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On hereditary irreducibility of some monomial matrices over
local rings

Tylyshchak A.A.1, Demko M. 2

We consider monomial matrices over a commutative local principal ideal ring R of type

M(t, k, n) = Φ
(

Ik 0
0 tIn−k

)

, 0 < k < n, where t is a generating element of Jacobson radical J(R) of

R, Φ is the companion matrix to λn − 1 and Ik is the identity k × k matrix. In this paper, we indicate

a criterion of the hereditary irreducibility of M(t, k, n) in the case t

[
k·(n−k)

n

]

+1
6= 0.

Key words and phrases: local ring, Jacobson radical, irreducible matrix, monomial matrix, hered-
itary irreducible matrix.
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Introduction

We say that n × n matrices A and B over a commutative ring R with identity are similar

over R if there exists an invertible n × n matrix P such that B = P−1AP. It is well known [10, p.

238] that two square matrices over a field are similar if and only if their canonical rational

forms are equal. The problem of classifying, up to similarity, all matrices over a commutative

ring (which is not a field) is usually very difficult; in most cases it is “unsolvable” (wild), as

in the case of rings of residue classes [3]. It has been solved only for square matrices of small

degree over some principle ideal rings (for example, see [2,11,12]). The ring of rational integers

is one of the most important cases. Let Z, Zm and Ip be the ring of integers, ring of residues

modulo m ≥ 2 and the ring of p-adic integers, respectively. Let A, B be n × n matrices over

the ring Z. Denote their images under the reduction homomorphism modulo m by Am and

Bm, respectively. It is well known (see [13]) that the similarity (over Zm) of Am and Bm for all

m ≥ 2 not implies the similarity of A and B over Z. However, H. Applegate and H. Onishi [1]

proved that n × n matrices A and B over Ip are similar over Ip if and only if Apr , Bpr are similar

over Zpr for all r ≥ 1. In such situation, an important place is occupied by matrices over

commutative local principle ideals rings (like Zpr ).

The knowledge of all, up to similarity, irreducible matrices of any degree over a commu-

tative ring with identity is also still far from complete. It is well known that if characteristic

polynomial of a square matrix over a commutative ring with identity is irreducible, then the
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matrix is irreducible. Converse is true for fields [10, p. 243, Ex. 20] but, in general, it is not true

for commutative rings. This paper is devoted to one class of square monomial matrices of any

size over commutative rings, which first arose in studying indecomposable representations

of finite p-groups over commutative local rings [9].They were studied more extensively (and

more generally) in [4–6].

Let R be a commutative ring with Jacobson radical J(R) 6= 0 and t be a non-zero element

from J(R). Consider an n × n matrix over R of the following form

M(t, k, n) := Φn

(
Ik 0

0 tIn−k

)

=








0 ... 0 0 ... 0 t
1 ... 0 0 ... 0 0...

. . .
...

...
. . .

...
...

0 ... 1 0 ... 0 0
0 ... 0 t ... 0 0...

. . .
...

...
. . .

...
...

0 ... 0 0 ... t 0








,

where 0 < k < n, Φn is the companion matrix to the polynomial xn − 1 and Is is the identity

s × s matrix. Let (n, k) denotes the greatest common divisor of n and k. In [7] it was shown

that if (n, k) > 1, then for any positive divisor d > 1 of the number (n, k) the matrix M(t, k, n)

is similar over R to a matrix of the following form
(

M(t,k′,n′) B
0 A

)

, where k′ = k
d and n′ = n

d .

The matrix M(t, k, n) is said to be hereditary reducible if it is similar to a matrix
(

M(t, k′, n′) B

0 A

)

, 0 ≤ k′ ≤ n′, 0 < n′
< n,

and hereditary irreducible if otherwise.

1 On irreduciblity of M(t, k, n) over discrete valuation domain

Let R be a discrete valuation domain. This mean that R is a local principal ideal domain,

which are not a field. A nonconstant polynomial f (x) over R is said to be reducible over R if

it can be written as a product of two nonconstant polynomials over R, otherwise f (x) is called

irreducible over R. One of the oldest sufficient condition of irreducibility for polynomials with

coefficients in a discrete valuation domain was given by G. Dumas [8].

