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We show the existence result of a mild solution for a semilinear functional differential inclusion,

with viability, governed by a family of linear operators. We consider the case when the constraint is

moving.
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Introduction

Let E be a separable Banach space with the norm ‖ · ‖. For a segment I in R, we de-

note by C(I, E) the Banach space of continuous functions from I to E equipped with the

norm ‖x(·)‖∞ := sup
{

‖x(t)‖ : t ∈ I
}

. For a positive number a, we put Ca := C([−a, 0], E)

and for any t ∈ [0, T], T > 0, we define the operator T(t) from C([−a, T], E) to Ca with

(T(t)(x(·)))(s) := (T(t)x)(s) := x(t + s), s ∈ [−a, 0].

In this paper, we shall prove the existence of solutions to the following semilinear functional

differential inclusion














ẋ(t) ∈ A(t)x(t) + F(t, T(t)x) a.e. on [0, τ],

x(s) = ϕ(s), ∀ s ∈ [−a, 0],

x(t) ∈ C(t), ∀ t ∈ [0, τ],

(1)

where F is a multifunction with closed values, measurable with respect to the first argument

and Lipschitz continuous with respect to the second argument, C is a multifunction with lo-

cally closed graph, {A(t) : t ∈ [0, T]} is a family of densely defined linear operators and ϕ is a

given function in Ca.

O. Cârjǎ and I.I. Vrabie [5] have studied the problem ẋ(t) ∈ Ax(t) + F(x(t)), where F is

a nonempty, closed, convex, and bounded valued mapping which is weakly-weakly upper

semi-continuous. They have obtained a necessary and sufficient condition for the viability of

a set K. In [4], O. Cârjǎ, M. Necula and I.I. Vrabie have proved another result for the same

problem above.

Q. Dong and G. Li [8] have established the existence of solutions for (1) in the case, when

A(t) = A, F is a Carathéodory single valued-map and C :]a, b[→ 2E is a set valued-map with

closed values and such that, for each t0 ∈]a, b[ and x ∈ C(t0), there exist r > 0 and τ ∈]t0, b[
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such that B(x, r) ∩ C(t) is nonempty for all t ∈ [t0, τ], and the mapping t → B(x, r) ∩ D(t) is

closed on [t0, τ].

V. Lupulescu and M. Necula, in [9], have established the existence of solutions for (1), when

A(t) = A, C(t) = C and F is integrably bounded, measurable with respect to the first argu-

ment and Lipschitz continuous with respect to the second argument. The authors have used

the following tangential condition

lim
h 7→0+

inf
1

h
e

(

S(h)ϕ(0) +
∫ t+h

t
S(t + h − s)F(s, ϕ)ds, C

)

= 0, ∀ (t, ϕ) ∈ [a, b[×K0,

where e(·, ·) denotes the Hausdorff’s excess and S(·) is the C0-semigroup generated by A.

It remains to notice that many viability results for (1), in the case A = 0, have been proved

in the papers [1, 2] and the references therein.

This work extends results, which are presented in [1, 2, 8, 9]. Indeed, we get an existence

result, in a separable Banach space, for semilinear functional differential inclusions with a

constraint, which depends on time. The right-hand side verifies the weaker hypotheses. As

is known, viability problems need tangential conditions. For the problem (1), we shall use a

tangency condition, which is weaker than that used in [9].

The paper is organized as follows. In Section 1, we recall some preliminary facts that we

need in the sequel. In Section 2, we prove the existence of solutions for (1).

1 Notations and Preliminaries

For measurability purpose, E is endowed with the σ-algebra B(E) of Borel subsets for the

strong topology and [0, 1] is endowed with Lebesgue measure and the σ-algebra of Lebesgue

measurable subsets. For x ∈ E and r > 0, let B(x, r) := {y ∈ E : ‖y − x‖ < r} be the open

ball centered at x with radius r and B(x, r) be its closure and put B = B(0, 1). For ϕ(·) ∈ Ca,

let Ba(ϕ(·), r) := {ψ(·) ∈ Ca : ‖ϕ(·) − ψ(·)‖∞ < r} and let Ba(ϕ(·), r) be its closure. For

x ∈ E and for nonempty subsets A, B of E, we denote d(x, A) := inf{‖y − x‖ : y ∈ A},

e(A, B) := sup{dB(x) : x ∈ A} and H(A, B) := max{e(A, B), e(B, A)}. We note L(E) the

space of bounded linear operators on E. For any set-valued map F, we denote Gr(F) its graph.

