
ISSN 2075-9827 e-ISSN 2313-0210 https://journals.pnu.edu.ua/index.php/cmp

Carpathian Math. Publ. 2021, 13 (2), 289–297 Карпатськi матем. публ. 2021, Т.13, №2, С.289–297

doi:10.15330/cmp.13.2.289-297

Extreme points of Ls(2l∞) and P(2l∞)

Kim Sung Guen

For n ≥ 2, we show that every extreme point of the unit ball of Ls(2ln
∞) is extreme in Ls(2ln+1

∞ ),
which answers the question in [Period. Math. Hungar. 2018, 77 (2), 274–290]. As a corollary we
show that every extreme point of the unit ball of Ls(2ln

∞) is extreme in Ls(2l∞). We also show that
every extreme point of the unit ball of P(2l2

∞) is extreme in P(2ln
∞). As a corollary we show that

every extreme point of the unit ball of P(2l2
∞) is extreme in P(2l∞).
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Introduction

Throughout the paper, we let n, m ∈ N, n, m ≥ 2. We write BE for the closed unit ball of a
real Banach space E and the dual space of E is denoted by E∗. An element x ∈ BE is called an
extreme point of BE if y, z ∈ BE with x = 1

2(y + z) implies x = y = z. An element x ∈ BE is
called an exposed point of BE if there is an f ∈ E∗ so that f (x) = 1 = ‖ f‖ and f (y) < 1 for every
y ∈ BE \ {x}. It is easy to see that every exposed point of BE is an extreme point. We denote by
ext BE and exp BE the set of extreme points and the set of exposed points of BE, respectively. A
mapping P : E → R is a continuous n-homogeneous polynomial if there exists a continuous
n-linear form T on the product E × · · · × E such that P(x) = T(x, . . . , x) for every x ∈ E. We
denote by P(nE) the Banach space of all continuous n-homogeneous polynomials from E into
R endowed with the norm ‖P‖ = sup‖x‖=1 |P(x)|. We denote by L(nE) the Banach space of
all continuous n-linear forms on E endowed with the norm ‖T‖ = sup‖xk‖=1 |T(x1, . . . , xn)|.
Ls(nE) denotes the closed subspace of all continuous symmetric n-linear forms on E. For more
details about the theory of polynomials and multilinear mappings on Banach spaces, we refer
the reader to [8].

Let us introduce the history of classification problems of the extreme points and the
exposed points of the unit ball of continuous n-homogeneous polynomials on a Banach space.
We let ln

p = R
n for every 1 ≤ p ≤ ∞ equipped with the lp-norm. Y.S. Choi et al. [3–5]

initiated and classified ext BP(2l2
p)

for p = 1, 2. Y.S. Choi and S.G. Kim [7] classified exp BP(2l2
p)

for p = 1, 2, ∞. B.C. Grecu [12] classified ext BP(2l2
p)

for 1 < p < 2 or 2 < p < ∞. In the

paper [41], S.G. Kim et al. showed that if E is a separable real Hilbert space with dim(E) ≥ 2,
then ext BP(2E) = exp BP(2E). In [16], S.G. Kim classified exp BP(2l2

p)
for 1 ≤ p ≤ ∞, and,

in [18, 20], he characterized ext BP(2d∗(1,w)2), where d∗(1, w)2 = R
2 with an octagonal norm
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‖(x, y)‖w = max
{

|x|, |y|, |x|+|y|
1+w

}

for 0 < w < 1. In [25], S.G. Kim classified exp BP(2d∗(1,w)2)

and showed that exp BP(2d∗(1,w)2) 6= ext BP(2d∗(1,w)2). Recently, in [30, 33], he classified

ext BP(2R2
h( 1

2 )
) and exp BP(2R2

h( 1
2 )
), where R

2
h( 1

2 )
= R

2 with a hexagonal norm ‖(x, y)‖h( 1
2 )

=

max
{

|y|, |x| + 1
2 |y|

}

.