Theorem 1. Let f (x) = a0xn + a1xn−1 + · · · + an−1x + an be a polynomial over a discrete

valuation domain R with valued field (F; v). If the following conditions are fulfilled

1) v(a0) = 0,

2) v(an)
n <

v(ai)
i , i = 1, . . . , n − 1,

3) (v(an); n) = 1,

then the polynomial f (x) is irreducible over F (and also over R).

In particular, if t is a generator element of J(R) and k is a positive integer relatively prime

to n, then f (x) = xn − tk is irreducible over R. Obviously, (−1)n f (x) is the characteristic

polynomial |M(t, k, n)− xIn| of the matrix M(t, k, n).

Theorem 2. Let n and k be positive integers, k < n. Let R be a discrete valuation domain, t be

a generator element of J(R). The matrix M(t, k, n) is reducible (over R) if and only if (n, k) > 1.

Proof. Sufficiency follows from [7, p. 2, Thm. 1]. Assume now that (n, k) = 1 and the matrix

M(t, k, n) is reducible. Then M(t, k, n) is similar to a matrix
(

C B
0 A

)
for some n′ × n′ matrix C,

0 < n′
< n. Then the characteristic polynomial (−1)n(xn − tk) of the matrix M(t, k, n) is

reducible, which is impossible.
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2 On hereditary irreduciblity of M(t, k, n) over commutative local princi-

pal ideal rings

Now we will assume that R is a commutative local principal ideal ring (not necessary do-

main), which is not a field.

Theorem 3. Let n and k be positive integers, k < n. Let R be a commutative local principal

ideal ring, t be a generator element of J(R), t

[
k·(n−k)

n

]

+1
6= 0. The matrix M(t, k, n) is similar

(over R) to a matrix of the form

N =

(
M(t, k′, n′) B

0 A

)

for some integers k′ and n′, 0 ≤ k′ ≤ n′, 0 < n′
< n, if and only if (n, k) > 1, k′ = k

d , n′ = n
d for

some common divisor d > 1 of integers k, n.

Proof. Sufficiency follows from [7, p. 2, Thm. 1]. Assume now that there exists an invertible

n × n matrix C = (cij)
n
i,j=1 over R such that C−1M(t, k, n)C = N, or equivalently, M(t, k, n)C =

CN, i.e.








k
︷ ︸︸ ︷
0 ... 0
1 ... 0...

. . .
...

0 ... 1
0 ... 0...

. . .
...

0 ... 0

0 ... 0 t
0 ... 0 0...

. . .
...

...
0 ... 0 0
t ... 0 0...

. . .
...

...
0 ... t 0








C = C

(
M(t, k′, n′) B

0 A

)

. (1)

For i, j ∈ {1, . . . , n}, the scalar equality (M(t, k, n)C)ij = (CN)ij is denoted by (1, ij).

Put ci = (ci1, . . . , cin′). We write the equalities (1, 1j), (1, 2j), . . . , (1, nj), where, in all cases,

j runs from 1 to n′, respectively in the form

tcn = c1M(t, k′, n′), c1 = c2M(t, k′, n′), . . . , ck = ck+1M(t, k′, n′),

tck+1 = ck+2M(t, k′, n′), . . . , tcn−1 = cnM(t, k′, n′).

If k′ = 0, then M(t, k′, n′) = tD for some n′ × n′ matrix D over R and

tcn = tc1D, c1 = tc2D, . . . , ck = tck+1D, tck+1 = tck+2D, . . . , tcn−1 = tcnD.

Since t 6= 0, we have

cn ≡ c1D (mod J(R)), c1 ∈ J(R), . . . , ck ∈ J(R),

ck+1 ≡ ck+2D (mod J(R)), . . . , cn−1 ≡ cnD (mod J(R)).

Then cn ≡ c1D ≡ 0 (mod J(R)), cn−1 ≡ c1D2 ≡ 0 (mod J(R)), . . . , ck+1 ≡ c1Dn−k ≡ 0

(mod J(R)). This implies that det C ∈ J(R), which is impossible.

If k′ = n′, then the n′ × n′ matrix M(t, k′, n′) is invertible over R. But M(t, k, n)k is an n × n

matrix over tR. This implies that M(t, k′, n′)k is an n′ × n′ matrix over tR = J(R), which is also

impossible.