A multifunction is said to be measurable if its graph is measurable. For more details on mea-

surability theory, we refer the reader to [7]. Now, let {A(t) : D(A(t)) → E, t ∈ R
+} be a

family of defined linear operators on E, where D(A(t)) is the domain of A(t). We assume that

for each s ∈ R
+ and x ∈ E, there is a unique solution v : [s,+∞[→ E for the evolution equation

v′(t) = A(t)v(t), t ∈ [s,+∞[,

v(s) = x.
(2)

In this case an operator T(·, ·) can be defined as

T : ∆ = {(t, s) ∈ R
2 : 0 ≤ s ≤ t} → L(E), T(t, s)(x) = v(t),

where v is the unique solution of (2). The operator T(·, ·) is called the evolution operator gener-

ated by the family {A(t) : t ∈ R
+}. It is clair that each operator T(·, ·) satisfies

T(s, s) = IE and T(t, r)T(r, s) = T(t, s) for all 0 ≤ s ≤ r ≤ t. Along this work, we con-

sider an evolution operator T(·, ·), generated by a family {A(t) : t ∈ R
+} of defined linear

operator on E, which satisfies
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(i) ‖T(t, s)‖L(E) ≤ 1, ∀ (t, s) ∈ ∆,

(ii) (t, s) 7→ T(t, s) is continuous.

Definition. By a mild solution of semilinear functional differential inclusion (1), we mean a

continuous function x(·) : [−a, τ] → E such that x(·) = ϕ on [−a, 0] and

x(t) = T(t, 0)ϕ(0) +
∫ t

0
T(t, s) f (s)ds, ∀ t ∈ [0, τ],

where f is an integrable function such that f (t) ∈ F(t, T(t)x), for almost every t ∈ [0, τ].

Let us recall the following Lemmas that will be used in the sequel.

Lemma 1 ([10]). Let G : [a, b] → 2E be a measurable multifunction and y(·) : [a, b] → E a

measurable function. Then for any positive measurable function r(·) : [a, b] → R
+, there exists

a measurable selection g(·) of G such that for almost all t ∈ [a, b]

‖g(t)− y(t)‖ ≤ d(y(t), G(t)) + r(t).

Lemma 2 ([3]). Let � be a given preorder on the nonempty set B and let φ : B → R ∪ {+∞}

be an increasing function. Suppose that each increasing sequence in B is majorated in B. Then,

for each x0 ∈ B, there exists x1 ∈ B such that x0 � x1 and φ(x1) = φ(x) if x1 � x.

The above function φ, in [3], is supposed to be finite and bounded from above, but this

restriction can be removed by replacing φ by the function x 7→ arctan φ(x) (see [6]).

In this paper, we shall use the following hypotheses.

(H1) C : [0, 1] → 2E is a set-valued map with locally closed graph and K : [0, 1] → Ca is a

set-valued map defined by K(t) = {ϕ ∈ Ca : ϕ(0) ∈ C(t)}.

(H2) F : Gr(K) → 2E is a set-valued map with nonempty closed values satisfying:

(i) t 7→ F(t, ψ) is measurable,

(ii) there exists a function m(·) ∈ L1([0, 1], R
+) such that for all t ∈ [0, 1] and ψ, φ ∈ K(t)

H(F(t, ψ), F(t, φ)) ≤ m(t)‖ψ − φ‖∞,

(iii) there exist g(·), p(·) ∈ L1([0, 1], R
+) such that for all t ∈ [0, 1] and ψ ∈ K(t)

‖F(t, ψ)‖ := sup
y∈F(t,ψ)

‖y‖ ≤ g(t) + p(t)‖ψ‖∞ .