Parallel to the classification problems of ext BP(nE) and exp BP(nE), it seems to be very
natural to study the classification problems of the extreme points and the exposed points of
the unit ball of continuous (symmetric) multilinear forms on a Banach space.

In the works [17,19,21,22,24,28,29,32,34,36,37], S.G. Kim classified ext BLs(2l2
∞), exp BLs(2l2

∞),
ext BLs(2d∗(1,w)2), ext BL(2d∗(1,w)2), exp BLs(2d∗(1,w)2), exp BL(2d∗(1,w)2), ext BLs(2l3

∞), exp BLs(3l2
∞),

ext BL(2ln
∞), ext BLs(2ln

∞), ext BL(nl2
∞) and ext BLs(nl2

∞), characterized ext BL(2l3
∞), exp BL(2l3

∞) and
studied ext BL(2l∞). He showed that ext BLs(2l2

∞) = exp BLs(2l2
∞), ext BLs(2l3

∞) = exp BLs(2l3
∞),

ext BLs(3l2
∞) = exp BLs(3l2

∞), exp BL(2ln
∞) = ext BL(2ln

∞), exp BLs(2ln
∞) = ext BLs(2ln

∞), | ext BL(nl2
∞)| =

2(2
n), | ext BLs(nl2

∞)| = 2n+1, exp BL(nl2
∞) = ext BL(nl2

∞) and exp BLs(nl2
∞) = ext BLs(nl2

∞). In [2],
M. Cavalcante et al. characterized ext BL(nlm

∞). In [38], S.G. Kim classified extreme points and
exposed points of the unit ball of the space of bilinear symmetric forms on the real Banach
space of bilinear symmetric forms on l2

∞. It is shown that for this case, the set of extreme points
is equal to the set of exposed points. In [39], he characterized ext BL(nRm

‖·‖
) and ext BLs(nRm

‖·‖
),

where R
m
‖·‖

is R
m with a norm ‖ · ‖ such that | ext BRm

‖·‖
| = 2m for m ≥ 2. Recently, S.G. Kim [40]

characterized ext BL(nl1)
and ext BLs(nl1)

for n ≥ 2.

We refer the reader to [1, 6, 9–11, 13–15, 23, 26, 27, 31, 35–38, 42–49] and references therein
for some recent work about extremal properties of homogeneous polynomials and multilinear
forms on Banach spaces.

In this paper, for n ≥ 2, we show that every extreme point of the unit ball of Ls(2ln
∞) is

extreme in Ls(2ln+1
∞ ), which answers the question in [32]. As a corollary we show that every

extreme point of the unit ball of Ls(2ln
∞) is extreme in Ls(2l∞). We also show that every extreme

point of the unit ball of P(2l2
∞) is extreme in P(2ln

∞). As a corollary we show that every extreme
point of the unit ball of P(2l2

∞) is extreme in P(2l∞).

1 Results

Let n, m ≥ 2 and lm
∞ = R

m with the l1-norm. Set

Wn,m :=
{(

(

1, w
(1)
2 , . . . , w

(1)
m

)

, . . . ,
(

1, w
(n)
2 , . . . , w

(n)
m

)

)

: w
(k)
j = ±1 for 1 ≤ k ≤ n, 2 ≤ j ≤ m

}

.

Note that Wn,m has 2(m−1)n elements in Slm
∞
× · · · × Slm

∞
.

