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A NOTE ON PELL-PADOVAN NUMBERS AND THEIR CONNECTION WITH
FIBONACCI NUMBERS

GOy T., SHARYN S.

In this paper, we find new relations involving the Pell-Padovan sequence which arise as deter-
minants of certain families of Toeplitz-Hessenberg matrices. These determinant formulas may be
rewritten as identities involving sums of products of Pell-Padovan numbers and multinomial co-
efficients. In particular, we establish four connection formulas between the Pell-Padovan and the
Fibonacci sequences via Toeplitz-Hessenberg determinants.
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INTRODUCTION

The Pell-Padovan sequence { P, } >0 is defined by the third-order recurrence
Py, =2P;, 5+ P, _3, n =3, (1)

with initial values Py = P; = P, = 1 (sequence A066983 in [18]). The Pell-Padovan numbers
also can be expressed directly in terms of Fibonacci numbers (sequence A000045 in [18]) as

follows
P, =2F, 1 — (—1)", n>1. (2)

The list of first 16 terms of the Fibonacci and Pell-Padovan sequences is given in Table 1.

n|0[1(2|3(4|5|6|7 |89 (1011 |12 | 13 | 14 | 15 16
F.{0]1]1 81321 34|55 | 8 | 144 | 233 | 377 | 610 | 987
P,1111/13(3[7]9(17|25 (43|67 | 111|177 |289 | 465|755 | 1219

N
[OV]
Q1

Table 1: Terms of F,, and P,.

The Pell-Padovan numbers and their generalizations have been studied by some authors
(see [2—4, 19-21] for more details). For instance, Deveci in [3] studied the Pell-Padovan se-
quence, the Pell-Padovan sequence modulo m and defined the Pell-Padovan orbit of a 2-gene-
rator group, then examined the lengths of the periods of these orbits. Deveci and Shannon
in [4] investigated properties of recurrence sequences defined from circulant matrices obtained
from the characteristic polynomial of the Pell-Padovan sequence. In [2], Atanassov et al. in-
vestigated a property of an extended form of the Pell-Padovan sequence in the form P; = g,
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P, = b, Ps = cand Pyy3 = pP,+1 + qPy, for n > 1, where a, b, ¢, p, q are positive inte-
ger numbers. Tasci [19] extended Pell-Padovan numbers to Gaussian Pell-Padovan numbers
GP, defined by the recurrence GPy = 1, GP; = 1+1i, GP, = 1+1i, GP, = GP,_» + GP,_3,
n > 3, and obtained Binet-like formula, generating function and some identities related with
Gaussian Pell-Padovan numbers. In [20], Tasci studied Pell-Padovan quaternions, defined by
QP, = Py +iPy11 + jPy42 + kP, 3, where i, j, k are the orthonormal basis in R3, and gave
Binet-like formula, generating function, sums formulas, matrix representation of QP,. Zuo et
al. [21] showed the explicit determinants of the Ppoeplitz matrix and Ppankel matrix which are
both involving Pell-Padovan sequences and gave the expressions of the entries of the inverse
for these kinds of matrices.

The purpose of the present paper is to study some families of the Toeplitz-Hessenberg de-
terminants whose entries are Pell-Padavan numbers with successive, odd or even subscripts.
As a consequence, we obtain for these numbers new identities involving multinomial coeffi-
cients. In particular, we establish connection between Pell-Padovan numbers with Fibonacci
numbers via Toeplitz-Hessenberg determinants. Similar results for Pell and Padovan numbers
are derived in [6,7].

1 TOEPLITZ-HESSENBERG DETERMINANTS AND FORMULAS FOR THEIR EVALUATION

A square matrix of the order n having the form

ap aop o --- 0 O
ap ap ag 0 0
M}’l(a()/al/---/ai’l) = 4 (3)
an-1 Ap—2 4p-3 -+ 41 4o
an  Odp—1 4up-—2 -+ 42 a1

where ag # 0 and a; # 0 for at least one k > 0, is called a lower Toeplitz-Hessenberg matrix.
This class of matrix have been encountered in many scientific and engineering applications
(see, among others, [1,13-16] and related references therein).
Expanding the Toeplitz-Hessenberg determinant det(M,,) along the first column gives the fol-
lowing recurrence

det(Mp) :=1, det(M,) = Xn:(—ao)kflak det(M,, ), n>1. 4)
k=1

The following result, which provides a multinomial expansion of det(M,), is known as
Trudi’s formula [17, Ch. 7].

