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DETERMINING OF UNKNOWN FUNCTIONS OF DIFFERENT ARGUMENTS IN
MINOR COEFFICIENT AND RIGHT-HAND SIDE OF SEMILINEAR
ULTRAPARABOLIC EQUATION

PROTSAKH N.P.1, FLYup V.M.23

In this paper, we consider the inverse problem for semilinear ultraparabolic equation. The equa-
tion has two unknown functions of different arguments in its minor coefficient and in right-hand
side function. The sufficient conditions of the existence and the uniqueness of solution on some
interval [0, T], where T depends on the coefficients of the equation, are obtained.
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INTRODUCTION

Different problems for ultraparabolic equations appear in modeling of physical, biologi-
cal and financial processes [4,7,10,17]. The unique solvability of the direct problems for the
ultraparabolic equations was investigated in the works [2,4,7,10,11,17]. The conditions of
the existence and the uniqueness of the solution for the inverse problems for semilinear ultra-
parabolic equations with single or several unknown parameters in its right-hand side function
were found in [16,17], with two time dependent coefficients in minor term and in its right-hand
side were found in [15], for the linear ultraparabolic equation with the unknown spatial type
minor coefficient were found in [8].

In this paper, we find the conditions of the existence and the uniqueness of the solution
for the inverse problem for the semilinear ultraparabolic equation on some time interval [0, T],
where T depends on the data of the problem. The unknown functions of different arguments
are in the minor term and in the right-hand side of the equation. In order to obtain the main
results, we set the initial, boundary and the integral type overdetermination conditions and
we use the method of successive approximations.

The problems of determination of the minor coefficient or right-hand side function in other
types of equations were studied in [1, 3,6, 12-14, 18]. The authors used the methods of the
integral equations, regularization and the Shauder principle [6, 8,12, 14], the method of semi-
groups, of finite difference approximations, numerical and iterative methods [3,13], the meth-
ods of successive approximations [15-17].
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1 STATEMENT OF THE PROBLEM

Let Q ¢ R" and D C R! be bounded domains with the boundaries 9Q € C2 and 0D € C1;
Te (0w, xeQyeD,te(0,T),G=QxD, It =Dx(0,T), Qr = Qx D x (0,7),
T€(0,T],2r =00 xDx(0,T),St=Qx9D x (0,T), n,1 €N.

We shall use the spaces L*(-), L2(-), W'2(-), C¥(-), C([0, T]; L?>(G)), C(D; C*(Q))) from [5,
pp- 32, 37, 38, 44, 147] and introduce spaces

V1(Qr) :={w:w,wy, € L2(Qr),i = 1,...,n,w‘ZT =0};
VZ(QT) = {w W e Wl’z(QT>,w‘5%_ = O’w‘ZT = 0};
V3(Qr) := {w: w € Vo(Qr), wx; € L*(Qr),i,j =1,...,n}.

In this paper we shall study the following inverse problem: find the sufficient conditions
of the existence and the uniqueness of a triple of functions (u(x,y,t), c(t), g(x)) that satisfies
the equation

n

1
Uy + Z)\i(x,y,t)uy,. — Z (aij(x)ux,.)xj + (c(t) + b(x,y))u
i=1 ij=1 @)
+g(x,y tu) = ilxy, t)g(x) + f2(x,y,t), (xyt) € Qr,

and the conditions

u(x,y,0) = uo(x,y), (xy) €G, €)
M‘ZT :O, u]slT :O, (3)
/GKl(x,y)u(x,yrt) dxdy = Ea(t), te€0,T], (4)
/H Ko(y, t)u(x,y,t)dydt = Ex(x), x€Q, 5)

where u(x,y,t), c(t), g(x) are unknown functions, v is the outward unit normal vector to St,

I
Sti= {(x,y, t) € St ) Ai(x,y,t)cos(v,y;) < 0}.
i=1

l
Denote S2. := {(x,y, t) € St ) Ai(x,y,t)cos(v,y;) > 0}, I, =0D\Tj.
i=1
Suppose that the following assumptions hold:

(H1): there exists T} € 0D C R!~! such that SL=0QxTyx(0,T);

(H2): ajj € L2(Q), i,j = 1,...,n, [":ai]-(x)gig]- > ag|&|* for almost all x € Q and for all & €
R”, ay > 0; i

(H3): Aj € C(Qr), Ay, € L¥(Qr),i=1,...,1;

(H4): b € L*(G), b(x,y) > by for almost all (x,y) € G, where b is a constant;