(H3) (Tangential condition) For all measurable function v(·) : [0, 1] → E, for all ρ > 0, t ∈ [0, 1]

and ψ ∈ K(t), there exists f ∈ Sv,ρ(ψ) such that

lim inf
h 7→0+

1

h
d

(

T(t + h, t)ψ(0) +
∫ t+h

t
T(t + h, s) f (s)ds, C(t + h)

)

= 0,

where Sv,ρ(ψ) is the set of all f ∈ L1([0, 1], E) such that f (s) ∈ F(s, ψ) for all s ∈ [0, 1]

and ‖ f (s) − v(s)‖ ≤ d(v(s), F(s, ψ)) + ρ for almost all s ∈ [0, 1].

Remark. We should point out that, if F satisfies the condition (H2), by Lemma 1, the set Sv,ρ(ψ)

is nonempty.

We shall prove the following theorem.

Theorem. If assumptions (H1)–(H3) are satisfied, then for all ϕ ∈ K(0), there exist τ > 0 and

a map x(·) ∈ C([−a, τ], E) such that x(·) is a mild solution of (1).
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2 Proof of the main result

Let ϕ ∈ K(0) and set x0 = ϕ(0). Since Gr(C) is locally closed, there exists r > 0 such that

Gr(C) ∩ B((0, x0), r) is closed. For ε > 0 put

η(ε) := sup

{

ρ ∈]0, ε] : ‖ϕ(t1)− ϕ(t2)‖ < ε, ‖T(t1, s1)− T(t2, s2)‖L(E) < ε

and

∣

∣

∣

∣

∫ t2

t1

(g(s) + p(s)(‖ϕ‖∞ + r)) ds

∣

∣

∣

∣

< ε, if |t1 − t2| ≤ ρ and |s1 − s2| ≤ ρ

}

.

Let τ1, τ2 > 0 be such that

sup
0≤t≤τ1

‖T(t, 0)x0 − x0‖+ aτ1 +
∫ τ1

0
(g(s) + p(s)(‖ϕ‖∞ + r)) ds <

r

2
and

∫ τ2

0
m(t)dt < 1. (3)

Put τ = inf{τ1, τ2, (1/2)η(r/2), r/2, 1}. For all 0 < ε < a and v(·) ∈ L1([0, 1], E), set B(ε, v(·))

the set of all 3-tuple ( f , x, θ)d, where d ∈]0, τ], f (·) ∈ L1([0, d[, E), x(·) : [−a, d] → E is a

continuous function and θ(·) : [0, d[→ [0, d[ is a step function such that:

(i) f (t) ∈ F(t, T(θ(t))x), 0 ≤ t − θ(t) ≤ (1/4)η(ε/4), x(θ(t)) ∈ C(θ(t)) and T(θ(t))x ∈

Ba(ϕ, r) for all t ∈ [0, d[,

(ii) x(d) ∈ C(d), T(d)x ∈ Ba(ϕ, r), x(·) = ϕ(·) on [−a, 0] and x(t) ∈ B(x0, r/2) for all

t ∈ [0, d],

(iii) ‖ f (t) − v(t)‖ ≤ d(v(t), F(t, T(θ(t))x)) + ε for almost all t ∈ [0, d[,

(iv) for all t ∈ [0, d]
∥

∥

∥

∥

x(t)− T(t, 0)x0 −
∫ t

0
T(t, s) f (s) ds

∥

∥

∥

∥

≤ tε.

Proposition. If assumptions (H1)–(H3) are satisfied, then for all 0 < ε < a, and v(·) ∈

L1([0, 1], E), there exists at least one ( f , x, θ)τ ∈ B(ε, v(·)).

Proof. Let 0 < ε < a and v(·) ∈ L1([0, 1], E) be fixed. Put x(t) = ϕ(t) ∀ t ∈ [−a, 0]. By the

tangential condition, there exist f0 ∈ Sv,ε(ϕ) and h0 ∈]0, inf{τ, (1/4)η(ε/4)}], such that

1

h0
d

(

T(h0, 0)x0 +
∫ h0

0
T(h0, s) f0(s) ds, C(h0)

)

≤
ε

2
.

Then there exists y0 ∈ C(h0) such that

1

h0

∥

∥

∥

∥

y0 − T(h0, 0)x0 −
∫ h0

0
T(h0, s) f0(s) ds

∥

∥

∥

∥

≤ ε.

