m € IN we have:

(i)
Al (Lu) =1;

(ii)
o(. oy mp(u) L
Honlpin) = m+1 +2(m+1)'
(iii)
2.2
po2.y_ mpt(u)  3mp(u) L.
Al = e Y e Va1
(iv)
3,3 2.2
oo,y mp (u)  15m7p~(u) | 10mp(u) r
K%)= Gy Y 2t T e T a1
v ot (u) 0% (u) 2 (u) ()
o, 4.~ _ mp*(u 14m>p°(u) = 50m<p“(u) = 43mp(u 1
050 = Gt T ot T ) ) Sm )t
Proof. (i)
(L) = P 3 (mp(u)); /(Hl)/(wl)dy: mA 1wy 1
ame(n) =5 20jt Jjmr1) 2mp(u) m+1
(i)
0  m+1 & (mp(u)); /(j+1)/(m+1) ;

_m+1 i (mp(u)); j
el S 2t (m+1)?

& (mp(u)); . mp(u) 1
Lo = a1y T 3w )
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(iii)
+1 & (mp(u)); G+1/(m+1)
A (0%u) = / 24
m(P u) omp(u) Jg 2]]! i/ (m1) y-ay
- om+1 i (mp(u)); 3j% +3j +1
~oome(w) &= 2t 3(m41)3
27 mel) 2 (mp(u)j L —melw) 2 (mp(u)); o
= 3(m+1)2]:0 2]‘]-! (3] +3]+1)+3(m+1)2 Jg) 2j]'!
2-mp) @ (mp(u)); . 27-me) = (mp(u));
T 3mr1) ];0 it T 3m 12 ];0 20]1
m?p%(u)  3mo(u) 1
(m+1)2 (m+1)> 3(m+1)
(iv)
+1 & (mo(u)); G+1)/(mt1)
%P u m / 3d
m (7 u) = 20 22 Sy v dy
Com+1 i (mp(u)); 47 + 6> +4j + 1
- omeln) = 2! 4(m +1)*
2-melw) &2 (mp(u)); 2* W) & )i 48
: 4 4j+1) 4;
T 4m+ 1) ];J 2ij! 467+ 4+ 1) ; 2J]l
L2 & (mp(w); o 27 (mp( ))] L2t = (mo(u));
sm+D) & 2t T amr) & 2t U dm) & o)
~ mpP(u)  15mPp?(u) | 10mp(u) 1
S (m+1)3 0 2m+1)3  (m+1)3  4(m+1)%
v)
+1 & (j+1)/(m+1)
A ) =1 2y td
(o ~ 2melu ; 21]' T
_m+1i )i 5% +10/2 + 10;°j + 1
2mp(u =0 21]' 5(m+1)>
p—mp(u) mp
= 5 1) ; L(5* + 107 +107%j + 1)
m*o*(u) n 14m3p3( ) n 50m%0%(u)  43mp(u) 1
( +1)* (m+1)* (m+1)*  (m+1)*  5(m+1)*

O

Corollary 1. By using Lemma 1 and by linearity of operators .%;;, we can acquire the central
moments as:

(1)
1—2p(u)

HP(Q) — plu)su) = 50 F
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(ii)

AR(PLE) = p(0)510) = G 200 + s o)+ 5
(i)
m3— m(m m 2 _ m 3
H(p(&) —plu) Py = "D LI I (0L o
15m? — 9m(m + 1) + 3(m + 1)? 9m — 1 1
+ (m +1)?2 Pz(”)+mp(”)+m/
(iv)
m* — 4m3(m m2(m 2 _A(m 34+ (m 4
ALp(@) = pla) = "= RO B S D DL
m3 m2 m mim 2 _ m 3
| 14m® + 30m’( +1)(;£31)i +1)2-2(m+1) )
50m? — 40m(m + 1) — 2(m + 1)? 42m —1 1
+ ((mj:l))zl ( i ) pZ(u)+ (m+1)4p(u)+'5(m+1)4.

2 Weighted approximation

In this section we prove convergence properties of new constructed operators % in the
light of weighted space.

Let ®(u) be a function satisfying the conditions (p1) and (p,) given above. Also, we take
the weight function ®(u) = 1 + p?(u) and we define the weighted spaces as follows

Bopl0,00) = {g: [0,00) — ]RHg(u)] < MyP(u), u> 0},

where ./ is a constant, which depends only on g. %[0, ) is a normed linear space equipped
with the norm

|g(u)|
o Sup .
H § H u€(0,00) CD(u)

Also, the subspaces 6|0, ), Ug [0, c0) and Ug [0, 00) of By [0, 00) are defined as

%o[0,00) = {g € Bp[0,0) : g is continuous on [0, c0)},

€[0,00) = {g € 63[0,00) : ulgrc}o S‘I))((L;)) = Mg = constant},

U0, 00) = { g € 6pl0,00) : é((li)) is uniformly continuous on [0, oo)}

It is obvious that €3[0, ) C U0, 00) C €o[0,00) C Hp[0, ).
In [12], A.D. Gadjiev and A. Aral prove the following results for the weighted Korovkin

type theorems. We consider (¥4,),>1 a sequence of positive linear operators, which act from
%[0,0) to B0, ).