(H5): g(x,y,t,¢) is measurable with respect to (x,y,t) in Qr for all ¢ € R! and is continuous
with respect to ¢ for almost all (x,y,t) € Qr, moreover, there exists go > 0 such that

lg(x,y,t,8) —g(x,y,t,1)| < gol¢ — 7| for almost all (x,y,t) € Qrandall,y € R
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(Heé): f1, f2 € C(Qr);

(H?): ug € W(G), uolaaxp = 0, uolaxr, = 0;

(H8): K; € CH{(D;CY(QY)), Ki|y4.p = 0, Kilaxr, = 0, K € C'([0,T];C}(D)), Kz(y,T) = 0,
Ky(y,0) =0,y € D, Kz\rzxm) =0;

(H9): E; € W2(0,T), E;(0) = /G Ki(x, y)uo(x, y) dx dy, Ex € WY2(Q).

Definition 1. A triple of functions (u(x,y,t),c(t),q(x)) is a solution of the problem (1)—5), if
u € V3(Qr) NC([0, T); L>(G)), c € C([0,T)), g € L*>(Q), it satisfies (1) for almost all (x,y,t) €
QT and the conditions (2), (4), (5) hold.

Remark 1. For the case c(t) = c*(t), q(x) = q*(x) from (1), where c* € C([0,T]), g* € L*(Q)
are known functions, the results of the unique solvability of the initial-boundary value prob-
lem (1)—~3) are proved with the use of [11, Theorem 1, 2; Lemma 1], [17, Theorem 3.4.3] and are
represented in the following theorem.

Theorem 1. Suppose that the conditions (H1)-(H7) hold, and, besides:

1) ajjx, € L*(Q), by, € L¥(G), fsy, € L*(Qr), c* € C([0,T]), g* € L*(Q),i,j =1,...,n,
k=1,...,1,s=1,2;

2) there exists a constant g1 such that for almost all (x,y,t) € Qr and all¢ € R! the inequa-
lities |gy,(x,y,t,G)| < g1, i =1,...,1, hold true and g(x, y, t,O)]SlT =0;

3) filgy =05 =12

Then there exists a unique function u* € V,(Qr) N C([0, T]; L?(G)) that satisfies the condition
(2) and the equality

1
/Q <u}kv + ZAi(x,y, t)u;; v
. ‘

+ Z a;j(x)uy,ox; + (c*(t) +b(x,y))u*v—{—g(x,y,t,u*)v) dx dydt (6)
ij=1

o (> y )" (x) + fa(x,y, t))vdx dy dt

for all functions v € Vi(Qr). Moreover, u* € V3(Qr) N C([0, T]; L*(G)), u* satisfies the con-
dition (2) and the equation (1) for almost all (x,y,t) € Qr. The derivatives of u* have the
following estimates

/ V2 dx dydt < Mo, / ()2 dxdydt < M,
Qr;4 Qr

where the constants My, M depend on ug, and on the coefficients and the right-hand side
function of (1).
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2 THE EQUIVALENT PROBLEM
In this section, we shall find the equivalent problem for the problem (1)—(5). Denote:
A1) = E(1) = [ Ki(xy)falx,, ) dxdy,

Ax(x) == | Ka(y,t)fa(x,y,t)dydt + Z (i(x) Exx; (%)),
IIr ij=1

!
Bi(x,y,t) == )_(Ai(x,y, HK1(x,y))y, + Z (K (%, y)ai (%) ), — Ki(x,9)b(x,y),

i=1 ij=1

1
Bo(x,y,t) := =Kot (y, t) — ;(Ai(x,y,tﬂ@(x,y))y,. + Ka(x, y)b(x,y),

Fi(x) = /H Kaly, Dfilxy, ) dy

Assume that
Fi(x) #0 forallx € Q, Ey(t) #0forallt € [0, T]. (7)

Lemma 1. The solution of the problem (1)—(5) satisties the equalities
o(t) = / Kilxy) (hxy,Hax) —gloy,bw) + Bulxy, u g 4G -y oo g
G

F1(1) Ei(1)’ ©
_ [ Ky t)eu+ Bax,y, t)u + Koy, H)g(x,y, t,u) Az (x)
g(x) = /HT 2 () dydt — ()’ x € Q.

Proof. Let (u(x,y,t),c(t),q(x)) be a solution of the problem (1)—(5). After differentiation of (4)
once with respect to t we derive the formula

/GKl(x,y)ut(x,y,t) dxdy = E{(t), te€]0,T]. )

By using of the relations (1) and (9) we get
l

/G K () (i, Dq(x) + fal,,5) = Y Ailx,y, Dy, — bl y)u
i=1 (10)

+ Z a;;(xX)ty; )x c(t)u—g(x,y,t,u)) dxdy=Ej(t), t€l0,T].
ij=1

Integrating by parts in (10), in view of the condition (HS8), we obtain

~Ex()e(t) + [ (Ka(x )i (v, Dq(x) + Bi(x,y, )

(11)
—Ki(x,y)g(x,y, t,u)) dxdy = Ai(t), te€][0,T].