Set

u0 =
1

h0

(

y0 − T(h0, 0)x0 −
∫ h0

0
T(h0, s) f0(s) ds

)

.

We get

y0 = T(h0, 0)x0 + h0u0 +
∫ h0

0
T(h0, s) f0(s) ds.
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Set d0 = h0 and

x0(t) = T(t, 0)x0 + tu0 +
∫ t

0
T(t, s) f0(s) ds ∀ t ∈ [0, d0].

Remark that, for all t ∈ [0, d0]

‖x0(t)− x0‖ ≤ ‖T(t, 0)x0 − x0‖+ h0a +
∫ h0

0
(g(s) + p(s)‖ϕ‖∞)ds

≤ sup
0≤t≤d0

‖T(t, 0)x0 − x0‖+ d0a +
∫ d0

0
(g(s) + p(s)(‖ϕ‖∞ + r))ds ≤

r

2
,

then x0(t) ∈ B(x0, r
2) for all t ∈ [0, d0]. Also, for all t ∈ [0, d0]

∥

∥

∥

∥

x0(t)− T(t, 0)x0 −
∫ t

0
T(t, s) f0(s) ds

∥

∥

∥

∥

≤ tε.

Now, let s ∈ [−a, 0]. If s ≤ −d0, we have

‖T(d0)x(s)− ϕ(s)‖ = ‖x(s + d0)− ϕ(s)‖ = ‖ϕ(s + d0)− ϕ(s)‖ ≤ r,

because d0 ≤ 1
2 η( r

2 ). If s ≥ −d0, one has

‖T(d0)x(s)− ϕ(s)‖=‖x(s + d0)− ϕ(s)‖ ≤ ‖x(s + d0)− ϕ(0)‖+ ‖ϕ(s)− ϕ(0)‖ ≤
r

2
+

r

2
= r,

because 2|s| ≤ η(r/2) and x(s + d0) ∈ B(x0, r/2). From the above, we conclude that T(d0)x ∈

Ba(ϕ, r). Next, set θ0(t) = 0 for all t ∈ [0, d0[. It is clair that ( f0, x0, θ0)d0
∈ B(ε, v(·)). Hence

B(ε, v(·)) 6= ∅. Now, consider the following preorder:

( f1, x1, θ1)d1
� ( f2, x2, θ2)d2

⇔ d1 ≤ d2, f1 = f2|[0,d1[
, x1 = x2|[0,d1]

,

and θ1 = θ2|[0,d1[
. Let φ : B(ε, v(·)) → R be the function defined by φ(( f , x, θ)d) = d,

∀ ( f , x, θ)d ∈ B(ε, v(·)). By definition, φ is increasing on B(ε, v(·)). On the other hand, if

(( fi , xi, θi)di
)i∈N is an increasing sequence in B(ε, v(·)), we construct a majorant ( f , x, θ)d of

(( fi , xi, θi)di
)i∈N as follows: d = limi di, f (t) = fi(t), θ(t) = θi(t) for all t ∈ [0, di[, x(·) = ϕ(·)

on [−a, 0], x(t) = xi(t) for all t ∈ [0, di]. We claim that ( f , x, θ)d ∈ B(ε, v(·)). Indeed, for all

i ∈ N, we have x(di) = xi(di) ∈ C(di). Then (di, x(di)) ∈ Gr(C) ∩ B((0, x0), r), for all i ∈ N.

Since Gr(C) ∩ B((0, x0), r) is closed, we conclude that (d, x(d)) ∈ Gr(C) ∩ B((0, x0), r). By the

same argument, we get x(d) ∈ B(x0, r/2). For (iv), it is clair that
∥

∥

∥

∥

x(t)− T(t, 0)x0 −
∫ t

0
T(t, s) f (s) ds

∥

∥

∥

∥

≤ tε, ∀ t ∈ [0, d[.

In addition, by the fact that the function T(·, ·) is continuous, one has

lim
i→+∞

∥

∥

∥

∥

x(di)− T(di, 0)x0 −
∫ di

0
T(di , s) f (s) ds

∥

∥

∥

∥

=

∥

∥

∥

∥

x(d)− T(d, 0)x0 −
∫ d

0
T(d, s) f (s) ds

∥

∥

∥

∥

.