Lemma 1. Letn be a positive integer. Then

det(Mn) — Z (—ao)”_(51+"‘+s") (Sl + .+ Sn> ﬂilﬂzz - 'ﬂ,i”, (5)

51,51 >0 S17+-+/5n
§1+280+---+ns,=n

sty (s1+++sn)!

where ( $1,e-+/5n s11--sp!

is the multinomial coefficient, or, equivalently,

n
det(Mn) = (=) (X aga,-eeay).
k=1 i1,ensig>1
11+12++1k:1’l
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Note, that the number of solutions (s, s, ..., s,) of the Diophantine equation
S1+2sp+---+ns, =mn, s; >0,

is equal to the number of partitions of #; see [16].
We will investigate the particular cases of the matrix (3), in which a9 = £1. For the sake of
brevity, throughout the paper we will use the notation

det(+1;a1,a,...,a,) = det (M, (£1,a1,a,...,a,)) .

2  FIBONACCI NUMBERS VIA TOEPLITZ-HESSENBERG DETERMINANTS WITH PELL-PADOVAN
NUMBERS ENTRIES

In this and next sections, we consider families of some Toeplitz-Hessenberg determinants
having various translates of the Pell-Padovan sequence (or of the respective half sequences) as
their entries.

Our first result provides a connection between the Pell-Padovan and Fibonacci numbers via
Toeplitz-Hessenberg determinants.

Theorem 1. The following formulas hold:
1
b, = > det(l;P3, Py, .. .,Pn+2), n>2,

1
F,_ o= 5 det(1; P, P, ..., P;), n>2,

(-1
Fn74:?det(l;P3/P5r'~'1P2ﬂ+l>/ 1’124,

—1)"
F,_1= % det(l; Py, P, .. .,Pznfz) + 2n—2’ n>1.

Proof. We will prove only the first formula using the principle of mathematical induction on
n. The proof of others formulas follow similarly, so we omit them. Let

D, = det(l; P3, Py,..., Pn+2).

One may verify, that the formula holds, when n = 2 and n = 3. Suppose it is true for all
k <n —1, where n > 4. By recurrences (4) and (1), we have

n n
Dy=Y (-1 'PeiaDy = Y (-1 1 (2Pc + Py 1) Dy i
k=1 k=1
- k-1 < k - k-1
=2} (<1 'BD, 4+ Y (~) P 1Dy ¢ =2(PiDyy = PaDy2 4+ (—1) T AD, )
k=1 k=1 k=3

n
+PyDy_1 —PiDyp+ P.Dy 3+ Y (-1)*'P_1D, 4

k—4
ke
= 2<Dn—1 —Dy2+ ) (1) Pk+2Dn—k—2>
k=1
= k+1
+Dy1—Du2+Dy3— )Y (—1)""'PjoDyyi3
k=1

=2 (Dn—l —Dy2+ Dn72> +Dy1—Dy2+Dy3—Dy3=3Dy1— Dy
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Using the induction hypothesis and formula F,,, = 3F,_» — F,,,—4 for n > 2, we conclude
Dy =3-2Fy 2 —2F, 4 = 2Fy.

Consequently, the stated formula is true in the 1 case. Therefore, by induction, the formula
works for all n > 2. O

3 SOME TOEPLITZ-HESSENBERG DETERMINANTS WITH PELL-PADOVAN NUMBERS ENTRIES

Our objective in this section is to investigate several Toeplitz-Hessenberg determinants with
special Pell-Padovan numbers entries.

Theorem 2. Forn > 2, the following formulas hold:

5 (5—#\/5)n+1

det(—1; Py, Py, Pou1) = 5z .

+
= 7N
1
ol !
&
~—
=
+
—

O
=\ i)

det(—=1;Py, Py, ..., Py_1) = @ ((3+ VI3) w2 — (3 — V13) <_%>n2> ,

n—4
det(l;P0/P11~.~,Pn,1) g Z <(_1)1’l*k71 . 1)
k=0

13
det(1; P, Ps, ..., Pyyq) = (—1)L0D/31+1(n+2)/3))

n—2 n—2
2 [ -1+ /3i —1—+/3i —2)"
det(l;Pll—pf}r"'/PZi’l*l) = _5 (f) + (f) — ( ) ,

[(n—1)/3] 1

det(1; Py, Py, ..., Py) = 2(—1)""1 (—1)7< , >,
j

det(1; Py, Py, .., Pany2) = (=1) 2273 4 (1) L2003,

where |« | is the floor of o, w = 1+3/B, andi=+/—1.