For (aj1 , . . . , ajn), (ai1 , . . . , ain
) ∈ Wn,m, we define an equivalence relation ∼ by

(aj1 , . . . , ajn) ∼ (ai1 , . . . , ain
)

if and only if j1 = iφ(1), . . . , jn = iφ(n) for some permutation φ on {1, . . . , n}. In Wn,m,

[(

(

1, w
(1)
2 , . . . , w

(1)
m

)

, . . . ,
(

1, w
(n)
2 , . . . , w

(n)
m

)

)]

denotes the equivalence class containing
(

(

1, w
(1)
2 , . . . , w

(1)
m

)

, . . . ,
(

1, w
(n)
2 , . . . , w

(n)
m

)

)

.
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Let

Un,m :=
{[(

(

1, w
(1)
2 , . . . , w

(1)
m

)

, . . . ,
(

1, w
(n)
2 , . . . , w

(n)
m

)

)]

:
(

(

1, w
(1)
2 , . . . , w

(1)
m

)

, . . . ,
(

1, w
(n)
2 , . . . , w

(n)
m

)

)

∈ Wn,m

}

.

Lemma 1. Let n ≥ 2 and Z1, . . . , Zn(n+1)
2

∈ U2,n. Then there are 1 ≤ i1 < · · · < in ≤ n(n+1)
2 and

Zik
=

[(

1, x
(ik)
2 , . . . , x

(ik)
n

)

,
(

1, y
(ik)
2 , . . . , y

(ik)
n

)]

for k = 1, . . . , n, such that

(

1, x
(i1)
2 , . . . , x

(i1)
n

)

, . . . ,
(

1, x
(in)
2 , . . . , x

(in)
n

)

are linearly independent in R
n or

(

1, y
(i1)
2 , . . . , y

(i1)
n

)

, . . . ,
(

1, y
(in)
2 , . . . , y

(in)
n

)

are linearly independent in R
n.

The following result answers the question in the front of Theorem 3.5 of [32].

Theorem 1. The inclusion ext BLs(2ln
∞) ⊂ ext BLs(2ln+1

∞ ) holds for every n ≥ 2.

Proof. Let T ∈ ext BLs(2ln
∞). Suppose that T = 1

2(S1 + S2) for some S1, S2 ∈ Ls(2ln+1
∞ ) with

‖S1‖ = 1 = ‖S2‖. Notice that, for i = 1, 2, we have Si

(

(

x1, . . . , xn, 0
)

,
(

y1, . . . , yn, 0
)

)

∈ Ls(2ln
∞),

∥

∥

∥
Si

(

(

x1, . . . , xn, 0
)

,
(

y1, . . . , yn, 0
)

)∥

∥

∥
≤ 1 and

T =
1

2

(

S1

(

(

x1, . . . , xn, 0
)

,
(

y1, . . . , yn, 0
)

)

+ S2

(

(

x1, . . . , xn, 0
)

,
(

y1, . . . , yn, 0
)

))

.

Since T ∈ ext BLs(2ln
∞), T

(

(

x1, . . . , xn

)

,
(

y1, . . . , yn

)

)

= S1

(

(

x1, . . . , xn, 0
)

,
(

y1, . . . , yn, 0
)

)

.

Hence,

S1

(

(

x1, . . . , xn+1
)

,
(

y1, . . . , yn+1
)

)

= T
(

(

x1, . . . , xn

)

,
(

y1, . . . , yn

)

)

+ b1(x1yn+1 + xn+1y1) + b2(x2yn+1 + xn+1y2) + · · ·

+ bn(xnyn+1 + xn+1yn) + cxn+1yn+1

and

S2

(

(

x1, . . . , xn+1
)

,
(

y1, . . . , yn+1
)

)

= T
(

(

x1, . . . , xn

)

,
(

y1, . . . , yn

)

)

− b1(x1yn+1 + xn+1y1) + b2(x2yn+1 + xn+1y2) + · · ·

+ bn(xnyn+1 + xn+1yn) + cxn+1yn+1.

We claim that 0 = b1 = · · · = bn = c.