From (5) and (1) we get
l

Kol ) (s = file v 09(x) = foley, )+ LAy, Dy + bl )

i=1

- Z (aij(x)ux;)x; + c(t)u + g(x, y, t,u)) dxdy = Ej(t), te][0,T],
ij=1
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and after integrating by parts in the first term of this formula, we derive

/HT (Kz(y,t)(c(t)u +g(x,y, t,u))+ Bz(x,y,t)u> dxdy — F1(x)q(x) = Ax(x), xe€Q. (12

Using the condition (7) after dividing the system of equations (11), (12) respectively on
Ei(t) # 0 and F;(x) # 0, we obtain (8). O

Lemma 2. There exists a number T such that the solution of the system (8) exists for each fixed
u* € V3(Qr) N C([0, T]; L>(G)).

Proof. Let us use the method of successive approximations. Let c!(t) = 0, q'(x) =0, t € [0, T,
x €Q),

n(t) = [ L fu (097 () e dy

(13)
Bi(x, y, t)u* — Ki(x,y)g(x,y, t, u*) Aq(t)
+/ dxdy — , tel0,T|, m>2,
G Ei(f) ND 0.7
qrn(x) _ KZ(]// t) Cm_l(t)u* dydt

By(x,y, t)u* + Ka(y, t)g(x,y, t,u*) Ay (x)

+ dydt — , xeQ,m>2.
Iy Fi(x) YT R®)

The successive differences

c"(t) — ") = /G Kl(x/yE)lféltgxr%t) (" (x) —q"*(x))dxdy, te[0,T], m>3, (15)

m _mflx:_
70 —4" (%) = 5

Squaring (15) and (16) and integrating (16) with respect to x for m > 3, give us inequalities

(™ (t) = c"H(1)?

/H Ko(y, t) (<" H(t) — <" 2(t))u* dydt, x€Q,m>3. (16

< 2oL [ WAy [ "0 -2 @Pa, e,
[ 0" () =g )2 ax
(18)

2
<mesp [ (K;fg/;)”) (e Pdxdyar | "1y — 202 .

From (17) and (18) it follows that

@) =" @) < Co [ (73— g7 (x)Pd, m >4,

Ki (%, ) fi (%, 1)) Ka(y,)\?, .2
where Cy := (mes D 2/ (K dx dy dt — u*)* dx dy dt. Due to
e N 10): v fo Ry ) Sy
the fact that u* € V3(Qr) N C([0, T]; L?(G)), there exists T, such that Cy < 1. Then
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La"@ gl @Pdx < (Q)'TR,  m>4,

where K := <max { /Q(qe‘(x) —g?(x))*dx; Cé /Q(qz(x) —q'(x))? dx})l/z. Then inequalities

i—3

Tk +k 2
g7+ =g @) € 2 g =g L @) < 'L (G)FK < Sl hold for all
i=m+1

i=m-+1 T 1-(q))1
k € N, m > 4. Besides,

m—+k

[ — e Clo; TN < Y |lef =5 Clo; T

i=m+1
mik mes D 1 ‘

< su 7/ Ki(x, x,v,t)) 2 dxd =l gim2.12(0)
i=§+l<[o,%? E 7 Jo K@iy 0P dxdy) g =g %5 12(0)]
otk mes D 3(Co)"TK

< su 7/ Kq(x, x,y,t)) 2 dxd — m2>5
z‘_%;rl([o,g (E1 (D)2 G( 1(xy)fi(x,y,t)) y) (o)

From here it follows that for any € > 0 there exists mg such that for all k, m € IN, m > my,
the inequalities ||c" % — ¢"; C([0, T])|| < e and [|g"*k — ¢™; L2(Q)|| < e are true. Hence, the
sequence {c"}®_, is fundamental in C([0, T]), and {g"}%_, is fundamental in L?(Q2). Passing
to the limit in (13), (14) as m — oo, we obtain (8). O

Lemma 3. Let the assumptions of Theorem 1 and (7), (H8), (H9) hold. The triple of functions
(u(x,y,t),c(t),q(x)), whereu € V3(Qr) N C([0, T]; L>(G)), c € C([0,T]), g € L*>(Q), is a solu-
tion of the problem (1)—(5) if and only if it satisfies (1) for almost all (x,y,t) € Qr, and (2), (8)
hold.

Proof. Necessity is proved in Lemma 1.

