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Order estimates of the uniform approximations by Zygmund
sums on the classes of convolutions of periodic functions

Serdyuk A.S.!, Hrabova U.Z.2

The Zygmund sums of a function f € L; are trigonometric polynomials of the form Z% _, (f;t) :=
L4yt (1 — (k)s> (ax(f) coskt + bi(f) sinkt), s > 0, where ai(f) and by(f) are the Fourier co-

n

efficients of f. We establish the exact-order estimates of uniform approximations by the Zygmund
sums Z; _; of 27t-periodic continuous functions from the classes C¥ . These classes are defined by
the convolutions of functions from the unit ball in the space Ly, 1 S p < oo, with generating fixed
kernels ¥g(t) ~ Y371 ¢(k) cos (kt + %T), Yp €Ly BER, % + % = 1. We additionally assume
that the product (k)k**1/7 is generally monotonically increasing with the rate of some power func-
tion, and, besides, for 1 < p < o it holds that Y%° ¢ (k)k? =2 < co, and for p = 1 the following
condition Y ;2 (k) < oo is true.

It is shown, that under these conditions Zygmund sums Z$ ; and Fejér sums 0,1 = Z!
realize the order of the best uniform approximations by trigonometric polynomials of these classes,
namely for 1 < p < o

/

) / ' oN\1/P 1 1
En(Ch,)c =€ (c,ﬁp;z,i,l)c = (kgllpp (' 2)"", R

and forp =1

13

p(k), cosiE £0,

(n)n, cos/%r =0,

(

En(Chy)c =€ (cgl;z;,l)c = {

-SW

where

p o ; A .
Ea(Cfy)ci= sup inf F() =t (lle
fecﬁ'p

and 7,1 is the subspace of trigonometric polynomials ¢, 1 of order n — 1 with real coefficients,

e(chizin) = sup IF() = Zia(F )l
fec;f,p

Key words and phrases: best approximation, Zygmund sum, Fejér sum, subspace of trigonometric
polynomials, order estimate.

L Institute of Mathematics, National Academy of Sciences of Ukraine, 3 Tereschenkivska str., 01601, Kyiv, Ukraine

2 Lesya Ukrainka Volyn National University, 9 Potapova str., 43025, Lutsk, Ukraine
E-mail: serdyuk@imath.kiev.ua (Serdyuk A.S.), grabova_u@ukr.net (Hrabova U.Z.)

YAK 517.51
2020 Mathematics Subject Classification: 41A46,41 A50.

© Serdyuk A.S., Hrabova U.Z., 2021



Order estimates of the uniform approximations by Zygmund sums 69

1 Notations, definitions and auxiliary statements

Denote by Ly, 1 < p < oo, the space of 27r-periodic summable on [0, 27] functions f with
the norm

(/Ozn \f(t)lpdt)l/p, 1<p<o,

171, = esssup |f(t)], p =00,
¢

and by C the space of 27-periodic continuous functions with the norm defined by the equality

Ifllc = max|f£(#)]-
Let f € L; and

o0

S[f](x) = % + I;(ak(f) cos kx + bi(f) sinkx),

be the Fourier series of the function f.
If for a sequence (k) € R and fixed number € R the series

é l[)}k) <ak(f) cos <kx + ﬁ%) + bi(f) sin <kx + ﬁ%))

is the Fourier series of a summable function ¢, then this function is called a (i, B)-derivative
of the function f and is denoted by figp . A set of functions, for which this condition is satisfied,

is denoted by LY, and subset all continuous functions from Lg is denoted by Cg.

If f Lg and furthermore fg) € N, where N C L, then we write that f € Lg’ﬁ. Let us put

