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ON THE LIE STRUCTURE OF LOCALLY MATRIX ALGEBRAS
BEZUSHCHAK O.

Let A be a unital locally matrix algebra over a field FF of characteristic different from 2. We find
a necessary and sufficient condition for the Lie algebra A /TF - 1 to be simple and for the Lie algebra
of derivations Der(A) to be topologically simple. The condition depends on the Steinitz number of
A only.
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INTRODUCTION

Let F be a ground field of characteristic different from 2 and let IN be the set of all positive
integers. Recall that an associative F-algebra A is called a locally matrix algebra (see [9,10]) if for
an arbitrary finite subset of A there exists a subalgebra B C A containing this subset and such
that B = M,,(F) for some n € IN. We call a locally matrix algebra unital if it contains unit 1.

Let IP be the set of all primes. An infinite formal product of the form

s = []p?, where r, e NU{0,00} forall pelP, (1)
pelP

is called Steinitz number; see [12]. Denote by symbol SIN the set of all Steinitz numbers. Let

s1 = []p7, s2 = Hpkf’ € SIN.
pelP pelP

Then
S1-Sp = H prﬁkl’ , where k, € NU {0, o},
pelP
and f+ 00 =00+t =00+ 00 =00 forallt € N.

Let A be a countable-dimensional unital locally matrix algebra. In [5], ].G. Glimm defined
the Steinitz number st(A) of the algebra A and proved that the algebra A is uniquely deter-
mined by st(A).

In [2], we extended Glimm'’s definition to unital locally matrix algebras of arbitrary dimen-
sions. For a unital locally matrix algebra A denote by D(A) the set of all numbers n € IN such
that there exists a subalgebra A’ C A, 1 € A’,and A’ = M,,(F). The Steinitz number st(A) of the
algebra A is the least common multiple of the set D(A). It turned out that a unital locally matrix
algebra A of dimension > R is no longer determined by its Steinitz number st(A); see [2,3].
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An associative algebra A gives rise to the Lie algebra
A) = (A, [a,b] = ab — ba).

Along with the Lie algebra A(~) we will consider its square [A, A]. Let Z(A) denote the center
of the associative algebra A. In [6], LN. Herstein showed that if A is a simple associative algebra
then the Lie algebra

[A, Al Z(A) N [A, A] (2)
is simple. Since a locally matrix algebra A is simple, it follows that the Lie algebra (2) is simple.
Let M,,(IF) be a matrix algebra, gl(n) = (M, (F)) =), Z(M,(F)) = FF - 1. The Lie algebra

pgl(n) = gl(n) /F-1

is simple unless p = char F > 0 and p divides #; see [11]. We will show that for an infinite-
dimensional unital locally matrix algebra A simplicity of the Lie algebra

AD) S| (3)

depends only on the Steinitz number st(A).
For a Steinitz number (1) denote vy (s) = ry.

Theorem 1. The Lie algebra (3) is simple if and only if
charF =0

or
charF=p >0 and vp(st(A)) =0 or oo.

Recall that a linear transformation d : A — A of an algebra A is called a derivation if
d(ab) = d(a)-b + a-d(b)

for arbitrary elements a, b € A. The vector space Der(A) of all derivations of an algebra A is
a Lie algebra with respect to commutation; see [7]. If A is an associative algebra then for an
arbitrary element a2 € A the operator

ad(a): A — A, x — [a,x],

is an inner derivation. The subspace Inder(A) = {ad(a)|a € A} of all inner derivations is an
ideal of the Lie algebra Der(A).

Let X be an arbitrary set. The set Map(X, X) of all mappings X — X is equipped with
Tykhonoff topology; see [13]. The subspace of all derivations Der(A) of an algebra A is closed
in Map(A, A) in Tykhonoff topology. It makes the Lie algebra Der(A) a topological algebra.

Theorem 2. Let A be a unital locally matrix algebra. Then
(1) the Lie algebra [Der(A), Der(A)] is topologically simple;

(2) the Lie algebra Der(A) is topologically simple if and only if char F = 0 orchar F = p > 0
and vy (st(A)) = 0 orco.
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1 TPROOF OF THE THEOREM 1

Proof. Let A be a unital locally matrix [F-algebra. We will show that
A = [AA]+F-1 ifandonlyif charF =0

or charF=p >0 and vp(st(A)) =0orco.

