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Fixed point theorems for rational type F-contraction

Acar O.

In this paper, we consider rational type F-contraction for multivalued integral type mapping on
a complete metric space. Using Wardowski’s technique, we establish the existence of a fixed point
of the multivalued integral type mapping, if this mapping or the F-contraction is continuous. In the
end, we give an example which shows that our result is the best.

Key words and phrases: fixed point, multivalued mapping, F-contraction of rational type, com-
plete metric space.
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Introduction

The beginning of metrical fixed point theory is related to the Banach contraction princi-
ple, presented in 1922 [4], which says that any contraction selfmap of M has a unique fixed
point whenever (M, d) is complete. Afterwards, the crucial role of the principle in existence
and uniqueness problems arising in mathematics has been realized which fact directed the re-
searchers to extend and generalize the principle in many ways. No doubtly, one of those ways
is integral type contraction which was defined by Brianciari A. [7]. For the other techniques
the reader can see the works [8,10, 18]. In the studies of generalizations and modifications of
contractions, an interesting generalization was given by Wardowski D. [19], who used a new
concept of F-contraction. Then many authors gave some results using this concept in different
types of metric spaces.

In the last decades, fixed point theory of set-valued mappings is a branch of mathematics
which has received a superb attention and has different applications in differential equations,
optimal control theory and convex optimization. Therefore, it lies at the crossroad of topology;,
theory of functions and nonlinear functional analysis. Nadler S.B. [13] was the first author,
who combined the ideas of multi-valued mappings and contractions and proved that this type
of mapping has a fixed point.

In this paper, we apply a rational type F-contraction to a multivalued integral type mapping
on a complete metric space. Using Wardowski’s technique, we study the existence of a fixed
point of the multivalued integral type mapping if this mapping or F-contraction is continuous.
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1 Preliminaries

Let (M,?) be a metric space. P(M) represent the family of all nonempty subsets of M,
CB(M) represent the family of all nonempty, closed and bounded subsets of M and K(M)
represent the family of all nonempty compact subsets of M. Obviously, K(M) C CB(M) C
P(M).

For A,B € CB(M), let

H(A,B) =max < sup D(x,B),supD(y, A) ¢,
xc€A y€EB

where D(x, B) = inf {d(x,y) : y € B}. Then H is a metric on CB(M), which is called Pompeiu-
Hausdorff metric induced by 2. We can find detailed information about Pompeiu-Hausdorff
metric in [2,6].

Using H-metric, Nadler S.B. [13] present the notion of setvalued contraction mapping and
proved that on complete metric space, setvalued mapping has a fixed point. Then researchers
gave some results on this direction [5,9,12,15-17]. In this paper, we use Wardowski’s technique,
which was given in [19].

Let (0,00) = R". F: RT — R belongs to F if:

(F1) F is strictly increasing;

(F2) for each sequence {t,} of positive numbers,

lim t, = 0if and only if lim F(t,) = —oo;

n—oo n—oo

(F3) there exists k € (0,1) such that lim,_,o+ a*F(x) = 0;
(F4) F(infA) =infF(A) forall A C (0,00) withinf A > 0.

Definition 1 ([19]). Let (M, ) be a metric space and f : M — M be a mapping. Then f is an
F-contraction if F € F and there exists T > 0 such that

Afx, fy) >0 = T+FQ(fx fy) < FR(xy) Vxy e M.

Theorem 1 ([19]). Let (M, ) be a complete metric space and let f : M — M be an F-contrac-
tion. Then f has a unique fixed point in M.

Then considering the H-metric, some fixed point results are obtained in [11,12,14, 18].
Lemma 1. Lety,6 € CB(M), then
D(x,6) < #(7,6)

forany x € 7.
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2 Main result

2.1 A fixed point theorem using Hausdorff metric

Definition 2. Let (M, ) be a metric space and f : M — K(M) be a mapping. Given F € F we
say that f is a rational type F-contraction of generalized multivalued integral type mapping if
there exists T > 0 such that

H(fy, fz) >0=T1+F (/OH(fy'fZ) %(s)ds) <F (/OM(%Z) %(s)ds)

fory,z € M, where
2(y,z),D(y, fy), D(z, fz),
M(y,z) = max{ D(y,fy)D(zfz) D(y.fy)D(zfz) (1)
1+o(y,z) 7 1+H(fy.fz)

and » : RT — R is a Lebesque integrable mapping, which is summable on each compact

subset of R, nonnegative and
3

/%(s)ds >0
0
for eache > 0.

