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POWER OPERATIONS AND DIFFERENTIATIONS ASSOCIATED WITH
SUPERSYMMETRIC POLYNOMIALS ON A BANACH SPACE

CHERNEGA 1.1, FUSHTEI V.1, ZAGORODNYUK A.2

We consider different approaches to constructing power operations on the ring of multisets as-
sociated with supersymmetric polynomials of infinitely many variables. Some relations between
constructed power operations are established. Also, we study differential operators on algebras
of symmetric and supersymmetric analytic functions of bounded type on the Banach space of ab-
solutely summable sequences. We have proved the continuity of such operators and found their
evaluations on basis polynomials.
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INTRODUCTION AND PRELIMINARIES

Let X be a complex Banach space. A (continuous) map P: X — C is said to be a (con-
tinuous) n-homogeneous polynomial if there exists a (continuous) n-linear map Bp: X" — C
such that P(x) = Bp(x, ..., x). Here 0-homogeneous polynomials are just constant functions.
A finite sum of homogeneous polynomials is a polynomial. We denote by P("X) the space of
all continuous n-homogeneous polynomials on X and by P(X) the algebra of all polynomials
on X. It is well known that P("X) is a Banach space with respect to any of the norms

IPllr = sup |P(x)|, >0 @)

[l <l <r

Let us denote by T, the topology on P(X) generated by the countable family of norms (1) for
positive rational numbers r. It is clear that T, is metrisable. We denote by Hj,(X) the completion
of (P(X), 1). So Hy(X) is a Fréchet algebra which consists of entire analytic functions on X
which are bounded on all bounded subsets (so-called entire functions of bounded type). For
details on polynomials and analytic functions on Banach spaces we refer the reader to [12].
The spectra (sets of continuous complex homomorphisms = sets of characters) of H,(X) and
its subalgebras were investigated by many authors (see e.g., [1-3,9,23,24]). For every x € X,
point evaluation functional dx: f — f(x), f € H,(X), belongs to the spectrum of Hj(X).

A sequence of polynomials {P,}$°_; is algebraically independent if for every nonzero polyno-
mial g of m variables with q(0) = 0 and any finite subsequence {P,,,..., Py, }, m € N, the
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polynomial q(Py, (x), ..., Py, (x)) is nonzero. An algebraically independent sequence of poly-
nomials {P,}?> ; is an algebraic basis of a subalgebra A € P(X) if every element in A can be
represented as an algebraic span of a finite number of polynomials from {P, }$_;.

Let X = ¢; and G be the group of permutations of basis vectors. A function f on /; is said

algebra of all continuous symmetric polynomials on ¢; and by Hy,(¢1) its closure in Hy(¢1).
There are a lot of algebraic bases in Ps(¢1). The following bases in the algebra of symmetric
polynomials are interesting for us:

* the basis of power series:

¢ the basis of elementary symmetric polynomials:

G(x) = ) Xny « o Xy
ny<np<---<mny

* complete symmetric polynomials:

Hy(x) = ) Xpy - Xy

n1<np<---<ny

Here x = (x1,x2,...,%u,...) € £1. Note that basic properties of classical symmetric polynomi-
als on finite-dimensional spaces are still true for symmetric polynomials on ¢;. In particular,
the well known Newton formulas hold

mHy, = Hy, 1Fi+Hy b+ -4+ Hy_F+ -+ Fy, (2)

me - Gm—lpl - Gm72F2 + -+ (—1)k+1Gm_ka + o+ (—1)m+1Fm.

Algebras of symmetric analytic functions with respect to various symmetry groups or semi-
groups of operators on Banach spaces were studied in [1,4-11,13-19,21].