Lg‘ﬁ NC= Cgsﬁ. The concept of (¢, B)-derivative is a natural generalization of the concept of
(r, B)-derivative in the Weyl-Nagy sense and coincides almost everywhere with the last one,
when ¢(k) = k™", r > 0. Namely, in this case Lg’ﬁ = Wg, f;sp = fp, where fg is the derivative
in the Weyl-Nagy sense, and Wt are the Weyl-Nagy classes [22], [20]. In the case § = 7, the
classes W91 are the well known Weyl classes W/ 1, while the derivatives f; coincide almost
everywhere with the derivatives in the sense of Weyl f/. If, in addition, B = r, ¥ € IN, then
fg coincide almost everywhere with the usual derivatives f (") of the order r of the function f
(f[3 = fI = (")) and at the same time WE‘)‘I =W/ =W
According to [20, Statement 3.8.3], if the series

il[)(k) cos (kt—’[%-(), BER,

k=1

is the Fourier series of the function Yg € Ly, then the elements f of the classes Lg‘ﬁ for almost
every x € IR are represented as the convolution

flx) = %O—i- (Yp*xo)(x) = %%—% /‘I’lg(x—t)qo(t)dt, WeER, L1, peMn, (1)

where ¢ almost everywhere coincides with f, v
As sets 9 we will consider the unit balls of the spaces Ly:

Uy={pcly:|el, <1}, 1<p<oco
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Then put: LY .= L‘/’up, c? C"’up, = Wil,.

Bp = "B Bp " B br = Wp
According to [20, Statement 1.2], if the fixed kernel ¥y of the classes Lg » and Cg ) satisfies

the inclusion ¥p € Ly, % + % = 1,1 < p < oo, then the convolutions of the form (1) are

continuous functions, where 9t = U,,. It is clear that in this case for f € Cg p the equality (1) is

fulfilled for all x € RR.

We assume that the sequences (k) are traces on the set of natural numbers IN of some
positive continuous convex downwards functions 1 (¢) of the continuous argument ¢ > 1, that
tends to zero for t — oo. The set of all such functions ¥ (t) is denoted by 9.

To classify functions i from 9t on their speed of decreasing to zero it is convenient to use
the following characteristic

¥(t)
Hy' (1)l

With its help we consider the following subsets of the set 91 (see, e.g. [20])

a(t) = a(y;t) = Y(t) = y'(t+0).

My:={peM: IK>0Vt>10<K<a(yt)},

M = {¢€m: K1, Ko >0 Vt>1 0< Ky SlX(l[J;t) SKz}

It is clear that M- C M.
Zygmund sums of the order n — 1 of the function f € L; are the trigonometric polynomials
of the form

Z5 L (fit) = +Z@f()) «(f) coskt + b(f) sinkt), s> 0, 2)

where a;(f) and bi(f) are Fourier coefficients of the function f.
In the case s = 1 polynomials Z; _, are Fejér sums

_1(ft) =toa(f58) = —1—2 <1——> k(f) coskt + b(f)sinkt).
In this paper we consider the following approximation characteristics

£(Chyizin) = s ) - Zis(fille, 1<p<ew ER, -
fecﬁ,p

and solve the problem of establishing the order of decreasing to zero as n — oo of the men-
tioned quantities with respect to relations between parameters ¥, §, p and s. It is clear that we
can make conclusion about the approximation ability of a linear polynomial approximation
method (including Fejér ¢;,_; and Zygmund Z}_; methods) on the class Cg , after compari-
son the rate of decreasing of the exact upper bounds of umform deviations of trigonometric
sums, which are generated by this method, on the set c¥ g,p With the rate of decreasing of the

best uniform approximations of the class Cg, p by trigonometric polynomials t,_; of order not
higher than n — 1, namely the quantities of the form

E(Chy)e = sup inf [£() ~ba()le,  1<p<en,
fC -
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where 75,1 is the subspace of trigonometric polynomials ¢,,_1 of order n — 1 with real coeffi-
cients. In this case, since always the following estimate holds

E, (cg,p)c <& (cﬁp zs_ 1)C neN, @)

it is important to know under which restrictions on the parameters 1, s,  and p the following

equality takes place
En(ch,) =€ (Chyizia),. (5)

The notation A(n) < B(n) means, that A(n) = O(B(n)) and at the same time B(n) = O(A(n)),
where by the notation A(n) = O(B(n)) we mean, that there exists a constant K > 0 such that
the inequality A(n) < K(B(n)) holds.