Theorem 2. Let (M,d) be a complete metric space and f : M — K(M) be a rational type
F-contraction of generalized multivalued integral type mapping. If f or F is continuous, then
f has a fixed point.

Proof. Let yy € M be an arbitrary point and define a sequence {y,} by y,11 € fyn for
n=12,.... As fy is nonempty for all y € M, we can choose y; € fyo. If y1 € fy;, then
vy is a fixed point of f. Let y1 ¢ fy1, then D(y1, fy1) > 0 since fy; is compact. By using (F1),
from Lemma 1 and (1), we can write

D(y1.fy1) H(fyo.fy1) M(yoy1)
F</ e %(s)ds) <F </ o %(s)ds) <F </ o %(s)ds) -7
0 0 0

(/ o {o3031) Dl 10,0 fr) PR ) Dt ) <>d)
S| —T
0

=F

(2)

D(yo.fy0)D(y1.f¥1) D(yo.fy0)D(y1.fy1)
/max{b(yolyl),D(ylrfyl)r a(yO/yl) ’ H(fyo:fy]) } (S)ds> _
0

max{b(yo/yl)rD(ylrfyl)r

?(yoy1)D(y1.fy1) D(yo,fyo)D(ylffm)}
2(yoy1) ’ D(y1.fy1) (S)dS) g

VAN
-~

AN TN
o\

max{d(yoy1).D(y1.fy1)} 2(yoy1)
/ %(s)ds) —1t=F (/ %(s)ds) -7
0 0

Also, since fy; is compact, we obtain that y, € fy; such that

2(y1,¥2) = D(v1, fy1)-
From (2), we get

o(y1.y2) H(fyo.fy1) 2(yoy1)
F (/ e %(s)ds) <F (/ o %(s)ds) <F (/ o %(s)ds) —T.
0 0 0
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If we continue recursively, we have

2(y2y3) 2(y1y2) 2(Yoy1)
F (/ %(s)ds) <F (/ %(s)ds) —1t<F (/ %(s)ds) — 27
0 0 0
(YnYn+1) O(Yn—1Yn) 2(yo.y1)
F (/ %(s)ds) <F (/ %(s)ds) —17<F (/ %(s)ds) — nt.
0 0 0

So, we get a sequence {y,} in M as y,+1 € fy, for all n € IN. If there exists np € IN with
Yny € fYny, then yy,, is a fixed point of f and then the proof is finished. Let’s say that for every
n € N, y, ¢ fyn. Denote

3)

(YnYn+1)
an:/ #(s)ds forn=0,1,2,....
0

Then, a,, > 0 for all n. Using (3) we get

F(ay) < F(ay,—1) — 7 < F(ay—p) =21 < --- < F(ap) — nt. 4)
From (4), we have lim;,_,o F(a,) = —oo. Thus, from (F2)
lim a, = 0.
n—o0

From (F3), there exists ¥ € (0,1) such that

r}grgoaﬁl—“(an) =0.

By (4), the following holds for all n € IN
ayF(ay,) —ayF(ap) < —apynt < 0. 5)
Letting n — oo in (5), we obtain that

nh_r)rolo nay = 0. (6)

From (6), there exits n; € IN such that nal <1 forall n > ny. So, we have

1
ap < S7c @)

for all n > ny. Now, consider m,n € IN such that m > n > ny and show that {y, } is a Cauchy
sequence. From (7) the following

3(YnYm) (Y Yn+1) (Yn+1Yn+2) (Ym—1Ym)
/ se(s)ds < / se(s)ds + / se(s)ds -+ / 52(s)ds
0 0 0 0

m—1 0 1
=aptapp1+ a1 = Z 4 < Zai = Z:il/"'
i=n i=n i=n

hold. By the convergence of the series ) _ i -V

i=1

*, we get

D(yn/ym)
/ »#(s)ds — 0 asn — oo.
0
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This yields that {y, } is a Cauchy sequence in (M, d). Since (M, ) is a complete metric space,
the sequence {y,} converges to some point z € M, that is, limy e ¥y = 2.
If f is compact, we have fy, — fz and

D(yn, fz) < H(fyn, f2),

soD(z,fz) =0and z € fz.