Hence, we get
∥

∥

∥

∥

x(d)− T(d, 0)x0 −
∫ d

0
T(d, s) f (s) ds

∥

∥

∥

∥

≤ dε.

The other assertions are obvious. Next, for applying Lemma 2, we need the following claim.
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Claim 1. For all ( f , x, θ)d ∈ B(ε, v(·)) with d < τ, there exists ( f̄ , x̄, θ̄)d̄ ∈ B(ε, v(·)) such that

( f , x, θ)d � ( f̄ , x̄, θ̄)d̄ and φ(( f , x, θ)d) < φ(( f̄ , x̄, θ̄)d̄).

Proof. Let ( f , x, θ)d ∈ B(ε, v(·)) with d < τ. For T(d)x ∈ K(d), by the tangential condition,

there exist f̃ ∈ Sv,ε(T(d)x) and h ∈]0, inf{τ − d, (1/4)η(ε/4)}], such that

1

h
d

(

T(d + h, d)x(d) +
∫ d+h

d
T(d + h, s) f̃ (s) ds, C(d + h)

)

≤
ε

2
.

Then there exists y1 ∈ C(d + h) such that

1

h

∥

∥

∥

∥

y1 − T(d + h, d)x(d) −
∫ d+h

d
T(d + h, s) f̃ (s) ds

∥

∥

∥

∥

≤ ε.

Set

u1 =
1

h

(

y1 − T(d + h, d)x(d) −
∫ d+h

d
T(d + h, s) f̃ (s) ds

)

.

We have

y1 = T(d + h, d)x(d) + hu1 +
∫ d+h

d
T(d + h, s) f̃ (s) ds.

Next, set d̄ = d + h,

x̃(t) = T(t, d)x(d) + (t − d)u1 +
∫ t

d
T(t, s) f̃ (s) ds, ∀ t ∈ [d, d̄ ].

We define f̄ , θ̄ and x̄ as follows: f̄ (t) = f (t), θ̄(t) = θ(t) for all t ∈ [0, d[, f̄ (t) = f̃ (t), θ̄(t) = d

for all t ∈ [d, d̄[, x̄(·) = ϕ(·) on [−a, 0], x̄(t) = x(t) for all t ∈ [0, d] and x̄(t) = x̃(t) for all

t ∈ [d, d̄ ]. Now, for all t ∈ [d, d̄ ], we have

∥

∥

∥

∥

x̄(t)− T(t, 0)x0 −
∫ t

0
T(t, s) f̄ (s) ds

∥

∥

∥

∥

=

∥

∥

∥

∥

T(t, d)x(d) + (t − d)u1 +
∫ t

d
T(t, s) f̃ (s)ds − T(t, 0)x0 −

∫ t

0
T(t, s) f̄ (s) ds

∥

∥

∥

∥

=

∥

∥

∥

∥

T(t, d)

(

x(d)− T(d, 0)x0 −
∫ d

0
T(d, s) f (s) ds

)

+ (t − d)u1

∥

∥

∥

∥

≤ ‖T(t, d)‖L(E)dε + (t − d)ε ≤ tε

and by (3)

‖x̄(t)− x0‖ ≤

∥

∥

∥

∥

x̄(t)− T(t, 0)x0 −
∫ t

0
T(t, s) f̄ (s) ds

∥

∥

∥

∥

+

∥

∥

∥

∥

T(t, 0)x0 − x0 +
∫ t

0
T(t, s) f̄ (s) ds

∥

∥

∥

∥

≤ tε + sup
0≤s≤τ

‖T(s, 0)x0 − x0‖+
∫ d̄

0
(g(s) + p(s)‖T(θ̄(s))x̄‖)ds

≤ sup
0≤s≤τ

‖T(s, 0)x0 − x0‖+ aτ +
∫ τ

0
(g(s) + p(s)(‖ϕ‖∞ + r))ds ≤

r

2
,

then x̄(t) ∈ B(x0, r/2) for all t ∈ [0, d̄ ]. Now, let s ∈ [−a, 0]. If s ≤ −d̄, we have

‖T(d̄)x̄(s)− ϕ(s)‖ = ‖x̄(s + d̄)− ϕ(s)‖ = ‖ϕ(s + d̄)− ϕ(s)‖ ≤ r.