In the work [27] A. Zygmund introduced trigonometric polynomials of the form (2) and
found exact order estimates of the quantities & (WL,; Z5 _ 1) at r € IN. B. Nagy investigated

in [7] the quantities £ ( 8,000 L1 1) c atr > 0, B € Z, and for s < r he established the asymp-
totic equality, and for s > r he found order estimates. Later, S.A. Telyakovsky [23] obtained
asymptotically exact equalities for the quantities &£ < Wg or 25— 1) forr > 0and B € R for

n — oo. On the Weyl-Nagy classes, the exact order estimates of the quantities £ <W/3 P ; 2y 1) c
forl<p<ooandr >1/pandforp=1andr > 1, B € R are found in the work [6].

Concerning the Fejér sums 0,1 (f; t) it should be noticed that the order estimates of quan-
tities £ < 8, £ oor On— 1) , v > 0, for B € Z were found by S.M. Nikol’skii [8]; for the quantities
& (Wfp,(rn,l)c forl < p < occandr > 1/p, and also for p = 1 and r > 1 were found by
V.M. Tikhomirov [25] and by A.I. Kamzolov [5].

Approximation properties of Zygmund sums on the classes of (¢, B)-differentiable func-
tions were studied in the works [2, 14, 15], (see also [20]). Particularly in the work [2] of
D.M. Bushev the asymptotic equalities for the quantities £ (Cg’oo; Z% _,)c were established for
some quite natural constraints on ¢ and s as n — co. In the case, when the series Y5> ; > (k) is
convergent, the exact values of the quantities £ <C1£ Y ) o were established in the work [15]
of A.S. Serdyuk and I.V.Sokolenko.

In the work [14], the authors found the exact order estimatites of uniform approximations
by Zygmund sums Z° ; on the classes Cg),p, 1<p<oo,wheny € ©@p,and Oy, 1 < p < o0, is
the set of non-increasing functions ¢ (t), for which there exists « > 1/p such that the function
t*p(t) almost decreases, and 1 (t)t*T1/P~¢ increases on [1, o) for some & > 0.

Concerning the estimates of the best uniform approximations of functional compacts, it
should be noticed the following. For the Weyl-Nagy classes W ., 7 > 1/p, p € R,1 < p < o0,

the exact order estimates of the best approximations E, (ng p)c are known (see, e.g. [24]).

Moreover, for p = o the exact values of the quantities E, <W£,m> . forallr > 0,8 € R and

n € IN are known (see [3]).
The order estimates of the best approximations of the classes Clp under certain restrictions
on ¢, B and p were investigated in the works [4,17,18,20]. In some part1al cases (especially for

p = o) the exact or asymptotically exact values of the quantities E, <Cg p> are also known
(see [9-13,16,20]).
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In this paper, we establish the exact order estimates of the quantities of the form (3) for
alll < p < o and B € R, in case, when y(t)t!/P € 9y, the product ¢ (k)k+1/P generally
monotonically increases, 1 (k)k**1/P~¢ almost increases (according to Bernstein) for some & > 0
and forl < p <

0 / / 1 1
POKF 2 <00, —4—=1, (6)
k;nw (k) T
and forp =1
Y (k) < oo @)
k=n

The conditions (6) and (7) and the monotonic decreasing to zero of the sequence (k) ensure
the inclusion Yp €Ly, 1/p+1/p =1,1 < p < o (see, e.g. [28, Lemma 12.6.6, p. 193]).

In this paper, it is also shown that for some conditions Zygmund sums (and ats = 1 also the
Fejér sums) realize the orders of the best uniform approximations on the classes CE, ,» thatis the
order estimate (5) is true. Previously, this property was proved for Fourier sums [4,18,19,21].

Let us formulate some necessary definitions.

A non-negative sequence a = { ak};o:l, k € N, is said to be generally monotonically in-
creasing (we write a € GM™), if there exists a constant A > 1, such that for any natural 7, and
ny such that n; < ny the inequalities

m—1

ap, + Z |ak - ak+1| < Aay, m = ni, o, (8)
k:n1

hold (see, e.g. [1, p. 811]). It is easy to see that if the positive sequence a = {ak}zozl increases,
starting from some number, then it generally monotonically increasing.