If F is continuous, now we claim that z € fz. Assume the contrary, thatis, z ¢ fz. So, there
exist an ng € IN and a subsequence {yy, } of {y,} such that D(y,,+1, fz) > 0 for all n; > ng
(otherwise, there exists n; € IN such thaty,, € fz for all n > ny, which implies that z € fz, this
is a contradiction, since z ¢ fz). Since D(yy, 11, fz) > 0 for all n; > no, then

D(Yn+1.f2) H(fyn f2) M(yny.,2)
T—I—F</ it Z%(s)ds>§T+F</ e Z%(s)ds)§T+F</ e %(s)ds)
0 0 0

(Y, 2), D(Ynyr fyn), D(2, f2)
maxg D (yn fyn)D(z,f2) D(yn fyn)D(2,f2)
<T+F Ho(yn2) 7 THH(fynf2) s(s)ds

0

Taking the limit k — oo and using the continuity of F, we have T+ F(D(z, fz)) < F(D(z, fz)),
which is a contradiction. Thus, we get z € fz = fz. This completes the proof. O

Corollary 1. Let (M,?) be a complete metric space and f : M — K(M) be a rational type
F-contraction of multivalued integral type mapping, i.e. there exists T > 0 such that

H(fy, fz) >0=1+F (/()H(fyﬂ) %(s)ds) <F </Oa(y,2) %(s)ds)

fory,z € M, where » : R — R™ is a Lebesque integrable mapping which is summable on
each compact subset of R™, nonnegative and

€

/%(s)ds >0

0

for each e > 0. If f or F is continuous, then f has a fixed point.

Corollary 2. Let (M,?) be a complete metric space and f : M — K(M) be a rational type
contraction of multivalued integral type mapping, i.e.

H(fy.fz) 2(y.2)
/ " »(s)ds g/ " »(s)ds
0 0

fory,z € M, where » : RT — R is a Lebesque integrable mapping which is summable on
each compact subset of R™, nonnegative and

€

/%(s)ds >0

0

for each e > 0. If f or F is continuous, then f has a fixed point.
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2.2 A fixed point theorem using J-distance
Let (M, ) be a metric space. For vy, 6 € B(M) we define

5(7,0) =sup{o(y,n) :y € v, €0}

and
D(y,0) =inf{o(y,n) :n € 6}.

If v = {y} we write 6(y,0) = 6(y,0) and also if 6 = {5}, then §(y,0) = d(y, 7). It is easy to

prove that for v,6,¢ € B(M

)
(

0 7/9) = 5(6/7) >0,

5(7,0) < 6(v,6)+(g0),

5(v,v) = sup{o(y,n):y,m €},
5(v,7) = 0 impliesthat v =60 = {y}.

If {y,} C B(M) and v, — 7, v € M if and only if
e y € v implies that y, — y for some sequence {y,} withy, € v, forn € IN and
e forany ¢ > 0, there exists ngp € IN such that v, C -, for n > ng, where
Ye={xeM:0(x,y) <eforsomey € v}.
Lemma 2 ([3]). Let {yx}, {6x} C B(M) and (M,?) is a complete metric space. If v, — v €
B(M) and 6, — 6 € B(M) then 6(yn,0x) — 6(7,0).

Lemma 3 ([3]). If {y,} C B(M) and (M, ?) is a complete metric space, 6(A,,y) — 0 for some
y € M, then vy, — {y}.

Also, in [1] they gave a fixed point theorem for generalized multivalued F-contraction map-
pings with J-distance as follows.

Definition 3. Let (M,?) be a metric space and f : M — B(M) be a mapping. Then f is a
generalized multivalued F-contraction if F € F and there exists T > 0 such that

T+ F(3(fy, f2)) < F(M(y,2))

forally,z € M withmin {6(fy, fz),o(y,z)} > 0, where

N

M;(y,z) = max {o<y,z>, D(y, fy), Dz f2), L [D(y, f2) + D(z, fy)] } |

Theorem 3 ([1]). Let (M, ) be a complete metric space and f : M — B(M) be a multivalued
F-contraction. If F is continuous and fy is closed for ally € M, then f has a tixed point in M.