By [35, Theorem 3.4], there exist Z1, . . . , Zn(n+1)
2

∈ U2,n such that |T(Zk)| = 1 for

1 ≤ k ≤ n(n+1)
2 . Write

Zk =
[(

1, x
(k)
2 , . . . , x

(k)
n

)

,
(

1, y
(k)
2 , . . . , y

(k)
n

)]

for k = 1, . . . ,
n(n + 1)

2
.
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It follows that

1 ≥ max
{
∣

∣

∣
Si

(

(

1, x
(k)
2 , . . . , x

(k)
n , xn+1

)

,
(

1, y
(k)
2 , . . . , y

(k)
n , yn+1

)

)
∣

∣

∣
:

|xn+1| ≤ 1, |yn+1| ≤ 1, 1 ≤ k ≤
n(n + 1)

2
, i = 1, 2

}

= max
{

|T(Zk)|+
∣

∣

∣
b1(yn+1 + xn+1) + b2(x

(k)
2 yn+1 + xn+1y

(k)
2 ) + · · ·

+ bn(x
(k)
n yn+1 + xn+1y

(k)
n ) + cxn+1yn+1

∣

∣

∣
:

|xn+1| ≤ 1, |yn+1| ≤ 1, 1 ≤ k ≤
n(n + 1)

2
, i = 1, 2

}

= max
{

1 +
∣

∣

∣
b1(yn+1 + xn+1) + b2(x

(k)
2 yn+1 + xn+1y

(k)
2 ) + · · ·

+ bn(x
(k)
n yn+1 + xn+1y

(k)
n ) + cxn+1yn+1

∣

∣

∣
:

|xn+1| ≤ 1, |yn+1| ≤ 1, 1 ≤ k ≤
n(n + 1)

2
, i = 1, 2

}

,

which imply that, for all |xn+1| ≤ 1, |yn+1| ≤ 1, 1 ≤ k ≤ n(n+1)
2 ,

0 = b1(yn+1 + xn+1) + b2(x
(k)
2 yn+1 + xn+1y

(k)
2 ) + · · ·+ bn(x

(k)
n yn+1 + xn+1y

(k)
n ) + cxn+1yn+1,

0 = b1(−yn+1− xn+1)+b2(−x
(k)
2 yn+1− xn+1y

(k)
2 )+· · ·+ bn(−x

(k)
n yn+1− xn+1y

(k)
n )+ cxn+1yn+1,

which shows that c = 0 and for 1 ≤ k ≤ n(n+1)
2 ,

0 = b1 + b2x
(k)
2 + · · ·+ bnx

(k)
n , (1)

0 = b1 + b2y
(k)
2 + · · ·+ bny

(k)
n .

By Lemma 1, there exist Zi1 , . . . , Zin
for 1 ≤ i1 < · · · < in ≤ n(n+1)

2 such that
(

1, x
(i1)
2 , . . . , x

(i1)
n

)

, . . .,
(

1, x
(in)
2 , . . . , x

(in)
n

)

are linearly independent in R
n or

(

1, y
(i1)
2 , . . . , y

(i1)
n

)

, . . .,
(

1, y
(in)
2 , . . . , y

(in)
n

)

are linearly independent in R
n.

Let A, B be the n × n matrices such that
[

Row(A)
]

j
=

(

1, x
(ij)

2 , . . . , x
(ij)
n

)

,
[

Row(B)
]

j
=

(

1, y
(ij)

2 , . . . , y
(ij)
n

)

for 1 ≤ j ≤ n. By (1), we have

A(b1, . . . , bn)
t = (0, . . . , 0)t, B(b1, . . . , bn)

t = (0, . . . , 0)t.

If
(

1, x
(i1)
2 , . . . , x

(i1)
n

)

, . . . ,
(

1, x
(in)
2 , . . . , x

(in)
n

)

are linearly independent in R
n, then A is invertible

and so 0 = b1 = · · · = bn. Similarly, if
(

1, y
(i1)
2 , . . . , y

(i1)
n

)

, . . . ,
(

1, y
(in)
2 , . . . , y

(in)
n

)

are linearly
independent in R

n, then B is invertible and so 0 = b1 = · · · = bn.
Hence, S1 = T = S2. Therefore, T ∈ ext BLs(2ln+1

∞ ).