A non-negative sequence a = {ak};ozl, k € IN, is said to be almost increasing (according to
Bernstein, see, e.g. [26, p. 730]) if there exists a constant K, such that for all n; < n; we have

an, < Kay,. )

In this case, if for the sequence a = {ak}zozl there exists a constant ¢ > 0, such that {akk_g}
almost increases, then we write 2 € GA™. It is clear that if the sequence a belongs to GM™,
then it is almost increasing according to Bernstein.

Let us put further gs(t) := ¥(t)t°, t € [1,00) with § > 0.

2 Order estimates of the approximations by Zygmund sums on the classes
of convolutions

Theorem 1. Lets > 0,1 < p < oo, S1/p € Mo, 8s+1/p € GM™T ﬂGA*,[S € Randn € IN. In
the case 1 < p < oo, if the condition (6) holds and the inequality

. . v
;g{rx(gup, £ >3 (10)

holds, then the following order estimates take place

o vy
P P _ o — r_ ..
En(Chy) o =€ (ChyZin) . = (k)_:ntpp (k)k” 2) ;o =l
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in the case p = 1, if the condition (7) holds and the inequality

infa(gy;t) > 1 (12)

holds, then the following order estimates take place
y k), cos b 0,
B (ch) =g (Clyizi) =4 SV 7 (13)
p1 /3 ven=1)c .
Y(n)n,  cos % = 0.

Proof. Since the operator Z; ;| : f(t) — Z}_,(f,t) is linear polynomial operator, which is
invariant under the shift, i.e.

ZnaUfwt) =Zoa(ft+h), fult)=f(E+h),  heR,

and norm in C and classes Cg p also are invariant under the shift, that is

Ifillc = flc; f(t) € C, = fult) € Cj,

then

&(ch,izi), = s £(0) = Z3 4 (£;0)]. (14)
Cpp

By virtue of (1) and (2) for any function f € Cg,p, 1 <p<oo B e s >0, the following
equality holds

F0 =23 1050 = [ (o T w0 cos (k4 ) 04, 0) g, 09

where ¥ _g,(t) = Y32, ¥(k) cos <kt+ & ) lellp <1,neN.
Relations (14) and (15), Holder’s inequality and triangle inequality imply that for1 < p < oo

£ (Cgp, 5 1) e Z (k) cos <kt + %T) +Y¥_pa(t)

v (16)

1 1 1
+%HT_I3/n(t>Hp” E‘i‘—/ — 1

p/

n—1 s 57.[
Kk kt +—
¥ 90 ( 2)

- nf

Let us show that, if g11/, € GM*T NGA™, where g;11/, = {1/J(k)k5+1/”}z°:1, then

k® cos <kt + ﬁﬂ)

Applying Abel transformation to the function Y"1 1 (k)k® cos <kt + ﬁTn) , we have

—O(pm)n**r),  1<p<w. (17)

p/

n—1 n—2

Y (k) cos (kt + ﬁ”) Y (9O — gl +1)(k+1)°) Dy (1)
k=1 k=1 (18)

1 B

£ = 1) 1Dy (1) — 5 eos L,
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where

k
Dy p(t) == %cos %T + ) cos <1/t — ﬁ—”)
v=1

_1
Then, in view of || Dxs()|l,y = O(K' 7) = O(k7), 1< p < o0,k € N, p € R, (see, e.g. [4])
from (18) we get

n—1

Y p(k)k° cos (kt + ﬁn)

k=1

:ﬂxn+o(&ﬁMMW—¢w+nw+1mﬁ>
P k=1 (19)

+0 (p(n—1)(n— 1)”%) .

Since gs41/, € GM™, then, by using the triangle inequality, inequality (8) and Lagrange
theorem, we have

ZWJ Pk +1)(k+1)° \kv<2}¢ —w(k+1)(k+1)s+%}

+ Z [p(k+1)(k+ 157 — pk+1)(k + 1)5k%\
k=1
| qne2 Y
< Ap(n—1)(n—1)°"r + ; Y gk +1)(k+1)%k
k=1

+1
F’

< Ap(n—1)(n— v+22¢ (k)