Viability result for semilinear functional differential inclusions in Banach spaces 401

If s ≥ −d̄, one has

‖T(d̄)x(s)− ϕ(s)‖ = ‖x̄(s + d̄)− ϕ(s)‖ ≤ ‖x̄(s + d̄)− ϕ(0)‖+ ‖ϕ(s)− ϕ(0)‖ ≤ r.

Hence T(d̄)x̄ ∈ Ba(ϕ, r). Finally, we conclude that ( f̄ , x̄, θ̄)d̄ ∈ B(ε, v(·)), ( f , x, θ)d � ( f̄ , x̄, θ̄)d̄

and φ(( f , x, θ)d) < φ(( f̄ , x̄, θ̄)d̄).

Now, we are ready to complete the proof of proposition. From Lemma 2, there exists

( f , x, θ)d ∈ B(ε, v(·)) such that φ(( f , x, θ)d) = φ(( f̄ , x̄, θ̄)d̄) and ( f , x, θ)d � ( f̄ , x̄, θ̄)d̄

for all ( f̄ , x̄, θ̄)d̄ ∈ B(ε, v(·)). Moreover, if φ(( f , x, θ)d) < τ, by the Claim 1, there exists

( f̄ , x̄, θ̄)d̄ ∈ B(ε, v(·)) such that ( f , x, θ)d � ( f̄ , x̄, θ̄)d̄ and φ(( f , x, θ)d) < φ(( f̄ , x̄, θ̄)d̄). Hence,

φ(( f , x, θ)d) = τ.

In the next, we will prove our theorem. Let (εn)n≥1 be a strictly decreasing sequence of

positive scalars such that 0 < εn < a for all n ≥ 1 and
∞

∑
n=1

εn < ∞. In view of Proposition,

we can define inductively sequences ( fn(·))n≥1 ⊂ L1([0, τ[, E), (xn(·))n≥1 ⊂ C([−a, τ], E), and

(θn(·))n≥1 ⊂ S([0, τ[, [0, τ[), where S([0, τ[, [0, τ[) denotes the space of step functions from

[0, τ[ into [0, τ[ such that:

(a) fn(t) ∈ F(t, T(θn(t))xn), xn(θn(t)) ∈ C(θn(t)), T(θn(t))xn ∈ Ba(ϕ, r) and 0 ≤ t − θn(t) ≤

(1/4)η(εn/4) for all t ∈ [0, τ[,

(b) xn(τ) ∈ C(τ), T(τ)xn ∈ Ba(ϕ, r) and xn(t) ∈ B(x0, r/2) for all t ∈ [0, τ] and xn ≡ ϕ on

[−a, 0],

(c) ‖ fn+1(t)− fn(t)‖ ≤ d( fn(t), F(t, T(θn+1(t))xn+1)) + εn+1 for almost all t ∈ [0, τ[,

(d) for all t ∈ [0, τ]
∥

∥

∥

∥

xn(t)− T(t, 0)x0 −
∫ t

0
T(t, s) fn(s) ds

∥

∥

∥

∥

≤ εnt.

In the rest of this paper, we take θn(τ) = τ for all n ≥ 1 and we denote the modulus continuity

of a function ψ defined on interval I of R by

ω(ψ, I, ε) := sup{‖ψ(t)− ψ(s)‖ : s, t ∈ I, | s − t |< ε}, ε > 0.

Claim 2. For all t ∈ [0, τ]

‖T(θn(t))xn − T(θn+1(t))xn+1‖∞ ≤ εnδ + ‖xn+1(·)− xn(·)‖∞ ,

where

δ = 4 + ‖x0‖+
∫ τ

0
(g(s) + p(s)(‖ϕ‖∞ + r)) ds.
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Proof. First, for t, t′ ∈ [0, τ] with 0 ≤ t′ − t ≤ (1/2)η(εn /4), one has