Denote Zy = Z \ {0}. Let £1(Z) = {1 @ {1 be the Banach space of all absolutely summing
complex sequences indexed by numbers in Z;. Any element z in ¢1(Z) has the representation

z=(co,Zon, e 2-2,2-1,21,22, - Zn,---) = Y|%) = (o Yn, oo, Y2, Y1 |X0, X2, o0 Xy )

[ee)
Izl = ) lzil,

j=—00
where x = (x1,x2,...,%p,...)andy = (y1,Y2,.. ., Yn,...) areinly, z, = xy,z_y = Yy, forn € N
and
x+— (0x1,x2,...,x4,...) and y+— (...,y—pn,...,¥—2,¥_1|0)

are natural isometric embeddings of the copies of ¢; into ¢1(Zy).
Let us define the following polynomials on ¢1(Z):

Ti(z) = F(x) = F(y) = }_xi — Yyl keN.
i=1 i=1
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A polynomial P on ¢1(Zy) is said to be supersymmetric if it can be represented as an alge-
braic combination of polynomials {Tj }° ;. In other words, P is a finite sum of finite products
of polynomials in {Tj};> ; and constants. We denote by Psyp = Psup (Zl (ZO)) the algebra
of all supersymmetric polynomials on ¢1(Z,). Let us denote by qup the closure of Ps;p in
Hy(41(20)).

Note that polynomials T are algebraically independent because Fy are so. Hence { Ty} ;
forms an algebraic basis in Psy. In [20] it was proved that

Wi (ylx) = Z Gy (x (—v), neN, 3)

is another algebraic basis. From [20] 1t follows that the semigroup of symmetry of Psyy is
a minimal semigroup that contains all permutations of coordinates on (0|x1,...,xy,...), all
permutations of coordinates on (..., ¥y, ..., y1|0) and operators of the form:

Ax: (oYl o X ) = (o Yo Yy, AA X, oo X, .0, A EC.

We say that z ~ w for some z,w € (1(Zy) if Tx(z) = Ty(w) for every k € IN. Let us denote
by M the quotient set £1(Z)/ ~ which is a natural domain for supersymmetric polynomials.
For a given z € (1(Z), let [z] € M be the class of equivalence which contains z. Also, we
denote by M the subset of M consisting of elements [(0|x1, X, .. .)]. M4 can be considered
as a set of multisets. It is clear that every function f € qup is well-defined on M and we will
write f(u) = f(y|x) for u = [(y|x)] € M. Note that z ~ w if and only if 6, = dy. Thus M can
be embedded into the spectrum of H, .

In [20] algebraic operations “e” and “o” on {1(Zy) were introduced and extended to M.
Letz = (y|x) and w = (d|b) be in ¢1(Z). Then

zoew = (yed|xeb)=(...,dn,Yn,...,d1,y1|x1,b1,..., %0, by, ...).

Also, we denote z~ = (y|x)~ = (x|y). Clearly, (z7)~ =z and zez~ ~ (0]0). These operations
can be naturally defined on M by

[z] @ [w] =[zew] and [z]” =[z7].
Let x,y € {;. By x oy (see [11]) we mean the resulting sequence of ordering the set

{xiy;j: i,j € N} with one single index in some fixed order. If u = [(0|x)] and v = [(O]y)],
then uov = [(0|x oy)]. Let u = [(y|x)] and v = [(d|b)] be in M. We define

uov=_[((yob)e(xod)|(yod)e(xob))].

In [20] it is proved that (M, e, ¢) is a commutative ring (so-called the ring of multisets) with
zero 0 = [(0|0)] and unity I = [(0]1,0,...)], and Ty, k € IN, are ring homomorphisms from M
to C. Note that (M, e, ¢) is not a linear space but in [20] it was introduced a “norm” || - || on
M satisfying natural conditions by

||u||=inf{z|xz|+z|y] (ylx) € u}.

Using the norm, in [20] it was introduced a metric p(u,v) = ||u e v~ || and proved that (M, p)
is a complete metric space.