According to the condition g1/, € GAT, there exits ¢ > 0 such that the sequence

{s+1/p()k¢} = {p(k)k**1/P~¢} almost increases, and hence taking into account (9), we
obtain

n—1 s+1/p n—1 s+1/p—¢ n—1

¢(k)i _ Z lp(k>k17£ < K¢(ﬂ . 1)(11 . 1)s+1/pfe Z %
k=2 =k » =1 (21)
_ dt K
< K= 1) =) [T < B 1) = 1),
From (20) and (21) we get the following inequality
1 2K
9Ok — gl +D(k+1)° k7 < (A+ ?>¢(n —1)(n— 1)+, (22)

From (19) and (22) we obtain the estimation (17).
To estimate the norm [['¥_g ()|l for 1 < p’ < co we use the statement, which was es-
tablished in [18], and according to which in the case when {ak};ozl is the monotonically non-

increasing sequence of positive numbers such that ) ;° ; allz kP' =2 < o, then for arbitrary n € N
and v € R the following estimate holds

/

H Z ay cos (kx + ) H <Z ap k¥ 2+aﬁ/n”’_1)1/p. (23)



Order estimates of the uniform approximations by Zygmund sums 75

Putting in (23) a; = ¥(k), v = ﬁ we obtain that for1 < p < oo, € Randn € IN

1/p

H‘Ffﬁn Hp’ — <Z IIJP kp’—2+¢p'(n)np'_1> (24)

Then, using [18, Lemma 3], we conclude that for 1 < p’ < o0, n € N, under condition (6)
and imbedding g1,, € My the following estimate holds

4Wmm”4=0<fwﬂbwuﬁ- (25)
k=n

According to the conditions of Theorem 1 we have that g;,, € My, so taking into account (25),
from (24), we obtain

1/p
¥ pn()lly =0 (Z#’” k”'_2> , 1<p'<e, BER, neN.  (26)

Combining (16), (17) and (26) in the case when g1/, € My, and g1/, € GMT N GA™, we
arrive at the estimate

. 1/p
"’ = (k' 2 1,1
5<Cﬁv ) O(Eﬂ‘" (k)k > o 1<p<e, JHS=l 27)

As follows from [18, Corollary 1 and 2], for1 < p < oo, 1/p+1/p' = 1, n € N and
B € R, under conditions (6) and (10) and imbedding g1/, € My for E, <C;3P,p> c we arrive at the

following order estimates

Ey (Cg’,p) o= (é ¢p/(k)kl7/*2) v (28)

Therefore, by virtue of inequality (4) and relations (27) and (28) we obtain order equality (11).
Further, let us consider the case p = 1. Let us establish the estimate of the norm
¥ gy = ¥ —pu(-)|lco- It is obvious that for any B € R the following inequality holds

i (k) cos (kt+ 57”)

k=n

[ee]

< Y (k). (29)

‘oo k=n

¥ g (o =

If B = 2k +1, k € Z, then following estimate takes place

(9]

Y (k) sinkt

k=n

¥ —pn()lleo = < (m+2)p(n)n (30)

‘ (e 9]

(see, e.g. [21, relation (82)]).
According to [21, Lemma 3], if g € My, where g = {y(k)k},~_, and the condition (7)
holds, then the following estimates are true

wom =0 L yib)). a1)
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If g1 € My and the conditions (7) hold, then combining (16), (17), (29) — (31), we obtain the
following estimates

<k§¢( )>’ oy £0, (32)

Y _
£ <C/5 1’Z’s“*1>c N r
O(yp(n)n), cos 5= = 0.
To estimate the quantity £ (C 8, vZ_ 1)(: from below, we use [21, Theorems 3 and 4], ac-

cording to which, if g1 € My and the conditions (7) and (12) are true, then for n € IN and
B € R the following the order equalities take place

Ei(chy) = L v, cos 7 £ 0, (33)
< P(n)n, cosﬁ =0.

The estimate (13) follows from the inequality (4), estimates (32) and (33). 0

Assume that the conditions of Theorem 1 take place, moreover, more stronger imbedding
g1/p € Mc holds. As it follows from [18, Lemma 3], if ¢1,, € Mc and the condition (6) holds,
then for 1 < p < oo the following estimates take place

(o]

Y P (k)P 2 < P (n)n? L. (34)

k=n

In addition, as it was shown in [21, Lemma 3], if g1 € ¢ and the condition (7) holds, then the
following order estimates are true

Y (k) = p(n)n. (35)

Formulas (34) and (35), and Theorem 1 allow us to write the following statement.