Sufficiency. Let c* € C([0,T)), ¢* € L*(Q), u* € V3(Qr) NC([0, T]; L>(G)) and let these
functions satisfy (2), (8) and (1) for almost all (x,y,¢t) € Qr. Then u* is a solution of the
problem (1)—(3) with ¢* and g* instead of c and g in (1).

We set E(t) = /GKl(x,y)u*(x,y,t) dxdy, t € [0,T], E5(x) = / Ko (y, t)u*(x,y,t)dydt,

I

x € (). In exactly the same way as in the proof of necessity, we obtain
(0 (1) = [ (Ko 9,007 () + B, t” = Ka(x gt ) ) dedy
—(E0) + [Ki(xy) faloy, ) drdy, te[0,T)

(19)
Fi(x)g" (x) = /HT (Kz(y,t)c*(t)u* + By(x,y, t)u* + Koy, £)g(x, y, t,u*)) dy dt

- [ Ky 0faley, 1) dy e - ilwz-j(x)E;xi(x))xj, xeq.
T ij=

On the other hand c*(t), g*(t) and u*(x,y, t) satisfy (8), and therefore it is easy to get the
following equalities
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B () = [ (Kalo) oo, 00" (o4 BaCo, 0" =K (5,903, £0°) ) dedy

—(EW) + Ky sy drdy, tel0T],

B0 = [ (Kaly 16" 0+ Baloy 0 +Kaly, Do) ) dy @
- [, Kalw O, 1yt - i;wﬁ(xwzxi(x»xﬂ req
It follows from (19), (20) that
(Ei() — ()" (1) = —(E{ () — Ea(1), £ [0,T], @1
Y (@(1) (B3 (x) — Ea(x)a)s, =0, x €0, @)

ij=1

Integrating (21) with the use of the equality E5(0) = E1(0) = [ Ki(x,y)uo(x,y) dx dy, we get
Ei(t) = Ei(t), t € [0,T]. Besides from (22) and (H9) it follows that E5(x) = Ex(x), x € Q.
Hence, u*(x, y, t) satisfies the overdetermination conditions (4), (5). O

3 MAIN RESULTS

Denote

A= max ess sup Miyi(x,y,t)], f3:= sup/ (fl(x,y,t))zdydt,
! Qr o JIr

Cpi= up % /G (Kl(x, W, y,f))zdx dy,

Ca = sup (e LB+ o P (K ()P,

Csi= ?Slﬁﬁ(ml 2+ [ (Kalo))Pdrdy [ (g(x,t,0)dxdy),
o e LT o o ety 7

Co o= sup sy [ (Baloy, 1) +2(8)2(Kaly, 1) dy

Co = sup (4/0%(1”16(/]% Klgl((y;;f)g(x,y,t,O) dydt>2>,

and g := 70(Q) is the coefficient in Friedrichs” inequality

/Q lo(x)|? dx < 'yo/i [0y, (x)[2dx, ©ve W&’Z(Q). (23)
& i=1
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Assume that there exist numbers T and ¢ such that the following inequalities are true

1 1/2
I=< <C4C1M1> ’

24
T*CICi M, (f3CaM; + f3C3 — 6Cy M?) (4)
+ T3C4C1 M f3Cs + T2C1Cy(Co f3 + OM2 + M) < 1,
2
;0+2b — A —2gy —2M5 — 35 > 0, (25)
0
where
1
M= [ ey )+ 8oy, t,0) dxdydt + [ (uo(xy)) dxdy;
f3 272 2
M, :=M C4CoMET? + C4CsM T2 + CsM1 T + Cg );
2 1+5(1—C4C1M1T2)<42 117+ GG M 1™ + GM I+ 6)
[ C1C4CoMET? + C1(C4C3T + C5)Mp T 12
Ms = ( 1 C,CM,T2 +CM +C1C+C3 ) .
Denote
A, CiCMET? + CiCM, T + CsM,T + Co.
+ 1— C4CiM,T?
2
Ms :=3mesD <K1(X,y)f8 gx,y,t)> dx dy dt,
Qr

Caeup [ By D)+ (80 (Ka(xy))?
Ms = Seup J; (Ex(h))? ey,

2
My = 4MuT sup <K2(y, >> dy,

Qx[0,T] Fy(x)

(B2(x,y,1))* + (K2 (y, £)80)* + (Ka(y, t) M2)?