Proof. We will prove only the first formula; the others can be proved in the same way. Let
Dn = det(—l; Pl/ P3, ceey PZn—l)-

When n = 1, it is easy to see that D; = P; = 1. When n = 2 and n = 3, the formula is seen
to hold. Assuming the formula holds for n — 1, we prove it for n > 3.
Using (4), (2), the induction hypothesis and well-known Binet’s formula

1
Fi’l:— "— I’l, nZO/
ﬁ(qo P")
where
1445 1-+5

[ 5 and ¢ = >
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we then obtain

n n—2
Dy=Y Py 1Dy =), <2F2k72 + (—1)2](72) Dy
k=1 k=1

+ (2Fp—a+ (—1)*""*)Dy + (2F2n—2 + (—1)*" %) Dy

Z 2Fy_2+1)Dy_ +2F_4+2F 5 +2

2 k_j <% (67 2= 92) + 1) ((ﬁf/’)mk + (—ﬁw)"“'j

+2F, 4+ 2Fy-2+2 ©6)

_4<¢5_z>< V)" * <5+zf) \f+2 <ﬁ¢)nr§(s—5z¢5>k

25 =
k
n+1> ( q)>

(52 (o) 2 (-
(2 (e ) B ()

+2F, 4+2F,_2+2.
Using the geometric series, it is seen that the following sums hold

=2 5105\ 24v5((5+205\" "
£(e28) 25 (=) )

k -2
"iz (5:|:\/5> BEECT <5i\£>"
= 10 2 10
From (6), using the formulas above we obtain

=352 (R R (V)

n—2 n—2
+(V5-1) (3 _2\@> ~(V5+1) (3 *2\@> + 2Py s+ 22y

2 n+1
== << 5g0) + (—v5y) ) + (2V5 + 4)yP?" — (2v/5 — 4) %" + 2F5_4 + 2F2n 2
2 n+1 n+1
= = <(x@qo) +(~v5y) ) —10B, +4 (@ + ¢ + 2B 4 + 220 2
2 n+1 n+1
=5 <<\/590) + < \/51,0) ) — 10F2 + 4(Fon-1 + Fant1) + 2Fon—4 + 2F2n—
2 n+1 n+1
=25 <<\/5§0) + < \/EIP) +2(Fon—3 + Fan-a — Fon—2)
2 n+1 n+1
=% <( 0)  +(-V50) )
Since the stated formula holds for 7, it follows by induction that it is true for all integers

n>2. O
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4 APPLICATIONS OF TRUDI’'S FORMULA

For any n-tuple s = (s1,s2,...,5n) of integers s; > 0 we will use the following notations
|sn| =51+ - +suand my(s) = (L.

In this section, we use Trudi’s formula (5) to obtain different combinatorial identities for
Pell-Padovan and Fibonacci numbers. For example, Trudi’s formula, taken together with

Theorem 1, yields the following result.

Corollary 1. We have

—1)"
Fra=! 2> Y. (=)l (s) PP P, n> 2, (7)
op=n
(_1)71 |Sn\ 51 pS2 Sn
an = 72 Z (—1) mn(S)P3 P4 "‘Pn+2/ n 22/ (8)
op=n
1
Frs=5 ) (=)l Y,y (s) P P2 - Py, >4, )
op=n
1 _
Fii=5 ) (=)l ()P P32 - D5, 42772, > 2,
op=n

where the summations are over all n-tuples s = (s1,52,...,54) of integers s; > 0 satisfying
Diophantine equation 0y, := s +2sy + - - - + ns, = n.

Example 1. When n = 4, formula (7) yields

1 !
Fo= b ¥ (-1l I S 50 e s

2 o S1!sp1s3154!

or
P} — 3P?P, + 2P, P3 4+ P3 — P, = 2F.