‖xn+1(t)− xn+1(t
′)‖ ≤

∥

∥

∥

∥

xn+1(t)− T(t, 0)x0 −
∫ t

0
T(t, s) fn+1(s) ds

∥

∥

∥

∥

+

∥

∥

∥

∥

T(t, 0)x0 +
∫ t

0
T(t, s) fn+1(s) ds − T(t′, 0)x0 −

∫ t′

0
T(t′, s) fn+1(s) ds

∥

∥

∥

∥

+

∥

∥

∥

∥

xn+1(t
′)− T(t′, 0)x0 −

∫ t′

0
T(t′, s) fn+1(s) ds

∥

∥

∥

∥

≤ 2εn+1 + ‖T(t, 0)− T(t′, 0)‖L(E)‖x0‖

+
∫ t

0
‖T(t, s)−T(t′, s)‖L(E)‖ fn+1(s)‖ ds +

∫ t′

t
‖T(t′, s)‖L(E)‖ fn+1(s)‖ ds

≤ 2εn+1 + εn‖x0‖+ εn

∫ τ

0
(g(s) + p(s)(‖ϕ‖∞ + r)) ds

+
∫ t′

t
(g(s) + p(s)(‖ϕ‖∞ + r)) ds

≤ εn

(

3 + ‖x0‖+
∫ τ

0
(g(s) + p(s)(‖ϕ‖∞ + r)) ds

)

.

Hence,

ω
(

xn+1(·), [0, τ],
1

2
η
( εn

4

))

≤ εn

(

3 + ‖x0‖+
∫ τ

0
(g(s) + p(s)(‖ϕ‖∞ + r)) ds

)

. (4)

Now, for all t ∈ [0, τ], we have

‖T(θn+1(t))xn+1 − T(θn(t))xn‖∞ = sup
s∈[−a,0]

‖xn+1(θn+1(t) + s)− xn(θn(t) + s)‖

≤ sup
s∈[−a,0]

‖xn+1(θn+1(t) + s)− xn+1(θn(t) + s)‖

+ sup
s∈[−a,0]

‖xn+1(θn(t) + s)− xn(θn(t) + s)‖

≤ ω
(

xn+1(·), [−a, τ],
1

2
η
( εn

4

))

+ sup
s∈[−a,τ]

‖xn+1(s)− xn(s)‖

≤ ω
(

xn+1(·), [−a, 0],
1

2
η
( εn

4

))

+ ω
(

xn+1(·), [0, τ],
1

2
η
( εn

4

))

+ ‖xn+1(·)− xn(·)‖∞

≤
εn

4
+ εn

(

3 + ‖x0‖+
∫ τ

0
(g(s) + p(s)(‖ϕ‖∞ + r)) ds

)

+ ‖xn+1(·)− xn(·)‖∞

≤ εnδ + ‖xn+1(·)− xn(·)‖∞.

Now, from (a) and (c), we deduce for almost all t ∈ [0, τ[

‖ fn+1(t)− fn(t)‖ ≤ H
(

F(t, T(θn(t))xn), F(t, T(θn+1(t))xn+1)
)

+ εn+1

≤ m(t)‖T(θn(t))xn − T(θn+1(t))xn+1)‖∞ + εn+1

≤ m(t)εnδ + m(t)‖xn+1(·)− xn(·)‖∞ + εn+1.

(5)
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On the other hand, for all t ∈ [0, τ], we have

‖xn+1(t)− xn(t)‖ ≤

∥

∥

∥

∥

xn+1(t)− T(t, 0)x0 −
∫ t

0
T(t, s) fn+1(s) ds

∥

∥

∥

∥

+

∥

∥

∥

∥

T(t, 0)x0 +
∫ t

0
T(t, s) fn+1(s) ds − T(t, 0)x0 −

∫ t

0
T(t, s) fn(s) ds

∥

∥

∥

∥

+

∥

∥

∥

∥

xn(t)− T(t, 0)x0 −
∫ t

0
T(t, s) fn(s) ds

∥

∥

∥

∥

≤ 2εn +
∫ t

0
‖ fn+1(s)− fn(s)‖ ds

≤ 3εn + εnδ

∫ τ

0
m(s) ds + ‖xn+1(·)− xn(·)‖∞

∫ τ

0
m(s) ds.