In the first section we consider different approaches to construct power operations on M.
In Section 2 we study some operators of differentiation on Hys(¢1) and qup associated with
the symmetric shift x — x e 4. For combinatorial theory of symmetric polynomials we refer
the reader to [22].
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1 TPOWER FUNCTIONS

Let uq, uy,...,u, € M. We will use notation

n
@uk = U e Uy e @1y,
k=1

N

Using the operation “¢” we can consider for a given k € IN a natural power function on M

Uur—u*=uo---ou.
N——

k

However there are different ways to introduce power function on M or M. Let us define
ultl = [y, K,k ), u=(ylx)] e M, keN.
If u = [(0|x)] € M, then

ulkl = O [0xj, ... x;)] = [(O]x1x2 ... Xg, X2X3 . . X1, - - -)]-
i <<y

Finally, for u = [(0]x)] € M4, we defineu® = © [(0]x; . coxq )]

i <<
Clearly that
T(u™) = (Ti(w))", Ta(u") = Ti(u)

and
Ti([(0[x)] %) = Ge(x), Ta([(01x)]™) = Hy(x).

For the general case u = [(y|x)] we set

urt = Yiy Yin Xjy x]n’yll Yig Xjy x]n>]-
. . N—— N——
mtn=k <. <y if m is odd if m is even
]'1 < e < jn

Proposition 1. Let u = [(y|x)] € M. Then Ty (u'®)) = Wi (u).

Proof. Using (3), we can see that

Tl(”<k>) = Z Hy(y)Gn(x) — Z Hy(y)Gn(x)

n+m=k,m=2s n+m=k,m=2s+1
= ) Hu(=9)Ga(x) = Wi(u).
n+m=k
O
Theorem 1. For every k € IN, power operations u +— u®*, u — ull, u — u are well-

defined on M and continuous.

Proof. Let us suppose that u = [(y|x)], v = [(d|b)] and (y|x) ~ (d|b). Then

k

T, (u%) = (To(w))* = (Tu(0))" = Tu(v), neN,
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that is, u°* = v°k. The continuity of u — u°* is proved in [20]. By the similar reason,
Tﬂ(u[k}) = Tnk(u) = nk(v) = Tn(”(')[k]), nelN,

and so ulfl = olk,
Finally,

T (u'®)) = T1<(u<k>)[n]) _ <(u[”])<k>) = W (ul") = W, (o) = T, (o).

The continuity of u — ul and u —— u{%) follows from the simple fact that if |uil| — 0,
then |[ul¥|| = 0and ||u®| — 0asj — oo. O

In [20] it was prowed that there exists a continuous homomorphism &: qup — Hys(41)
with a dense range such that ®(T,,) = F, and ®(W,,) = G,,. Thus the restriction of the inverse
map A = ®~! on the subspace of supersymmetric polynomials Psy, is an algebra isomor-
phism from Pg,, onto Ps(/1). Applying A to the Newton formula, we have

k
kWi (u) = Y (D) Ti(u)Wi_i(u), ueM, kel (4)
i=1

Proposition 2. Forevery k € IN and u € M the following equality holds

k
.....u<k> :Q[(l‘o)] 1+1)<>u[1]<>u<k71>.
k i=1

e

Proof. Using (4), we can write

k .
Tn<u<k> .. .. .u(k>) _ an(u<k>) — ka(u[n]) — Z(—l)’“Tf( [n })Wk (u[ ])
‘_\"k i=1

k .
= (=) ) T, (1)

i=1

k
= T, (OIj0)]* 0+ ol oy},
i=1

Since it is true for every n € IN, we have our equality. O

Let us denote by v: Z the followi ing: =1[01,...,1,0,...)]ifn >0
et us denote by v: Z — M the following mapping: v(n) = [(0] )] if n

n
d =[(...,01,...,1|0)] if n < 0. Clearly, v i ing h hism. Let
and v(n) = [( |0)] if n early, v is a ring homomorphism. Le

m
= Z nktk
k=0

be a polynomial with integer coefficients. For a given u € M we consider the following trans-
formations from the set Z[t] of polynomials with integer coefficients to M:

m

qo(u) = @ V(”k)MOk;

k=0
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W) = O vl
k=0

g0y (1) = O (neu®.

k=0
From the proved properties of the power operations we have the following proposition.
Proposition 3. All mappingsq — qo,q — q.) and q — q.y are additive maps and g — g,

is a multiplicative map between the rings Z[t] and M.