Theorem 2. The inclusion
⋃∞

n=1 ext BLs(2ln
∞) ⊂ ext BLs(2l∞) holds.

Proof. Let T ∈ ext BLs(2ln
∞) for some n ≥ 1. Suppose that T = 1

2(S1 + S2) for some S1, S2 ∈

Ls(2l∞) with ‖S1‖ = 1 = ‖S2‖. Write

T
(

(

x1, . . . , xn

)

,
(

y1, . . . , yn

)

)

= ∑
1≤i,j≤n

aijxiyj
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and

Sk

(

(

x1, . . . , xn, · · ·
)

,
(

y1, . . . , yn, · · ·
)

)

=
∞

∑
i,j=1

b
(k)
ij xiyj for k = 1, 2,

where aij, b
(k)
ij ∈ R.

Claim. b
(1)
ij = 0 = b

(2)
ij if i > n or j > n.

Let m = max{i, j} > n and Tk := Sk|lm
∞×lm

∞
∈ Ls(2lm

∞) for k = 1, 2. By Theorem 1,
T ∈ ext BLs(2lm

∞). Since ‖Tk‖ ≤ 1 for all k = 1, 2 and T = 1
2(T1 + T2), T = T1 = T2. Hence,

b
(1)
ij = 0 = b

(2)
ij and als = b

(1)
ls = b

(2)
ls for every 1 ≤ l, s ≤ n. Hence, T = S1 = S2. Therefore,

T ∈ ext BLs(2l∞).

Question. Is it true that
⋃∞

n=1 ext BLs(2ln
∞) = ext BLs(2l∞)?

Let n ∈ N with n ≥ 2 and P ∈ P(2ln
∞). Write, for (x1, . . . , xn) ∈ ln

∞,

P(x1, . . . , xn) = ∑
1≤i≤n

aix
2
i + ∑

1≤j<k≤n

bjkxjxk

for some ai, bjk ∈ R.

In [5], it was shown that

ext BP(2l2
∞) =

{

± x2
1, ±x2

2, ±
(

ax2
1 − ax2

2 ± 2
√

a(1 − a)x1x2

)

:
1

2
≤ a ≤ 1

}

.

Theorem 3. The inclusion ext BP(2l2
∞) ⊂ ext BP(2ln

∞) holds for every n ≥ 3.

Proof. Claim 1. P(x1, . . . , xn) = ax2
1 − ax2

2 + 2
√

a(1 − a)x1x2 ∈ ext BP(2ln
∞) for 1

2 ≤ a ≤ 1.

Use induction on n.

Let n = 3. Suppose that P = 1
2(Q1 + Q2) for some Q1, Q2 ∈ P(2l3

∞) with ‖Q1‖ = 1 = ‖Q2‖.
Write

Q1(x, y, z) = (a + c1)x2 − (a + c2)y
2 +

(

2
√

a(1 − a) + c3

)

xy + d1xz + d2yz + d3z2

and

Q2(x, y, z) = (a − c1)x2 − (a − c2)y
2 +

(

2
√

a(1 − a)− c3

)

xy − d1xz − d2yz − d3z2

for some cj, dj ∈ R for j = 1, 2, 3.

Notice that Qj(x, y, 0) ∈ P(2l2
∞), ‖Qj(x, y, 0)‖ = 1, P = 1

2

(

Q1(x, y, 0) + Q2(x, y, 0)
)

for
j = 1, 2. Since P(x, y) ∈ ext BP(2l2

∞), P(x, y) = Q1(x, y, 0), which shows that cj = 0 for j = 1, 2, 3.
Hence,

Q1(x, y, z) = P(x, y) + d1xz + d2yz + d3z2 and Q2(x, y, z) = P(x, y)− d1xz − d2yz − d3z2.