Consider a matrix algebra M, (). Then [M,(FF), M, (F)] = {a € My(F) |tr(a) = 0} =
sl(n). If char F = 0 or char F = p > 0 and p does not divide n then tr(1) = n # 0, and
therefore a = <a — Lir(a) - 1) + Ltr(a)-1 € sl(n) +F -1 for an arbitrary elementa € A. It

implies that
Mu(F) = [Mu(F), M,(F)] + F-1.

If p divides n then tr(1) = 0, hence
[M,,(F), My(F)] + F-1 = sl(n) # Mu(F).

If char F = O or char F = p > 0 and p does not divide st(A) then for an arbitrary matrix
subalgebra 1 € A; C A, A1 = M, (F), the characteristic p does not divide n. Hence

A1 = [A, A + F-1.

So,A=[AAl+F-1
Suppose now that p® divides st(A). Consider a matrix subalgebra

le AyCA A= Mn(]F)

The number n divides st(A). Since p*® divides st(A) it follows that pn also divides st(A).
Hence, there exists a subalgebra A, C A such that

Al C Ay Ary=My(F) and p divides m/n.
Let C be the centralizer of the subalgebra A; in A;. We have
Ay = A ®p C, C 2= M, ,,(F)
(see [4,8]). For arbitrary elements a € Ay, b € C we have

tra,(ab) = tra (a) - trc(b),
where tra,, tra,, trc are traces in the subalgebras A;, Ay, C, respectively. We have

tre(1) = % = 0.

Hence,
tra, (A1 ®1) = tra (Ay) - tre(1) = {0},

and therefore A1 C [Ajp, Ap]. We showed that if p® divides st(A) then A = [A, A].
Suppose now that v,(st(A)) =k, 1 < k < co. Consider a subalgebra

1le A1 C A, Ay =2 My, (F).

p
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Choose an element a € Aj such that tr, (a) # 0. We claim that
ad [AA+F-1. @)

Indeed, if the element a lies in the right hand side then there exists a subalgebra A, C A such
that
A1 C Ay, Ay = Mn(]F) and a € [Az,Az] +F-1.

Since p divides 7 it follows that trs,(1) = 0, hence tru,(a) = 0.

As above, let C be the centralizer of the subalgebra A; in Aj, so that Ay = A; ®p C. The
algebra C is isomorphic to the matrix algebra M,,(FF), where m = n/p*. The number m is
coprime with p, hence trc(1) = m # 0. Now,

trp,(a) = tra,(a®1) = try (a) - trc(1) # 0.

This contradiction completes the proof of the claim (4).
If A=[A Al +F-1then

AC) SE.1 2 [A Al [AAINF- 1.

In this case, the Lie algebra A(~) /.1 is simple by LN. Herstein’s Theorem (see [6]). If
A =[A, Al + F - 1is a proper subspace of A then

[AAl+F-1/F.1
is a proper ideal in the Lie algebra A(~) /. 1. This completes the proof of Theorem 1. O
Consider the homomorphism
¢: A7) = Inder(A), ¢(a) =ad(a), ac A.
Since Ker ¢ = Z(A) = FF - 1 it follows that Inder(A) = A(-) /F.1.
Corollary 1. (1) The Lie algebra [Inder(A), Inder(A)] is simple.

(2) The Lie algebra Inder(A) is simple if and only if char F = 0 or char F = p > 0 and
vp(st(A)) = 0 orco.

Proof. The Lie algebra
[Inder(A), Inder(A)] = [A,A] /[A,A]NF-1

is simple by LN. Herstein’s Theorem (see [6]). The part (2) immediately follows from Theo-
rem 1. g

2 PROOF OF THE THEOREM 2

Lemma 1. Let A be an infinite-dimensional locally matrix algebra. Letd € Der(A) and sup-
pose that d([A, A)) lies in the center of the algebra A. Then d = 0.
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Proof. Let Z be the center of A. If A is not unital then Z = {0}. If A is unital then Z = F - 1.
Consider a subalgebra A; C A such that A; = M, (F) for somen > 4, and let ¢ : M, (F) — A;
be an isomorphism. An arbitrary matrix unite;;, 1 < i # j < n, lies in [M,,(IF), My (IF)]. Choose
distinct indices 1 <, j,s,t < n. Then ¢;; = [eis,esj]. Hence,

d(p(eij)) € Zo(eis) + Zo(es).