Lemma 2 ([12]). The positive linear operators ,, m > 1, act from %[0, o) to Be|0, ) if and
only if the inequality
|G (s u)| < My ®P(1), u>0,

holds, where .#;, > 0 is a constant depending on m.
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Theorem 1 ([12]). Let the sequence of positive linear operators %, m > 1 act from 60, %) to
Bp|0,00) and satisty -

liin | Gmp' — p' llo=0, i=0,1,2.

m oo

Then for any function g € Cj [0, %) we have
Jim | %,(g) — g [lo= 0.
Therefore, we can prove the following results.
Theorem 2. For each function g € C, [0, 00) we have
. 0 . _
im0 (g) = ¢ lo= 0.
Proof. By Lemma 1 (i) and (ii), it is clear that
| A8 (Lu) =1 [o=0

and

1 3
E (o5 u =|——-1 p(1) < .
| i) = Nlo= |7 SO T 2w T2 1) S 2m A )
Again by Lemma 1 (iii), we have
2
K =— 1 M
| 8 (0% ) = 0 llo = \WF%D S T2 .
n 3m sup p(u) 1 15m + 4

__ < .
(m+1)% o) 1+ 02 (1) * 3(m+1)%2 — 3(m+1)?
Then, from Lemma 1 and (4) we get
Tim || A7 (0") — 0" lo=0, i=0,1,2
Hence, the proof is completed. O

3 Rate of convergence

In this section, we determine the rate of convergence for .#;; by weighted modulus of con-
tinuity w,(g; 0), which was recently considered by A. Holhos [15] as follows

3@ sl o,

wp(g;0) = sup )
’ ugef0,00), 1p()—p(u) <o P(&) + P (u)

where ¢ € %[0, o), with the following properties:
(i) wp(8;0) =0;
(if) wp(g;6) > 0,0 > 0forg € €o[0,00);

(iii) (lsi—% wp(g;0) = 0 for each g € Uyp0, c0).
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Theorem 3 ([15]). Let %, : 69[0,00) — HBop|0,0) be a sequence of positive linear operators
with

1 G (0%) = 0° loo=am, || Fn(p) —p llo12= bm,

5)
| gM(Pz) _Pz lo=cm, |l gm(P?’) —P3 | @3/2= dm,

where the sequences ay,, by, ¢y, and d,, converge to zero as m — co. Then

| G (8) — & ll@32< (7 + 4am + 2cm)wp (85 0m)+ || & [l am,

forall g € 6p[0,00), where

Theorem 4. Let for each ¢ € 6|0, 0) we have

21m? + 72m + 39
” ﬁ(c?) -8 ”@3/2§ 3(711—{—1)2 wp(g}(sm)r

5 o | 2Am+13 120m? + 142m + 27
" 3(m+1)2 4(m+41)3 ‘

Proof. If we calculate the sequences (a,,), (bw), (cm) and (d,), then by using Lemma 1, clearly
we have

where

| 8 (0°) — 0° lgo=0 = am,

3
00N c_ 9 _

” ‘%/m(p) Y ||<1>1/2— 2(m +1> bm,

and —
HL (%) = 0% o< ot T2 — .
Finally,
42m? 4 4m + 5
0,3 3 _
| (07) = 07 [l @32 < Am 173 =dm.

Thus, the conditions (5) are satisfied. Now by Theorem 3, we obtain the desired result. O

Remark 1. From property (iii) of w,(g;6) and Theorem 4, we have

lim || 7 (g) — 8 llgsz= 0 for g € Uo[0,0).

4 Voronovskaya type theorem

In this section, we prove pointwise convergence of .%#;; by using a technique, which is
developed in [9] by D. Cérdenas-Morales, P. Garrancho and I. Rasa.

Theorem 5. Let g € ¢4[0,00), u € [0,00) and suppose that (gop~ ') and (gop~!)" exist at p(u).
If (gop~1)"" is bounded on [0, ), then we have

tim {26 (g:) — ()] = p(u) (gop™ Y { - 22U 1 p(u) (gop ) p(u).