It follows that

1 ≥ max
{
∣

∣

∣
Qj(1,

√

1 − a

a
, z
)
∣

∣

∣
,
∣

∣

∣
Qj

(

√

1 − a

a
,−1, z

)
∣

∣

∣
: |z| ≤ 1, j = 1, 2

}

= max
{

1 +
∣

∣

∣
d1z + d2

√

1 − a

a
z + d3z2

∣

∣

∣
, 1 +

∣

∣

∣
d1

√

1 − a

a
z − d2z + d3z2

∣

∣

∣

}

,
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which imply that, for all |z| ≤ 1,

0 = d1z + d2

√

1 − a

a
z + d3z2, 0 = d1

√

1 − a

a
z − d2z + d3z2.

Therefore, dj = 0 for j = 1, 2, 3. Hence, P(x, y) ∈ ext BP(2l3
∞) for 1

2 ≤ a ≤ 1.

Suppose that for n = k, P(x, y) = ax2 − ay2 + 2
√

a(1 − a)xy ∈ ext BP(2lk
∞) for 1

2 ≤ a ≤ 1.

We will show that P(x, y) ∈ ext B
P(2lk+1

∞ )
for 1

2 ≤ a ≤ 1. Suppose that P = 1
2(R1 + R2) for some

R1, R2 ∈ P(2lk+1
∞ ) with ‖R1‖ = 1 = ‖R2‖. By the above argument, we may assume that

R1(x, y, z1, . . . , zk−1) = P(x, y) + Axzk−1 + Byzk−1 + Cz2
k−1 + ∑

1≤j≤k−2

Djzjzk−1

and

R2(x, y, z1, . . . , zk−1) = P(x, y)−
(

Axzk−1 + Byzk−1 + Cz2
k−1 + ∑

1≤j≤k−2

Djzjzk−1

)

for some A, B, C, Dj ∈ R, 1 ≤ j ≤ k − 2. It follows that

1 ≥ max
{
∣

∣

∣
Rj

(

1,

√

1 − a

a
, z1, . . . , zk−1

)
∣

∣

∣
,
∣

∣

∣
Qj

(

√

1 − a

a
,−1, z1, . . . , zk−1

)
∣

∣

∣
:

|zi| ≤ 1, i = 1, . . . , k − 1, j = 1, 2
}

= max
{

1 +
∣

∣

∣
Azk−1 + B

√

1 − a

a
zk−1 + Cz2

k−1 + ∑
1≤j≤k−2

Djzjzk−1

∣

∣

∣
,

1 +
∣

∣

∣
A

√

1 − a

a
zk−1 − Bzk−1 + Cz2

k−1 + ∑
1≤j≤k−2

Djzjzk−1

∣

∣

∣

}

,

which imply that, for all |zi| ≤ 1, i = 1, . . . , k − 1, we have

0 = Azk−1 + B

√

1 − a

a
zk−1 + Cz2

k−1 + ∑
1≤j≤k−2

Djzjzk−1,

0 = A

√

1 − a

a
zk−1 − Bzk−1 + Cz2

k−1 + ∑
1≤j≤k−2

Djzjzk−1.

If zj = 0 for 1 ≤ j ≤ k − 2, then

0 = Azk−1 + B

√

1 − a

a
zk−1 + Cz2

k−1, 0 = A

√

1 − a

a
zk−1 − Bzk−1 + Cz2

k−1,

which shows that A = B = C = 0. If zk−1 = 1, then

0 = ∑
1≤j≤k−2

Djzjzk−1 = ∑
1≤j≤k−2

Djzj for |zj| ≤ 1, j = 1, . . . , k − 2,

which implies that Dj = 0 for j = 1, . . . , k − 2. Hence, P(x, y) ∈ ext B
P(2lk+1

∞ )
for 1

2 ≤ a ≤ 1. We
have shown Claim 1. Similarly, −P ∈ ext BP(2ln

∞).

Claim 2. P(x1, . . . , xn) = x2
1 ∈ ext BP(2ln

∞).