Finally, assume that 0 < k′ < n′. Let φ(i, x) ≡ i (mod x) and φ(i, x) ∈ {1, . . . , x}, where i

and x are integers, x > 1. Put

αi =

{
0, if φ(i, n) 6 k,

1, if φ(i, n) > k
and βj =

{
0, if φ(j, n′) 6 k′,

1, if φ(j, n′) > k′
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for all integers i, j. Let us rewrite (1) in the form

diag [tα0 , tα1 , . . . , tαn−1]

(
0 ... 0 1
1 ... 0 0...

. . .
...

...
0 ... 1 0

)

C = C






(
0 ... 0 1
1 ... 0 0...

. . .
...

...
0 ... 1 0

)

diag[tβ1 , . . . , tβn′ ] B

0 A




 . (2)

It follows from (2) that for integers i = 0, . . . , n − 1, j = 1, . . . , n′, we have

tαi cφ(i,n)φ(j,n′) = tβjcφ(i+1,n)φ(j+1,n′). (3)

Obviously, last equation holds for any integers i, j.

Since k′ < n′, we deduce that φ(k′ + 1, n′) = k′ + 1, βk′+1 = 1. Using (3), for j = k′ + 1 we

obtain

tαicφ(i,n)k′+1 = tβk′+1cφ(i+1,n)φ(k′+2,n′) = tcφ(i+1,n)φ(k′+2,n′).

Thus, ci k′+1 = tci+1 φ(k′+2,n′), i = 1, . . . , k, and ci k′+1 ∈ J(R), i = 1, . . . , k. Since 0 < k′ < n′, we

deduce that φ(k′, n′) = k′, βk′ = 0. Using (3), for j = k′ we obtain

tαi cφ(i,n)k′ = tβk′ cφ(i+1,n) k′+1 = cφ(i+1,n) k′+1.

Thus, tci k′ = ci+1 k′+1, i = k + 1, . . . , n − 1, and ci+1 k′+1 ∈ J(R), i = k + 1, . . . , n − 1, or

ci k′+1 ∈ J(R), i = k + 2, . . . , n. If i 6= k + 1, then ci k′+1 ∈ J(R), i = 1, . . . , n. A matrix C = (cij)

is invertible, therefore δ1 = ck+1 k′+1 ∈ R∗.

Let δi = cφ(k+i,n)φ(k′+i,n′) for any integer i. It follows from (3) that

tαk+iδi = tβk′+iδi+1. (4)

Any element δ ∈ R can be written in the form δ = tdθ, where d is a nonnegative integer,

θ ∈ R∗ and if tdθ = td′θ′ 6= 0 for a nonnegative integer d′ and θ′ ∈ R∗, then d = d′ and θ ≡ θ′

(mod J(R)) (see [14, p. 245]). For any integer i, let δi = tdi θi, where di is a nonnegative integer

and θi ∈ R∗. Since δ1 is invertible in R, we must have d1 = 0. It follows from (4) that

tαk+i+diθi = tβk′+i+di+1θi+1. (5)

Let d′1 = d1 = 0 and d′i+1 = ∑
i
j=1 αk+j − ∑

i
j=1 βk′+j for any positive integer i.

If tαk+j+dj 6= 0, j = 1, . . . , i, from (5) we conclude that αk+j + dj = βk′+j + dj+1, j = 1, . . . , i,

and d′i+1 = ∑
i
j=1 αk+j − ∑

i
j=1 βk′+j = ∑

i
j=1 dj+1 − ∑

i
j=1 dj = di+1 − d1 = di+1. This also means

that d′j = dj, j = 1, . . . , i + 1. So, if tαk+j+dj 6= 0, j = 1, . . . , i, then d′j = dj, j = 1, . . . , i + 1.

But αk+j = 1, αk+j − βk′+j ∈ {0, 1}, j = 1, . . . , n − k, and αk+j = 0, αk+j − βk′+j ∈ {−1, 0},

j = n − k + 1, . . . , n. So, for any integer 0 < i ≤ n we have

d′i+1 =
i

∑
j=1

αk+j −
i

∑
j=1

βk′+j =
i

∑
j=1

(αk+j − βk′+j) ≤
n−k

∑
j=1

(αk+j − βk′+j)

=
n−k

∑
j=1

αk+j −
n−k

∑
j=1

βk′+j = n − k −
n−k

∑
j=1

βk′+j.