Mg = 4sup/ Y Fy g2 Y dy dt,
o JII (F1(x))
o Mg + Mg L .
M9 = 1— maX{ME'),' M7}r MlO o maX{M4rf3}/
1

Mj1 := min {T,' 5 }Mlo, M, = MoM;,

T2+ 2bg — AU —2gg —2Mp —26) 9

M13 = 3mestup/ <K1 X %)'{1 ()x Y )> dx dydt, M14 = \/M12M13 -+ M6(]SVI10.
1

Theorem 2. Let M5 < 1, M; < 1, My < 1, the hypotheses (7), (25), (H1)-(H9) hold, and

ajjy; € L®(Q), by, € L*(G), foy, € LZ(QT),fS\SlT =0,i,j=1,....,n,k=1,...,1, s =1,2. If T
satisfies (24), then a solution of the problem (1)—(5) exists in Qr.

Proof. We construct an approximation (u™(x,y,t),c"™(t),q™(x)) to the solution of the problem

(1)~(5), where c!(t) := 0, g'(x) := 0, the functions ¢"(t) and ¢"(x), m > 2, satisfy the system

of equalities
() = / Kt p)floy, H3"() + Bilvy, hum ™ — Ks(oy)gvy, b u™) ) Aslh)
G 510 Eq(t)
€ [0;T], m > 2,
(26)
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m m—1 m—1 m—1
7" (x) = / Koy, )e" (t)u™ ™" + Ba(x,y, )u™"" + Koy, )g(x,y, t,u™ ) o As(x)
It

Fi(x) YT R
xeO,m>2,
(27)

and u™ satisfies the equality
/Q (ut U+ZA X, vy, t)u v+2 aij(x)uf oy + (" (1) +b(x,y))umv+g(x,y,t,um)v) dx dy dt
ij=1
—/ (i(x,y, H)g" (x)+ fa(x,y,t))vdxdydt, m>1, T€ (0;T],
(28)

for all v € V;1(Qr), as well as the condition

u™(x,y,0) = uo(x,y), (xy)€G. (29)

It follows from Theorem 1 that for each m € IN there exists a unique function u™ €
V2(Qr) N C([0, T]; L>(G)) that satisfies (28), (29). Now we show that c"(t) > —Mj for all
m € N, t € [0;T]. Let ¢™(t) > cop for all t € [0, T], where cg,, € R. At first, we shall find the

estimation for [ [u™(x,y, T)|*>dxdy. Let us choose v = u™ in (28):
G

/QT <ut u™ + ZA (x,y, t)uyu™ + Z a;j(x)u iuTj 4+ (c"(t) + b(x,y)) (u™)?

=1 ij=1
30
b5y by draydi= [ (A(xy, 0" () +ley O dxdya, O
Qr
te(0; T], m>1.

Taking into account the hypotheses (H2)—(H?), from (30) we obtain the inequalities

/(um(x,y, dxdy—i—/ ZA x,y,t)(u™)? cos(v, yz)d(7+2a0/ Z )? dx dy dt
G

+ (2com — A1+ 2 — 280 — 30) /Q (u"? dxdydt < /Q Ay D" @) OY

T

+ (fa(x,1,0))* + (g(x, v, t,O))Z) dxdydt + /G(uo(x,y))2 dxdy, Te€ (0;T], m>1.

After using of the inequality (23) in the third term of (31), we get
/G(um(x,y, dxdy+/ Z)\ (x,y,t)(u™)? cos(v, ;) do

2 1
+ (% — AN+ 2¢q, 4 2bg — 290 — 3(5) /Qr(um)Z dxdydt < 5 /QT<(fl(x’y’t))2(qm(x>>2 (32)

+(f2(x,y,0)) + (g(x,v, t,O))z) dxdydt + /G(uo(x,y))2 dxdy, Te€ (0;T], m>1.

Using the assumption 2;0 MI+ 2c0, + 2by — 290 — 36 > 0, from (32) we get the estimates

/G(um(x,y,r))2 dxdy < My + %/Q \fl(x,y,t)\z(qm(x))z dxdydt, Te€ (0;T], m>1. (33)
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Rising up the both sides of (26) to the square and using Holder inequality, we get the estimate
(@())? <G /Q (" (x))2dx + Ca /G W Ndxdy+Cs,  te[0;T], m>2.  (34)

Rising up the both sides of (27) to the square and using Holder inequality, after integrating
with respect to x, we get the estimate

T
/Q (" (x))2 dx < Cy / (™ (£))? dt /Q (") dx dy dt+Cs /Q (12 dx dydt + Co, m > 2. (35)
0 T T
It is easy to prove the estimates for m > 2 after using (33), (34), (35)

f3
6(1 = C4CiT [, (wm—1)? dx dy dt)

/G(um(x,y,t))2 dxdy < My +

2
x <c4c2</ (u’”l)zdxdydt> +(C4C3T+C5)/
Qr

Qr

(u™ V)2 dx dydt + c6>, t e [0, T);