1M — 00
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Proof. By using Taylor expansion of (gop~!) at p(u) € [0, 00) we have

8(2) = (gop™")(p(2)) =(g0p™ ") (p (1)) + (g0p™") (p (1)) (p(Z) — p (1))

(gop™ 1) (p(u))(p(Z) — p(u))* (6)

+ 5 + (D) (p(0) = p(w))?,

where

(80p™1)"(p(8)) — (g0p™1)" (p(u))
2

Therefore, by the assumption on ¢ and (7) ensures that A, ({)| < J# forall { € [0,00) and

Au (é) = (7)

lim A, (7) = 0.

{—u

Now by applying the operators (3) to the equality (6), we get

[ (51) = g(w)] = (g0p™ 1) (p (1)) A ((0(8) — p (1)) )

00~ (o(u 4 _ 2.4 (8)
L (8op7 )" (p( ))%”mz((p(é') PWDTM) L o (A (2)((0(2) = p())% ).
From Lemma 1 and Corollary 1, we obtain
Tim (@) — o)) = -2, ©

and
lim mf (p(Z) — p(u))% 1) = 20(u).

m—oo
By estimating the last term on the right hand side of equality (8), we will get the proof.
Since from (7), for every € > 0,
lim A, (g) = 0.

{—u

Let 6 > 0 such that [A,({)| < € for every { > 0. By Cauchy-Schwartz inequality, we get

lim m. (A (p(2) — ()% w) < € Tim mAd (p(Z) — p())u)

m— 00

+ 2 gim 8 (o) — p(u)) ).

02 m—ro0
Since
Tim mh ((0(2) — p(u))*u) =0, (10)
we obtain
Tim (14D (0(2) — ()% ) = 0. (11)

Thus, by taking into account the equations (9), (10) and (11) to equation (8) this prove the
theorem. O
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5 Local and global Approximation

In order to prove local approximation theorems for the operators .%;;, let us recall some
basic concepts and results concerning modulus of continuity and K-functional. Let ¢3[0, c0)
be the space of real-valued continuous and bounded functions g defined on the interval [0, o).
The norm || - || on the space 63[0, o) is given by

| gll= sup |g(u)].

0<u<oo

Further, K-functional is defined as
Ka(g,0) = inf {|[g—r | +o | &" II},
rew

where 6 > 0and W? = {s € 63[0,00) : 1/,#" € €5[0,00)}. Then, in view of known result [10],
there exists an absolute constant 2 > 0 such that .# (g,6) < Zwa(g, V).
For g € Cp[0, 00) the second order modulus of smoothness is defined as follows

wy(g,V6) = sup sup |g(u+2h)—2g(u+h)+g(u)|
0<h<+/5 u€l0,00)

and the usual modulus of continuity is defined as

w(g,6) = sup sup |g(u+h)—gu)|.

0<h<5 ue[0,c0)

//||

Theorem 6. Let g € 63[0,00) and p be a function satisfying the conditions (p1), (02) and ||p
is finite. Then, there exists an absolute constant 2 > 0 such that

| (g5 1) — g(u)| < DK(g, m(u)),

where
2m — 1 1 }

5m(”):{( ! P(”)"‘m

mpz(u) + (

m+1)2

Proof. Letr € W? and u,y € [0,c0). By using Taylor’s formula we have

v)
r(y) = ) + (rop™) () (0(9) —p(a)) + [ " (ply) ~0)(rop ™) () o (12
We use the equality
r//(u)
(o' (u))?

Now, put v = p(z) in the last term in equality (12), we get

" (u)

Ay

(rop™)"(p(u)) =

(13)

0.
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By applying the operator (3) to the both sides of equality (12) and by using Lemma 1 and (13),
we deduce

(v) 7’” -1 v
oa8tri) = vl +- 8 ([ (o) o) o doru)
) o @)e" (01 (0)
= ([, o) — o= doi).

As we know p is strictly increasing on [0, o0) and with condition (p), we get
[k () = ()| < oty () (177 + (17 [l 1),

where
M o) = A8 ((p(y) — p(u))%;u).
For all ¢ € ¢3[0, o), we have

o & (mp());
|58 ()| < [|gop |27 >ZT-]., L < |gllad (1) = IIg].
j=0 '

Hence, we have

A8 (g5 0) )| < 1 (g — 7)1 ) — )| + ) — g0
< 2llg =l + { G0 + o gyee ) + 5z U1+ 1711,

if we choose 2= max{2, ||p”| }, then
1 2m —1 1
O, _ < _ -2 - - - 1"
68 (giw) = g0)| < 2(2g =l + { 5 + (g + 5 I )
Taking infimum over all r € W? we obtain
|k (g5 1) — g(u)| < ZK(g, G (1))
UJ

Now, we recall the Lipschitz class given in [13]. Let p be a function satisfying the conditions
(1), (02), 0 < « < 1 and Lipy(p(u);a), # > 0, is the set of functions g satisfying the
inequality

8(y) —g(w)| < Alo(u) —p)[*, wuy=0.
Moreover, for a bounded subset % C [0, c0), we say that the function ¢ € ¢3[0, o) belongs to
Lipyw(p(u);a),0 <a <1,on % if

8(2) —g(u)| < Huglo(y) —p(w)*, ue? and y=0,
where .77 ¢ is a constant depending on « and g.