2  DERIVATIVES

Let us consider the following operator on Hy, (c. f. [8])

df (x) = limf(xo (¢,0,0,...)) —f(x).

t—0 t

Note first that 0 is linear and satisfies the Leibnitz rule for differentiation

I(fg) = a(f)g + falg)
for all f, g in the domain of 0. Also, d is well defined on polynomials in Hy,. Indeed
EFn(xe(t,0,0,...)) — Fu(x) = Fu((t,0,0,...)) = t".

Thus oF; = 1 and 0F,(x) = 0 for m > 0. Since polynomials F, k € IN, form an algebraic
basis in the algebra of all symmetric polynomials Ps(¢1), operator 9 is defined on Ps(¢1) and
dP € Ps(¢y) for every P € Ps(¢7).

Proposition 4. The differential operator 0 is continuous on Hy,(¢1).

Proof. Let Ag: ¢1 — {1 be the forward shift operator on /1,

Ao(xq, .o xp,...) = (0,x1,...%p,...)

and d; be the Gateaux derivative in direction (1,0,0...) on Hy(¢1). Then 9 is the restriction to
Hys(¢1) of the continuous operator d; o C4,, where C»4,(f)(x) = f(Ao(x)), f € Hy(¢1). Thus 9
is continuous on Hy(¢1). O

Proposition 5. For every m € IN we have 0G,, = G,—1 and 0H,, = Hy, 1.

Proof. Since

x [ J Z Z Gk r er e El!
k+n=m
we have
Gm(x e (£,0,0.. Zthk

and so dG;;, = Gy,—1. The second equality can be obtained by the similar way or using Newton
formulas (2) and simple induction. O
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The differential operator d can be extended to the supersymmetric analytic functions. Let
I=[(0/1)] and I~ = [(1|0)]. We set

o fu) = im LD =S4 5 fu) = fim L0 ) = f(1)

t—0 t t—0 t

4

where u € M. Similarly to the symmetric case, both d; and d_ are continuous and well-
defined on the whole space H, .

Theorem 2. For every m € IN
where Wy = 1.

Proof. According to (3), we can write

3\ Wy (ylx) =, kzo Ge(x) Hp i (—y) = kzo Gt () Hp_i(—)

m—1
=Y Gu(x)Hp_g_1(—y) = W1
k=0

The second equality can be proved by the same way, taking into account that H,, x(—y) =
(_1)M7ka—k(y)' O
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Po3rasiAQioThesT pisHi MAXOAY AO TTO6Y AOBY CTETIEHEBMX OIlepalliif B KiAbIi MYABTMMHOXWH, aco-
LIIJI0BAaHOMY 3 CyIIepCHMEeTPUYHMMY ITOAIHOMaMM Bij HeCKiHUeHHOI KiABKOCTI 3MiHHMX. BcTaHOBAC-
HO AesIKi CITiBBiAHOIIIEHHS MiX ITOOYAOBaHVMMM CTelleHeBMMY onepaniisimi. Takox AocaiakeHo orme-
paTopu AMidbepeHIII0OBaHHI Ha aATebpaxX CMMeTPUYHIX i CyIIepcMeTpUYHNX aHaATIIHMX (pyHKITil
06MeXXeHOTO TVITY Ha 6aHaXOBOMY IIPOCTOPi a6COAIOTHO 361KHMX ITOCAIAOBHOCTEIA.

Koouosi ciosa i ¢ppasu: cynepcuMeTpUIHII TOAIHOM, aHaAITHYHA (PYHKIIiS Ha 6aHAXOBOMY IIPO-
CTOpi, CTeTleHeBMIT OTIepaTOop, OllepaTop AN epeHIiFOBaHHSI, KiAbIle MyABTMMHOXMH.