Theorem 2. Lets > 0,1 < p < 09,81/, € Mc, §s41/p € GM*tNGAT,BeRandn € N.
Inthecasel < p < oo, if the conditions (6) and (10) hold, then the following order estimates
take place

Ed(Ch,)c =& (i Zany) = p(mn'/?, (36)

and in the case p = 1 if the conditions (7) and (12) hold, then the following order estimates
take place

En(Chy)c= € (Cﬁl,Zn 1) = (n)n. (37)

Proof. Order estimates (36) were established in [14]. Note, that when 1 < p < o0, g1/, € My
and

fim (51/501) = o &

then the order estimates (36) do not take place, since in this case we have the following (see [18])

P(n %: ( leip k)k?' Zl/p) n — oo.
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Similarly, when p =1, g1/, = g1 € Mp and

tlg’ga(gl; t) = 00, (39)
then as follows from [21, Lemma 3]
pmn=o( Y vk),
k=n

in this case, for 8 such that cos %ﬂ # 0 order estimates (37) do not take place.
As example of the function ¢(¢), for which the conditions of Theorem 1 and the equalities
(38) and (39) take place, we can use the function

1 /
_ _ = 1<p <o, eW/2, 1< p<oo
H=tYPIn""(t+K), y>< P K > ’ ’ 40
y(t) (t+K), {1’ b1, {eyl p1, (40)
. . s ¥ ¥ s
(see [18,21]). Let us write the order estimates for the quantities E,, <C 8, p> c and &£ <C B Zn_1> c
in the case, when (t) has the form (40). O

Theorem 3. Let ¢)(t) = t V/PIn""(t+K),p € Randn € N. If1 < p < oo, v > 1/p,
K>e™/2,1/p+1/p' =1, then

En(Cf,)c =< € (CLiZomy) = pnm PP, 0> 2; (41)

ifp=1,9>1,K>e¢", then

B
% - Y s _ ) ¥(n)nlnn, cos 5 # 0, >
E(Ch)e =€ (ChiiZin), = { v, cofilg 22 (42)

Proof. We show that for the indicated function ¢ of the form (40) all conditions of the Theo-
rem 1 are true. Indeed, for1 < p < o0,y > 1/p/, K > e""'/2 we have

© 0 1 t+K)In(t+K)  In(t+e17'/2
Z¢P(k)kp_2:2,—<oo, oc(gl/p;t):( + )n( + )> n( te ),
k=n k=n kln’ﬂ? (k+K) 'Yt Y
and hence tli_{g(x(gl/p; t) = coand a(g1/,;t) > 5.
Forp=1,v>1,K > ¢e7 we have
- - 1 In(t +e7)
k) < — < o0, alg;t) > ——=,
,{;71’0( ) k; kIn7 (k4 e7) (81:¢) 0%

and hence tli_%oc(gl;t) =coand a(g1;t) > 1.

It is obvious that for any s > 0 and 1 < p < oo the functions g1/, (t) = t°In" (¢ + K) in-
crease monotonically, starting from some point ¢y. Therefore, it is not difficult to be convinced
that the sequence g, 1/, (k) belongs to the set GM™ N GA™.

Therefore, the function i of the form (40) satisfies the conditions of Theorem 1.



78 Serdyuk A.S., Hrabova U.Z.

Further, using [18, formula (79)], we obtain

i / /v’ b3 1/p /
(2¢P( Kk 2 /1/;’7 0 2dt> — (/’d—t> P
k—n J tIn?? (t+K)
/ In""n '
— 1/]91 1/p - 1/p1 1/p >
n)n n——— =< (n)n n, n>2.
PO I T ()

Then formula (41) follows from the estimate (11) and the above relations.
Similarly, by virtue of [21, inequality (87)] we get

c o © g _
Y (k) < /n PY(t)dt = /n m =In'""n < p(n)nlnn, n>2. (43)

Formula (42) follows from the estimates (13) and relations (43), in the case where S is such
that cos £” 7é 0. O

As it was already mentioned, for s = 1 the Zygmund sums Z; ; coincide with the known
Fejér sums 0;,_1. Therefore, Theorem 1 and 2 imply the following statements.