Suppose that P = 1
2(Q1 + Q2) for some Q1, Q2 ∈ P(2ln

∞) with ‖Q1‖ = 1 = ‖Q2‖. Since
1 = P(e1) =

1
2(Q1(e1) + Q2(e1)), we have 1 = Q1(e1) = Q2(e1). Hence,

Q1(x1, . . . , xn) = x2
1 + ∑

2≤i≤n

aix
2
i + ∑

1≤j<k≤n

bjkxjxk



Extreme points of Ls(2l∞) and P(2l∞) 295

and
Q2(x1, . . . , xn) = x2

1 − ∑
2≤i≤n

aix
2
i − ∑

1≤j<k≤n

bjkxjxk

for some ai, bjk ∈ R.
We will show that ai = 0 = bjk for every 2 ≤ i ≤ n, 1 ≤ j < k ≤ n. Let 2 ≤ j ≤ n be fixed. It

follows that, for i = 1, 2, |t| ≤ 1,

1 ≥
∣

∣

∣
Qi(e1 + tej)

∣

∣

∣
= 1 +

∣

∣

∣
ajt

2 + b1jt
∣

∣

∣
,

which shows that ajt
2 + b1jt = 0 for |t| ≤ 1, hence aj = b1j = 0 for 2 ≤ j ≤ n. Let 2 ≤ k < j ≤ n

be fixed. It follows that
1 ≥

∣

∣

∣
Qi(e1 + ek + ej)

∣

∣

∣
= 1 +

∣

∣

∣
bkj

∣

∣

∣
,

which shows that bkj = 0 for 2 ≤ k < j ≤ n. We have shown Claim 2. Similarly, −x2
1, ±x2

2 ∈

ext BP(2ln
∞). Therefore, we complete the proof.

Corollary 1. The inclusion ext BP(2l2
∞) ⊂ ext BP(2l∞) holds.

Proof. Let P ∈ ext BP(2l2
∞). Suppose that P = 1

2(Q1 + Q2) for some Q1, Q2 ∈ P(2l∞) with
‖Q1‖ = 1 = ‖Q2‖. Write

P
(

(x1, x2)
)

=
2

∑
i,j=1

aijxixj and Qk

(

(x1, . . . , xn, · · · )
)

=
∞

∑
i,j=1

b
(k)
ij xixj for k = 1, 2,

where aij, b
(k)
ij ∈ R.

Claim. b
(1)
ij = 0 = b

(2)
ij if i > 2 or j > 2.

Let m = max{i, j} > 2 and Rk := Qk|lm
∞

∈ P(2lm
∞) for k = 1, 2. By Theorem 3,

P ∈ ext BP(2lm
∞). Since ‖Rk‖ ≤ 1 for all k = 1, 2 and P = 1

2(R1 + R2), P = R1 = R2. Hence,

b
(1)
ij = 0 = b

(2)
ij and als = b

(1)
ls = b

(2)
ls for every 1 ≤ l, s ≤ n. Hence, P = Q1 = Q2. Therefore,

P ∈ ext BP(2l∞).
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Ми доводимо, що для n ≥ 2 кожна екстремальна точка одиничної кулi простору Ls(2ln
∞)

є екстремальною в Ls(2ln+1
∞ ). Це дає вiдповiдь на питання, поставлене в [Period. Math. Hungar.

2018, 77 (2), 274–290]. Як наслiдок, ми показуємо, що кожна екстремальна точка одиничної кулi
простору Ls(2ln

∞) є екстремальною в Ls(2l∞). Також ми показуємо, що кожна екстремальна
точка одиничної кулi простору P(2l2

∞) є екстремальною в P(2ln
∞). Як наслiдок, ми показуємо,

що кожна екстремальна точка одиничної кулi простору P(2l2
∞) є екстремальною в P(2l∞).

Ключовi слова i фрази: екстремальна точка, симетрична бiлiнiйна форма, двоходнорiднi по-
лiноми на просторi l∞.