On the other hand, e;; = [ey, e;], which implies d(¢@(e;j)) € Zg(eir) + Zg(ey;). Hence,
d(¢p(e;;)) = 0. The algebra M, (IF) is generated by matrix units e;;, 1 < i # j < n. So,
d(¢(M,(F))) = {0}, and therefore d(A) = {0}. This completes the proof of the Lemma. [

In [1], we showed that for an arbitrary locally matrix algebra A the ideal Inder(A) is dense
in the Lie algebra Der(A) in the Tykhonoff topology.

Proof of Theorem 2. (1) Let I be a nonzero closed ideal of the Lie algebra [Der(A), Der(A)].
Choose a nonzero element d € I. For an arbitrary element a € [A, A] we have

[d,ad(a)] = ad(d(a)) € [Inder(A),Inder(A)].
By Lemma 1, we can choose an element a € [A, A| so that d(a) # 0. Hence,
I N [Inder(A),Inder(A)] # {0}.
Since the Lie algebra [Inder(A), Inder(A)] is simple it follows that
[Inder(A),Inder(A)] C I.

We have mentioned above that Inder(A) is dense in the Lie algebra Der(A) in the Tykhonoff
topology; see [1]. Hence, [Inder(A), Inder(A)] is dense in the Lie algebra [Der(A), Der(A)].
Since the ideal I is closed we conclude that I = [Inder(A), Inder(A)].

(2) Let I be a nonzero closed ideal of the Lie algebra Der(A). Choose a nonzero derivation
d € 1. By Lemma 1, there exists an element a € A such that d(a) does not lie in IF - 1, hence

0 # ad(d(a)) = [d,ad(a)] € IN Inder(A).

Suppose that char IF = 0 or char F = p > 0 and v,(st(A)) = 0 or cc. Then the Lie algebra
Inder(A) is simple, and therefore Inder(A) C I. Since Inder(A) is dense in Der(A) (see [1])
and the ideal I is closed it follows that I = Der(A).

Now suppose that v, (st(A)) =k, 1 < k < co. There exists a subalgebra A; in A such that

1€ Ay and A1 = Mpk(lF)

Choose an element a € A; such that try, (a) # 0. We will show that the inner derivation ad(a)
does not lie in the closure

[Der(A),Der(A)] = [Inder(A),Inder(A)],

and therefore [Inder(A),Inder(A)] is a proper closed ideal in the Lie algebra Der(A). If ad(a)
lies in the closure of [Inder(A), Inder(A)] then, by the definition of the Tykhonoff topology,
there exist elements a;,b; € A, 1 < i < n, such that

(sdt@) ~ 1l ) ) 41) = {0}
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There exists a subalgebra A, C A such that
A1 C Ay, aa,b€A, 1<i<n, and A; = M,(F).
As above, we consider the centralizer C of the subalgebra A in A; such that
Ay=A ®@pC, C=M;(F) and t=m/p"isnotamultiple of p.

Consider the element .

b = Z [ai, bz] € A,.
i=1
The difference a — b commutes with all elements from A;, hencea —b = ¢ € C.
In the algebra A, we have

tra,(c) = tra,(1®c) = try, (1) -trc(c) = 0.
Hence, tra,(a) = tra,(b) +tra,(c) = 0.
On the other hand, tr, (a) = tra,(a ® 1) = try, (a) - t # 0. This contradiction completes the
proof of Theorem 2. O
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Hexait A — yHiTaAbHa AOKaABHO MaTpudHa aArebpa Haa moaeM F xapaxkTepmcTnky BiaMiHHOT
Bia 2. 3HalAeHO HeobXiAHY i AocTaTHIO yMOBY Toro, o6 aarebpa Ai A/IF -1 6yaa mpocroro, a
aarebpa Ai andpepertiitoBans Der(A) — Tomoaoriuro npocroo. CdpopMyAbOBaHA YMOBA 3aA€XNTH
Amtrre Bia uncaa CreltHira aarebpu A.

Kntouosi crosa i ¢ppasu: AOKaABHO MaTpMUHA aArebpa, AudpepeHITiIOBaHHS.