Definition 4. Let (M,?) be a metric space and f : M — K(M) be a mapping. Then f is
said to be a rational type F-contraction of generalized multivalued integral type mapping with
d-distance it F € F and there exists T > 0 such that

5(fy.fz) M;(y,z)
T+F </0 ! %(s)ds) <F </0 Y %(s)ds)
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forally,z € M withmin {46(fy, fz),o(y,z)} > 0, where

- 2(y,z), D(y, fy), D(z, fz),
Ms(y,z) =max s D(yfy)D(fz) D(yfy)D(f2) (-
1+o(y,z) 7 1+ffi(fy,fz)

and » : Rt — R" is a Lebesque integrable mapping which is summable on each compact

subset of R, nonnegative and
&

/%(s)ds >0
0
for each e > 0.

The following theorem can be proved in much the same way as Theorem 2.

Theorem 4. Let (M, ) be a complete metric space and f : M — K(M) be a rational type
F-contraction of generalized multivalued integral type mapping with é-distance. If f or F is
continuous, then f has a fixed point.

Corollary 3. Let (M,0) be a complete metric space and f : M — K(M) be a multivalued
contraction if F € F and there exists T > 0 such that

T+ F(6(fy, f2)) < F(Ms(y,2))

for ally,z € M with min{é(fy, fz),0(y,z)} > 0. If f or F is continuous, then f has a fixed
point.

Corollary 4. Let (M,0) be a complete metric space and f : M — B(M) be a multivalued
contraction if F € F and there exists T > 0 such that

T+ F(6(fy, f2)) < F(Ms(y,2))

for ally,z € M with min{J(fy, fz),9(y,z)} > 0. If F is continuous and fy is closed for all
Yy € M, then f has a fixed point.

Example 1. Let M = {0,1,2,3,...} and

0, y=0,

oy,2) = { y+z, y#z

Then (M, ) is a complete metric space. Define f : M — K(M) by the

_ [ {0}, y=0,
fy—{ {0,1,2,3,...,y =1}, y #0.

We claim that f is rational type F-contraction of generalized multivalued integral type map-
ping with é-distance with respect to F(x) = « + Inwa, T = 1. Because of the

min {5(fy, fz),0(y,2)} =0,

we can consider the following cases while y # z and {y,z} N {0, 1} is empty or singleton.
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Case1. Ify > 1 and z = 0, then D(0, fy) = 0 and

T4F ( /O v %(s)ds) R < /O o %(s)ds)
< T+F ( /0 ") %(s)ds> <F ( /0 Mo %(s)ds) .

Case2. Ify > 1and z =1, then D(1, fy) = 0 and

T+F </05(fy’f) %(s)ds) — T4F </0y—1 %(s)ds> <T4F (/Oyﬂ %(s)ds)
< T+F ( /0 "l %(s)ds> <F ( /0 My %(s)ds) .

Case 3. Ify > z > 1, then

T+F </05(fy’fz) %(s)ds) . (/Oy_l %(s)ds)
< T+F ( /0 " %(s)ds> <F ( /0 M) %(s)ds) .

This shows that f is rational type F-contraction of generalized multivalued integral type map-
ping with J-distance, therefore, all conditions of Theorem 4 are satistied and so f has a tixed
point in M.
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Y mit cTaTTi pO3TASIHYTO F-CTHCK palioHaABHOTO THUITYy AASI 6araTo3Ha4YHOTO BiAOOpakeHHsI iH-
TerpaAbHOIO TUITY Ha TIOBHOMY METPUYHOMY IIPOCTOPi. 3a AOIIOMOTOX0 TeXHiky BapAoBcbkoro Bera-
HOBAEHO iCHyBaHHSI HEpyXOMOi TOUKM TaKOTO BiAOOGpakeHHsI iHTeTrpaAbHOTO THUITY Y BUITAAKY, KOAM
e BiaoOpakeHHs abo F-CTHCK pallioHaABHOTO THIly € HenepepBHMMH. TakoX HaBeAEHO MPMKAAA,
SIKVIA IAFOCTPYE, 110 OCHOBHUIA Pe3yAbTaT € HaKpalIM.

Koouosi cnosa i ppasu: HepyxoMma TOUKa, baraTo3HauHe BirobpaxkeHHs, F-cTuck parioHaAbHOTO
TVITY, IOBHVI MeTPWYHIM IPOCTIp.