Thus

‖xn+1(·)− xn(·)‖∞ ≤
εn(3 + δ)

1 − L
, L =

∫ τ

0
m(s)ds. (6)

Therefore we have, for n < m,

‖xn(·)− xm(·)‖∞ ≤
3 + δ

1 − L

m−1

∑
j=n

ε j.

So the sequence {xn(·)}∞
n=1 is a Cauchy sequence, then it converges uniformly on [0, τ] to a

function x(·). Since all functions xn(·) agree with ϕ on [−a, 0], we can obviously say that xn(·)

converges uniformly to x(·) on [−a, τ], if we extend x(·) in such a way that x(·) ≡ ϕ on [−a, 0].

Also, by the following inequality

‖xn(θn(t))− x(t)‖ ≤ ω
(

xn(·), [0, τ],
1

2
η
( εn

4

))

+ ‖xn(t)− x(t)‖,

we deduce that xn(θn(·)) converges uniformly to x(·) on [0, τ]. By construction, we have

(θn(t), xn(θn(t))) ∈ Gr(C) ∩ B((0, x0), r) for every t ∈ [0, τ], then x(t) ∈ C(t) for all t ∈ [0, τ].

Now, we return to the relation (5). By the relation (6), for almost all t ∈ [0, τ[, we get

‖ fn+1(t)− fn(t)‖ ≤ εn

(

m(t)
(

δ +
3 + δ

1 − L

)

+ 1
)

.

This implies (as above) that { fn(t)}∞
n=1 is a Cauchy sequence and ( fn(t))n converges to f (t) for

almost all t ∈ [0, τ[. Further, since

‖ fn(t)‖ ≤ g(t) + p(t)(‖ϕ‖∞ + r)), ∀ t ∈ [0, τ[,

by (d) and by the dominated convergence theorem, for all t ∈ [0, τ], we get

x(t) = lim
n→∞

xn(t) = lim
n→∞

(

T(t, 0)x0 +
∫ t

0
T(t, s) fn(s) ds

)

= T(t, 0)x0 +
∫ t

0
T(t, s) f (s)ds.

In the rest, we will show that f (t) ∈ F(t, T(t)x) a.e on [0, τ]. First, let t ∈ [0, τ]. By (4), we have

‖T(θn(t))xn − T(t)xn‖∞ = sup
−a≤s≤0

‖xn(θn(t) + s)− xn(t + s)‖ ≤ ω
(

xn, [−a, τ],
1

2
η
( εn

4

))

≤ ω
(

ϕ, [−a, 0],
1

2
η
( εn

4

))

+ ω
(

xn, [0, τ],
1

2
η
( εn

4

))

≤
εn

4
+ εn

(

3 + ‖x0‖+
∫ τ

0

(

g(s) + p(s)(‖ϕ‖∞ + r)
)

ds

)

≤ εnδ.
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Hence ‖T(θn(t))xn − T(t)xn‖∞ converges to 0 as n → +∞. Therefore, since the uniform con-

vergence of xn(·) to x(·) on [−a, τ] implies that T(t)xn converges to T(t)x uniformly on [−a, 0],

we deduce that T(θn(t))xn converges to T(t)x in Ca. Now, observe that by (a),

d( f (t), F(t, T(t)x)) ≤ H(F(t, T(θn(t))xn), F(t, T(t)x)) + ‖ f (t)− fn(t)‖

≤ m(t)‖T(θn(t))xn − T(t)x‖∞ + ‖ f (t) − fn(t)‖

for almost all t ∈ [0, τ[. Since the last term converges to 0, we get f (t) ∈ F(t, T(t)x) a.e on [0, τ].
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Айталiубрахiм М. Результат життєздатностi напiвлiнiйних функцiонально-диференцiальних

включень у банахових просторах // Карпатськi матем. публ. — 2021. — Т.13, №2. — C. 395–404.

У роботi показано результат iснування м’якого розв’язку напiвлiнiйного функцiонально-

диференцiального включення з життєздатнiстю, що регулюється сiм’єю лiнiйних операторiв,

у випадку рухомого обмеження.

Ключовi слова i фрази: оператор еволюцiї, вимiрюванiсть, м’який розв’язок, функцiонально-

диференцiальне включення, життєздатнiсть.