2 (36)
C1C4C2<fQT(um1)2 dx dydt) + C1(C4C3T + Cs) fQT(u’“’l)2 dx dy dt

m 2
<
(c"(8)" < 1—CyCiT fQT(um_l)2 dx dy dt

+ Cz/ (u" 1) dx dy + C1Ce + C3;
G

2
oy C4Cy (fQT(um*1)2 dx dy dt) + (C4C3T+Cs) fQT(um*1)2 dx dy dt + Ce

dx < .
/Q(q (x))"dx < 1—CCOiT [ (um=1)2dx dy dt

Functions / (u™(x,y,t))?dx dy for all m € N are bounded with the same constant M,, when
G

f3 )
T T T <
My + 3(1 = C,CiT2My) <C4C2M2 + (C4C3T + Cs5) ML T + C6) < M,

or (under the assumption 1 — C4C; T?>M; > 0)
T?Cy4M; (6C1 (M — M) + f3(C2Ma + C3)) + Tf3CsMa + (Cofs — 6(Ma — My)) < 0. (37)
It is obvious that the inequality (37) has positive solutions under the conditions

(f3C5M2)2 —4C4M> (5(:1 (Mz — Ml) +f3(C2M2 + C3)) (C6f3 — 5(M2 - Ml)) >0,
C6f3 — (S(Mz — Ml) <0, (38)
1 — C4C1T?>M; > 0.

Taking into account the expression for M; in (38), we conclude that system (38) is fulfilled for
all T > 0 from (24). Therefore from (36) it follows that for all T > 0 from (24)

/G(um(x,y,t))2 dxdy < Mp, t€[0,T], m>1,
()| < Ms, te0,T], m>1, (39)
/Q(qm(x))2 dx <My, m>1. (40)
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Remark, that if we take — M3 instead of c(,, and take into account (25), we get

280 — A+ 2c0,, + 2bg — 290 — 30 = 20 — A — 2M;3 + 2by — 2g0 — 35 > 0.
70 70
Thus, for all m € IN the inequality ¢"(t) > — M3 holds, and we can choose ¢, := —M3 for all
m € IN.
Now we show that {(u™(x,y,t),c"(t), 9" (x ))}°° | converges to the solution of the prob-
lem (1)—(5). Denote z" := z"(x,y, ) = (x y,t) —u™" 1(x y,t), r"(t) = c"(t) — "1,
s (x) := g™ (x) — g" (x), Ky := / )2 dt +/ 2dx, m > 2.

Formulas (26), (27) for t € [0, T] and m Z 3 imply the equahtles

7(6) = [ (SR 057 (x) s+ P

Eq1(t) Eqi(t)
N E(ngi/) <g(x ]/,f u™m ) g(x’y, t, um_2)>> dx dy, te [O, T]/ m >3,
Ka( gy me2) L B2y t) (41)
( ( — " (Hu ) + WZ
K> (y, t)

F () <(x y, tu™ ) g(x,y,t,umz)>>dydt, xe O, m>3.

We square both sides of equalities (41) and integrate the result with respect to t, take into
account that under the hypotheses (H5) we have

/ (g(x,y, t,u™) — g(x,y,t, um_l))zm dxdydt < go/ (z’”)2 dxdydt, 7€ (0;T], m>2,
Q

T T

and |[¢" ()u™1 — "L (w2 = | (1) + () um R < ()2 + [P (E)u™ 2|, then
we obtain

T
/ (7" ()2 dt < Ms / (s"(0)2dx + Mg [ (2" VVdxdydt, m>3, 42)
0 Q Qr
T
/ (s"(x))2dx < My / (" (£))? dt + Ms / (" dxdydt, m>3. 43)
Q 0 Qr
After adding (42) and (43), we get
Ky < Mg/ (z" Y)2dxdydt, m>3. (44)
Qr

It follows from (29) that z""(x,y,0) =0, (x,y) € G, m > 2. Hence, from (28) we get

2/ (x,y,T dxdy—i—/ <Z)\ Xy, )z 2" + Z aij(x)z iz,’g—i—b(x,y)(zmy
i,j=1

+ (g(x,y t,u™) — g(x,y, t,u™ 1)) 2" + (<" (H)u™ — cm_l(t)um_l)zm> dx dy dt (45)

fi(x,y, t)s™(x)z™ dxdydt, e (0;T], m>2.
Qr
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We note that (" (t)u™ — ™1 (t)u™ 1)z = " (t)(z™)? + "™ (t)u™ 12", and therefore

/ (c"™(Hu™ — " HH)u"™ 1) 2" dx dy dt

T

> (~Ma=5) [ Raxdydt— 5o [T 02 ([ @y 0P dedy) de a6)

) M T 5
>(—m,—2 My (T, o,
> (- M 2)/@( "avdyde- 2k [0 d, e 0T, m>2

For the last term in (45) we have

/ fi(x,y, £)s" (x)z™ dxdydt<;/QT( m2 dxdydt%—é% (s™(x))? dx.