Proposition1. Let1 < p < o0, g1/, € Mo, g141/p € GMT NGAT, B € Randn € N.
Inthecasel < p < oo, if the conditions (6) and (10) hold, then the following order estimates
take place

E, (Cg’ )CA5<C5P o, 1) leﬁ K)k?' =2) v,

in the case p = 1, if the conditions (7) and (12) hold, then the following order equlaities take
place

Y p(k), coslE 40,
k=n

En(cg),l)c =& <C;§/1;0},,1>C = = ﬁ
Y(n)n, cost- =0.

Proposition 2. Let1 < p < 00, g1/, € Mc, g141/p € GMTNGAT, B € Randn € N.
Inthecasel < p < oo, if the conditions (6) and (10) hold, then the following order estimates
take place

(Clﬁfp)c =& <Cﬁp Tn— 1) = p(n)n'’?;

in the case p = 1, if the conditions (7) and (12) hold, then the following order estimates take
place

Ex(Chy)c = € <Cg,1;(rn,1)c = p(n)n.
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Cymun 3urmyHaa 275171( f;t) dyskuii f € L; — e TPUTOHOMETPUUHI MOAIHOMM BUTASIAY

— s . . .

Z5 L (f;t) = 2+ 22:11 (1 — (%) )(ak(f) coskt + br(f)sinkt), s > 0, ae ar(f) i bx(f) — xoedpi-
nient Oyp’e dpyHkuil f. OTpuMaHO TOUHI TMOPSIAKOBI OLIHKM piBHOMIpHMX HabAVXeHb CyMaMi
3urmynaa Z; _; Ha xaacax C B LIi xAacK cKAQAAIOTHCS 3 27T-TIEPIOAMYHNX HellepepBHMX (pyHKITiN
f, 1xi 306paxxaoTbCs y BUTASIAL 3STOPTKM PYHKIIiN, IO HAAEXKATh OAVHUIHMIM KYASIM IPOCTOPIB Ly,
1 < p < 0, 3 dixcoBarmmu TBipHUMY siapamu ¥ () ~ Y2 (k) cos (kt + 57”), Yp €Ly, BER,
% + % = 1, y Bumaaxy, koau a06yTok ¢ (k)k*+1/P y3ararpHeHO MOHOTOHHO 3pOCTaE 3 AESKOIO CTe-
TIeHEeBOTO LIBUAKICTIO, i, KpiM Toro, mpu 1 < p < co BukoHyeTsest HepisricTs Y2 ¢ (k)kP'~2 < oo,
ampu p = 1 — HepiBHicTs ) 7, (k) < co. IToxasaHo, 110 Ipy BUKOHAHHI 3a3HaYeHMX YMOB CyMM
3urmysaa Z;_,, a Takox cymu Qeltepa 0,1 = Z,Ll Ppeani3yroTh MOPSAKM HaKpaIX piBHOMIp-
HMX HabAVDKEeHb TPUTOHOMETPUYHMMI IIOAIHOMaMM Ha BKa3aHMX (PYHKILIOHAABHIMX KAacax, a came
ompul <p <o

- . - o ! r_oN\1/p 1 1 .
En(Ch,)c =€ (cg’,p, z;_l)c = (kgn o (kP27 Sty =1
ampup =1
d s
E”(Cg,l)c =& (C/lf,l; fz—l)c = kZ p(k),  cos ﬁ? #0,
7T
Ei(Ch e =€ (Chyizin) = wom  cosET =0,
Ae

oy i N — .
Ea(Chy)c = sup inf F() =t
feCg,
T2n—1 — TATIPOCTip TPUTOHOMETPUYHMX MOAIHOMIB t,,_1 TIOPSIAKY 1 — 1 3 AivicHmMY KoedpirtieHTa-
M,
E(Ch,izia), = sup IF) = Zia(F ) e
fecﬁp

Kntouosi cnosa i ppasu: Havikpallle HabAVDKeHHsI, cyMma 3urMyHaa, cyma Detiepa, mianpoctip Tpu-
TOHOMETPVUHMX ITIOAIHOMIB, MOPSIAKOBA OLIHKA.