Let n − k = n′q + r for some q ≥ 0, 0 ≤ r < n′. Then

d′i+1 ≤ n − k −
n′q

∑
j=1

βk′+j −
r

∑
j=1

βk′+j = n − k − q(n′ − k′) +

r
︷ ︸︸ ︷

1 + · · ·+ 1
︸ ︷︷ ︸

n′−k′

+0 + · · ·+ 0

= n − k − q(n′ − k′)− min(r, n′ − k′).
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Since n′ − k′ > 0, we conclude that if r > 0, then

min(r, n′ − k′) = r × min

(

1,
n′ − k′

r

)

> r min

(

1,
n′ − k′

n′

)

= r
n′ − k′

n′
.

If r = 0, then min(r, n′ − k′) = 0 = 0 × n′−k′

n′ = r n′−k′

n′ . So,

d′i+1 ≤ n − k − q(n′ − k′)− r
n′ − k′

n′
= n − k − qn′n

′ − k′

n′
− r

n′ − k′

n′

= n − k − (qn′ + r)
n′ − k′

n′
= n − k − (n − k)

n′ − k′

n′
.

Suppose n′−k′

n′ ≥ n−k
n . Then

d′i+1 ≤ n − k − (n − k)
n − k

n
= (n − k)

n − (n − k)

n
=

k(n − k)

n
.

So, αk+j + d′j ≤ 1 + k(n−k)
n , αk+j + d′j ≤

[
k(n−k)

n

]

+ 1 and t
αk+j+d′j 6= 0, j = 2, . . . , i + 1. But

d′1 = d1, tαk+1+d1 = t1+0 6= 0, d′2 = d2, tαk+2+d2 6= 0, d′3 = d3, and so on. Thus, d′j = dj,

j = 1, . . . , i + 2. Since 0 < i ≤ n, we conclude that

dn+1 = d′n+1 =
n

∑
j=1

αk+j −
n

∑
j=1

βk′+j = n − k −
n

∑
j=1

βk′+j.

Let n = n′q + r for some q ≥ 0, 0 ≤ r < n′. Then

dn+1 = n − k −
n′q

∑
j=1

βk′+j −
r

∑
j=1

βk′+j = n − k − q(n′ − k′)− min(r, n′ − k′).

If r > 0 or n′−k′

n′ >
n−k

n , then at least one of the following two inequalities is strong

n − k − q(n′ − k′)− min(r, n′ − k′) ≤ n − k − qn′n
′ − k

n′
− r

n′ − k′

n′

= n − k − (qn′ + r)
n′ − k′

n′
= n − k − n

n′ − k′

n′

≤ n − k − n
n − k

n
= 0.

Thus, dn+1 < 0, which is impossible. So, n′ divides n and n′−k′

n′ = n−k
n .

Thus, n
n′ =

n−k
n′−k′ and in the case n′−k′

n′ ≥ n−k
n the theorem holds.

Now assume n′−k′

n′ <
n−k

n . Let d′−i = ∑
i
j=0 βk′−j − ∑

i
j=0 αk−j for any nonnegative inte-

ger i. If t
βk′−j+d−j+1 6= 0, j = 0, . . . , i, from (5) we conclude that αk−j + d−j = βk′−j + d−j+1,

j = 0, . . . , i, and d′−i = ∑
i
j=0 βk′−j − ∑

i
j=0 αk−j = ∑

i
j=0 d−j − ∑

i
j=0 d−j+1 = d−i − d1 = d−i. This

also means that d′−j = d−j, j = −1, 0, . . . , i. So, if t
βk′−j+d−j+1 6= 0, j = 0, . . . , i, then d′−j = d−j,

j = −1, 0, . . . , i. But αk−j = 0, βk′−j − αk−j ∈ {0, 1}, j = 0, . . . , k − 1, and αk−j = 1,