Then, taking into account (H2)—-(H7) and (46), from (45) we get inequalities

zZ™(x,y, dxd + A (x,v, 2 cos(v, ;) do+2ay dxd dt
G vt y yt Yi y
T1] 1

+(2b0—A11_2g0—2M2—25)/Q( my2 dxdydt<]\§4/0 (r™(t))? dt—l—f3 ( ™ (x))? dx,

€ (O; T], m > 2.
After applying (23) to the third term of (47), we get the estimate
/G(zm(x,y, dxdy+/ ZA X, y,t) cos(v y;)do
+ (2bp — IMY — 2g0 + % — 2M, — 26) /QT(Zm)zdx dy dt
<M ( m(1))? dt+f3 ( "(x))*dx, T € (0;T], m>2.

- 7 0
In view of the conditions (24), (25), from (48) we find the estimates

/G(zm(x,y,r))2 dxdy < %Km, Te(0;T], m>2,

and
/ (zm)2 dxdydt < My1Ky, m > 2.
Qr

It follows from (44) and (50) that
Kin < MipKy—1 < (M12)" Ko, m > 3.

From (41), it is easy to find the estimate

(™ (£))2 < M /Q (s (x))2 dx + Mg /G (2" (x,y,1)2dxdy, te0,T], m>3.

Further, with the use of (49) and (51), from (52) we get

|r (>\<M14K €1[0,T], m > 3.

m—1/

(47)

(48)

(49)

(50)

(51)

(52)

(53)
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By using (51), (563) and the assumption Mj; < 1 we can show the estimate

m+k m (o (S :
[e" = C(fo, T < Y. sup|ri(t)] < My Y. K2,
i=m+11[0,T] i=m+1
m+k MM L ZK% (54)
i-3_ 1 7
< Y Mu(Mp)7TK] < 14(M1o) >, keN,m>3
i=mt1 1—(Miz)?
Besides,
1
mik 1 Mp)"T K2
qu”‘ —g"; L2(Q)] < Z K? , (@712, ke N, m > 3. (55)
i=mi1 1— (My2)?

It follows from (54), (55) that for any € > 0 there exists mg such that for all k, m € IN, m > my,
the inequalities ||c" % — ¢™; C([0, T])|| < e and ||g"** — ¢™; L2(Q)|| < e are true. Hence, the
sequence {c"}%_, is fundamental in C([0, T]), and {g™}%_, is fundamental in L?(Q)). Thus,
it follows from (49) and (47) that {u™}%_, is fundamental in L?(Qr) N C([0, T]; L?(G)) and
{uy}oo_, is fundamental in L2(Qr) and, hence,

u" = uin L2(Qr) NC([0, T;L*(G)),  ull = ux, inL*(Qr), i=1,...,n,

m : m : 2 (56)
" — cin C([0, T]), g" — qin L7(Q)), as m — oo.

Theorem 1 implies the following estimates / Z
T i=1 T
and, by virtue of the inequalities (39), (40), the constants M, M are independent of m and these

estimations are true for all m € IN. Thus, we can select a subsequence of the sequence {u"

)2 dx dy dt < MO,/ (W2 dxdydt < M,
0

m 1
(we preserve the same notation for this subsequence), such that
u;f — uy, weakly in Lz(QT), i=1,...,1, uj' — u; weakly in LZ(QT) (57)

as m — oo. Taking into account (56), (57), from (26) and (27) we get that the triple of functions
(u(x,y,t),c(t),q(x)) satisfies the system of equations (6) and

/Q <utv +Z)\ (x,y,t uylv—l—zlal] U Ox; + (c(t)+b(x,y))uv+g(x,y,t,u)v) dx dy dt
‘ - “ (58)

—/ (i(x v, H)g(x)+ falx, y,t))vdx dy dt

for all v € V1(Qr), T€(0; T]. It follows from (58) that

/Q <utw + Z Ai(x,y, t)uy,w + l]X:l aij(x)uxwy; + (c(t) + b(x, y))uw + g(x, v, t,u)w) dx 59

= | (Aixw.09(0) + folxy,)wdx

for almost all (y,t) € D x (0;T) and for all w € W&’Z(Q). From (59) we derive that u for almost
all (y,t) € D x (0; T) is a weak solution of the Dirichlet problem for the elliptic equation

n

) (aij(x)uxi)xj =F(x,yt), x€Q, ulpn=0, (60)
ij=1
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where

F(x,y,t) = fi(x,y,t)q(x) + fa(x,y,t) —ur — ZA Xy, )y, — (c(t) +b(x,y))u — g(x,y, t,u).