Theorem 7. Let p be a function satistying the conditions (p1), (02). Then for any function
g € Lipy(p(u);a),0 < a <1,and forevery u € (0,00),m € N, we have

| (g5 0) = g ()] < (S (u))*'?,

where
Om(u) = {ﬁpz(u) + (fnm_i_i_l;zp(u) + m}
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Proof. Assume that « = 1. Then, for ¢ € Lip,(a;1) and u € (0, 00), we have

[ (i) — g(w)] < Ak (1g(y) — g(u)u) < 45 (lo(y) — g(w)|;u).

By applying Cauchy-Schwartz inequality, we get
1/2
[k (g5 w) = g(w)| < 2[R ((p(y) — p(w))%50)]" < A\ [om(u).

Let us assume that « € (0,1). Then, for ¢ € Lip,(a;1) and u € (0, 0), we have
[ (&) — g(u)| < Ak (18(y) — g(w)l;u) < A4 (Io(y) — g(w)|*; u).

By taking p = 1/aand g = 1/(1 —«), § € Lipr(p(u); «), and applying Holder’s inequality

we have
(g =) < A [ (o) —p(u)f;)]"
Finally, by applying Cauchy-Schwartz inequality, we get
[ (g5 10) = g(w)] < A (S (1))*2.
U

Theorem 8. Let p be a function satisfying the conditions (p1), (p2) and % be a bounded subset
of [0,00). Then for any § € Lipy(p(u);x),0 < a <1, on %, we have

| (g514) — g(u)] < Hag{ (6 ()™ +2[p" (w)]*d* (1, #)}, u€[0,00), meN,

where

du, ) =inf{||u —z|| : z € #},
AMy,q 1s a constant depending on « and g, and

1 2m — 1 1
o) = { (g2 0+ G200+ 3 )

Proof. Let % be the closure of % in [0, o). Then there exists a point 1y € % such that
d(u, %) = |u — ug|.
Using the monotonicity of .#;; and the hypothesis of g, we obtain

[ (g5 1) — g () < A (18(y) — g(uo)lsu) + A5k (I8 (1) — (uo)[; u)
< Mug{ A (lo(y) — p(uo)|*; 1) + p(u) — p(u0)|*
< Hag{m (Ip(y) — p(u)|*;u) +2|p(u) — p(uo)

(

By using Holder’s inequality for p = 2/a and ¢ = 2/(2 — a), as well as the fact
(1) = p(uo)| = p' () |p(u) — p(uo)]

|}
"}

in the last inequality we get

| (g5 10) — ()| < Hag{[5 (0 (y) — p(u))%;1)]2 + 20" () lo(u) — p(10)[]* }.

Hence, by Corollaryl we get the proof. O
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Now, we recall the local approximation given in [18] for ¢ € é3[0, ), given as

wh(gu) = ) SuI() )‘g(ﬁ/)__—jw, u€l0,0) and a€(0,1] (14)
y#u,ye(0,00

Then we get the next result.

Theorem 9. Let ¢ € ¢3[0,0) and a € (0,1]. Then, for allu € [0, ), we have
|k (g5 ) — g(u)| < @h(g;u) (8m(u))™?,

where

From equation (14), we have

[ (g5 1) — g(w)] < @h(g;u) A (lo(y) — p(u)|*; u).

By applying Holder’s inequality with p =2/a and g = 2/(2 — a), we have

[ (§510) — g ()] < @4 (g5 1) [Haiog ((p(y) — p(u))%1)]*/2 < @5 (g5 1) (I (1)),
which proves the desired result O
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Y wmitt craTTi MM pO3TAsiAaeMo Moamdikanito KaHTopoBmya y3araAbHEHVX OIlepaTopiB Aymaria,
KOHCTPYXKIIiSI SIKMX 3aA€XNTD Bia HellepepBHO AMdbepeHIioBHOI 3pocTaryoi i HeobMexXeHOi pyH-
KIii 0. AASI IIMX HOBUX OIIepaTOPiB MU AAEMO 3BaKeHy alpOKCUMalliio, TeopeMy TUITy BOpoHOBCHKOI,
KiABKICHI OIIIHKIM AASI AOKAABHOI alTpOKCHMALIii.

Kntouosi cnosa i ¢ppasu: omepaTop Aymaria, oneparop Karnroposnda, Teopema tviy KoposkiHa,
TeopeMa Ipo 36iXHicTh, TeopeMa THITy BopoHOBCHKOI.