βk′−j − αk−j ∈ {−1, 0}, j = k, . . . , n − 1. So, for any integer 0 ≤ i < n we have

d′−i =
i

∑
j=0

βk′−j −
i

∑
j=0

αk−j =
i

∑
j=0

(βk′−j − αk−j)

≤
k−1

∑
j=0

(βk′−j − αk−j) =
k−1

∑
j=0

βk′−j −
k−1

∑
j=0

αk−j =
k−1

∑
j=0

βk′−j.
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Let k = n′q + r for some q ≥ 0, 0 ≤ r < n′. Then

d′−i ≤
n′q−1

∑
j=0

βk′−j +
r−1

∑
j=0

βk′−j = q(n′ − k′) +

r
︷ ︸︸ ︷

0 + · · ·+ 0
︸ ︷︷ ︸

k′

+1 + · · ·+ 1

= q(n′ − k′) + max(0, r − k′).

Since k′ > 0, we conclude that if r > 0, then

max(0, r − k′) = r max

(

0,
r − k′

r

)

= r max

(

0, 1 −
k′

r

)

< r max

(

0, 1 −
k′

n′

)

= r max

(

0,
n′ − k′

n′

)

= r
n′ − k′

n′
.

If r = 0, then max(0, r − k′) = max(0,−k′) = 0 = 0n′−k′

n′ = r n′−k′

n′ . So,

d′−i ≤ qn′ n
′ − k′

n′
+ r

n′ − k′

n′
= (n′q + r)

n′ − k′

n′
= k

n′ − k′

n′
≤

k(n − k)

n
.

Thus, βk′−j−1 + d′−j < 1 + k(n−k)
n , βk′−j−1 + d′−j ≤

[
k(n−k)

n

]

+ 1 and t
βk′−j−1+d′−j 6= 0,

j = 0, . . . , i. But d′1 = d1 = 0, tβk′+d1 = t0+0 6= 0, d′0 = d0, tβk′−1+d0 6= 0, d′−1 = d−1, and

so on. So, d′−j = d−j, j = 0, . . . , i + 1. Since 0 ≤ i < n, we conclude that

d−n+1 = d′−n+1 =
n−1

∑
j=0

βk′−j −
n−1

∑
j=0

αk−j =
n−1

∑
j=0

βk′−j − (n − k).

Let n = n′q + r for some q ≥ 0, 0 ≤ r < n′. Then

d−n+1 =
n′q−1

∑
j=0

βk′−j +
r−1

∑
j=0

βk′−j − (n − k) = q(n′ − k′) + max(0, r − k′)− (n − k)

≤ qn′ n
′ − k′

n′
+ r

n′ − k′

n′
− (n − k) = (qn′ + r)

n′ − k′

n′
− (n − k)

= n
n′ − k′

n′
− (n − k) < n

n − k

n
− (n − k) = 0.

Thus, d−n+1 < 0, which is impossible.

In [5, p. 186], it was shown that the matrix M(t, 4, 7) over a commutative local principal

ideal ring R, where t is a generating element of J(R), is hereditary reducible if t2 = 0. It follows

from Theorem 3 that M(t, 4, 7) over the ring R is hereditary irreducible if t[
4·3
7 ]+1 = t2 6= 0.

Moreover, if t3 = 0, then the characteristic polynomial −x7 of the matrix M(t, 4, 7) is reducible.
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Тилищак О.А., Демко M. Про спадкову незвiднiсть деяких мономiальних матриць над локальни-

ми кiльцями // Карпатськi матем. публ. — 2021. — Т.13, №1. — C. 127–133.

Розглядаються мономiальнi матрицi над локальним кiльцем R головних iдеалiв вигляду

M(t, k, n) = Φ
(

Ik 0
0 tIn−k

)

, 0 < k < n, де t — твiрний елемент радикалу Джекобсона J(R) кiль-

ця R, Φ — супровiдна матриця многочлена λn − 1 i Ik — одинична k × k матриця. В роботi

встановлено критерiй спадкової незвiдностi M(t, k, n) у випадку, коли t

[
k·(n−k)

n

]

+1
6= 0.

Ключовi слова i фрази: локальне кiльце, радикал Джекобсона, незвiдна матриця, мономiаль-

на матриця, спадково незвiдна матриця.