Since condition (3) is satisfied and F(-,y,t) € L?>(Q) for almostall (y,t) € D x (0; T), it follows
from Theorem 7.3 in [9, p. 130], that there exists the unique weak solution u of the problem
(60) and uy,y (-, y,t) € L%(Q), hence, u(-,y,t) € Wg'z(Q) for almost all (y,t) € D x (0;T).
Hence, u € Vg(QT> N C([0, T]; L?(G)), the triple (u(x,y,t),c(t),q(x)) satisfies (1) for almost
all (x,y,t) € Qr, and by virtue of Lemma 3 (u(x,y,t),c(t),q(x)) is a solution of the problem
(1)—(5) in Q. O

Theorem 3. Assume that the hypotheses of Theorem 2 are satisfied. Then the problem (1)—5)
has at most one solution.

Proof. Assume that (u(1)(x,y,t),c(1)(t), 1) (x)) and (u(p)(x,y,t),¢(2)(t), 4(2) (x)) are two solu-
tions of the problem (1)—(5). Then the triple of functions (i(x,y,t),é(t),4(x)), where
() — g (x

a(x,y,t) = up)(x,y,t)—up)(x,y,t), &(t) = cq)(t) —c@)(t), 4(x) = g9 x), satisfies
the condition ii(x, y,0) = 0, as well as the equality

t),
— 4

/QT <utv—1— ZA X, Y, t)iy, 0+ Z a;(x)ilx;0x; + b(x, y) o + (1) ()uy — c2)(Huz))v

i,j=1
+(8(xy, b uy) — 8(xy, tfu(z>))v) dx dy dt = /Q filx,y, t)g(x)vdxdydt, Te€l0,T],
(61)
for all v € V1(Qr) and the system of equalities
- Ki(x ) fi(xy, H)q(x) + Bi(x,y, £
t) = dxd
e(t) /G E1(t) Y
K ,t/ - 7 /t/
_/ 1(xy) (g y, tupy) —g(xy u(2)>)dxdy, fe 0,7
G Eq(t)
(62)

K Ba(x,y,t) _
1) = [, (R emno —cm ) + 20
+ F1((x)> (8l y,tu) —8(xy, t'”(1>>>> dydt, xeO,

holds. After choosing v = i in (61) we get

/Q <”t”+ ZA X, Y, t)ily, 11 + Z i (%) iy, + () (i) — () (Bt 2) )it + b(x, ) ()?
T ij=1
+(g(x,y, t,u(l)) —g(x,y,t,u(z)))ﬂ) dxdydt:/Q fi(x,y, t)g(x)idxdydt, Te (0;T].
(63)

It is easy to get from (62) and (H5) the inequalities

/ )2 dt + / )2 dx < Mo /Q ()2 dx dy dt. (64)

T
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From (63) by the same way as from (45) we got (50), we find the following estimate

/QT(ﬁ)z dxdydt < My (/OT(C“(t))2 dt + /Q(tj(x))2 dx) (65)

and taking into account (64) from (65) we obtain

(1— Mp) / (@) dxdydt < 0.

Qr

Since M1, < 1, we conclude that / (1)?>dxdydt = 0, hence, Uy = u(y) in Qr. Then (64)

T

implies ¢(t) = 0, §(x) = 0, and, therefore, c()(t) = c(2)(t), 91)(x) = g(2)(x) in Q- O
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Y cTaTTi pO3rAsSHyTO 06epHEHY 3aAaduy AASI CAAOKO HEAIHIHOTo yAbTpamapaboAigsHoro pisHs-
HHSL. PiBHSIHHS MicTUTD ABi HeBiAOMI (PYHKIIT Pi3HMX apTyMeHTiB B MOAOAIIIOMY UA€Hi Ta B IpaBiit
vacTyHi. OTpUMaHO AOCTATHI YMOBM iCHYBAHHS Ta €AVMHOCTI po3B’si3Ky Ha inTepsaai [0, T, ae T 3a-
AEXMTD BiA KoedpillieHTiB piBHSIHHSI.

Kntouosi cnosa i ppasu: obepHeHa 3apada, yAbTpamapaboaiuHe piBHSHHS, MilllaHa 3apada, OAHO-
3HayHa PO3B’SI3HICTb.