Similarly, it follows from (8) and (9) respectively that

P35 — 4P3Py + 3P3Ps + 3P3P; — 2P3Ps — 2P,P5 + Py = 2F,,
P§ — 5P;Ps +4P3P; + 6P3 P2 — 3PPy — 3P3PsP; + 2P3Pyy — P2 + 2PsPy + P? — Pz = —F,.

In view of Corollary 1 and formula (2) we obtain the following Pell-Padovan identities.
Corollary 2. We have
Py = (=1)" Y (—=1)Frhmy(s) P12 - Py + (1), n>2,

op=n

Poyir = (=1)" Y (=1)lm, (s) PSP - P, +1, n>2,
op=n
Pios= Y (-1, ()PP Py + (1), n >4,

n
op=n

Pu= Y (=1)Frlmy(s)P Py Py 5 +2" 71— (<1)", =2,

op=n

where the summations are over integers s; > 0 satisfying 0, = n.
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Using (2), now we obtain from Corollary 1 the following multinomial Fibonacci identities
(many identities with Fibonacci numbers and their generalizations are given in [5,8-12]).

Corollary 3. Letn > 2, except when noted otherwise. Then

Fo o= # Y (—2) 5, (s) (Fo + %)Sl <F1 — %)SZ ne (Fn—l — (_21)n>5n,
1

op=n

Fyy = =1 Y (—2) 5l (s) (Fz + %)Sl <F3 - %)Sz e (Fn“ — _2),1)5,1,

op=n

2

1 1\ 1\ 1\
Fooa=—5 Y (=2)lnlm,(s) <F2+—> <F4+—> <F2n+—> , n>4,

2 =, 2 2 2

(_2)\&1\ 1\ 51 1\ 52 1\ 5 1\$" on
E,_, = - F— = Foe =) i (Fpy ne = il
-1 2 My (s) 5 1= 5 375 w35 +

where the summations are over integers s; > 0 satisfying 0, = n.

The determinant identities from Theorem 2 may be rewritten in terms of Trudi’s formula
as follows.

Corollary 4. Forn > 2, the following identities hold

Z (_1)\sn\mn(s)p81pfz P = nifl ((_1)k+1 _ (_1)n) "i% <k> <] + 1]'_ nT_k>,

" k=0 =0 \J
Z m(s)Pg' Py -+ - Py

n—2 n—2
V1 + 1 1-+1
13 2 2
Z (—1)‘5”‘771”(5)13;11);2 PZ:—l — (_1)L(4n+1)/3j + (_1)L(4n+2)/3j, (10)
Y, (=1l (s) PP Py
op=n

e )
n+1 n+1
Uﬂznmn )Pyt P32 - - P;;;l—zs (( 5 > +<5_2¢5> ) (11)

] (n—1)/3] L (n—1

Sn S1 pS Sn __ +

L )P PPy =2 L0t (5h):

Y (D)l ()PP - Py = ()R ()G (12)

Op=n
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Example 2. It follows from (10), (11), and (12) that

P§ —3P3P; +2P,Py+ P — Ps =0,
PP 4 5P{P; + 4P} Ps + 6P P2 + 3P2P;

+ 3P P3Ps5 + 2P, Py + P3 + 2P3P; + P2 + P = 650,
P; — 4P Pg + 3P; Pg -+ 3PyP? — 2P, P1g — 2PsPs + P = 0,

respectively.
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Y 1iit po60Ti 3a AOITOMOTOI0 BUSHAYHMKIB MeBHMX ciMelt MaTpuipb Temnina-T'eccenbepra mu BcTa-
HOBUAU AesiKi KoMbiHaTOpHI dpopMmyan aast uncen Tleaas-ITapoBara. 1li dpopmyan mMu 3amcyemo
SIK TOTOXXHOCTI, ITI0 BKAIOYAIOTh CyMu A06yTKiB umcen Ileaas-ITapoBaHa Ta MyABTMHOMIaABHI KOe-
diuienTnn. 30Kpema, Lie AO3BOAMAO HAM AOBECTU YOTHPU (POPMYAH, SIKi BCTAHOBAIOIOTD 3B’S130K MiX
nocaiaoBHoOcTsiMu [Teans-TTapoBana Ta @iboHaUi.

Kontouosi cnosa i ¢ppasu: mocairoBHICTh ITeans-TTaaoBaHa, mocairoBHICT DiboHAYYI, MaTpPUIIS
Tennina-T'eccenbepra, dpopmyaa Tpyai.



