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APPROXIMATION OF THE NIKOL'SKII-BESOV FUNCTIONAL CLASSES BY ENTIRE
FUNCTIONS OF A SPECIAL FORM

We establish the exact-order estimates for the approximation of functions from the Nikol'skii—
Besov classes S{/QB(IRd), d > 1, by entire functions of exponential type with some restrictions for
their spectrum. The error of the approximation is estimated in the metric of the Lebesgue space
Loo(RY).

Key words and phrases: Nikol'skii-Besov classes, entire function of exponential type, Fourier
transform.
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1 INTRODUCTION

In the paper, we continue to study the approximative characteristics of the Nikol’skii-Besov
classes S;,GB(IRd ) of functions with a dominant mixed derivative in the Lebesgue spaces (see
[4,17, 18,21, 23,25]). We have established the order estimates of the best approximation of
functions from these classes by entire functions of exponential type with a spectrum focused
on the Lebesgue sets whose measure does not exceed M.

The spaces S;/QB(]Rd) were first considered by S. M. Nikol’skii [8] for § = oo (in this case

also one can S;/OOB(]Rd) =S,H (R%)) and T.I. Amanov [1] for 1 < 8 < oo. In the classical form,
the definition of these functional spaces was formulated by S. M. Nikol’skii and T.I. Amanov
through mixed multiple differences and mixed multiple modules of continuity of functions.
Here, the definition of the Nikol’'skii-Besov spaces S;’()B(le ) is presented through so-called
decomposition representation of the norm of elements from these spaces. Note that decom-
position representation and corresponding rationing of the Nikol’skii-Besov spaces were first
obtained by S. M. Nikol’skii and P.I. Lizorkin [5]. As it turned out, this decomposition norm of
functions plays a key role in the studies of different approximative characteristics of the func-
tion classes. This representation is based on the application of the Fourier transform that can
be defined using generalized functions (see, e.g., [2, Ch. 11], [6], [15, Ch. 2]).

YAK 517.51

2010 Mathematics Subject Classification: 41A30, 41A50, 41 A63.

This work was partially supported by President’s of Ukraine grant for competitive projects (Ne F84/177-2019) and
Grant of the NAS of Ukraine to research groups of young scientists of the NAS of Ukraine for research by priority
development areas of science and technology, project N204-02/2019.

@ Yanchenko S.Ya., 2020



APPROXIMATION OF THE NIKOL'SKII-BESOV FUNCTIONAL CLASSES 149
2 DEFINITION OF CLASSES OF FUNCTIONS AND APPROXIMATIVE CHARACTERISTICS

Let R? be the d-dimensional Euclidean space with the elements x = (xq,...,x;) and
(x,y) := x1y1 + - + x4y4. Denote by L,(R?), 1 < g < oo, the space of all functions f(x) =
f(x1,...,x;) measurable on R? with the finite norm

17l = (L/Wf(x)ﬂdx> 1<q<oo, and ||flle = esssup |f(¥)]
R4

x€R4

Let S = S(IR) be the Schwarz space of test complex-valued functions ¢ infinitely differen-
tiable on R? and decreasing at infinity together with their derivatives faster than any power of

the function (x? + ... + x3) 7%, considered in the appropriate topology. Let S’ denote the space
of linear continuous functionals on S. The elements of the space S’ are generalized functions.
If f € §/, then (f, ) denotes the value of a functional f on the test function ¢ € S. Denote by
F¢ and F~1¢ the Fourier transform and the inverse Fourier transform of functions ¢ from the
spaces S and S'.

For any continuous function ¢ on IR, the closure of the set of all points x € R? such that
¢(x) # 01is called the support of the function ¢ and denoted by supp ¢.

The generalized function f vanishes in an open set G when (f, ¢) = 0 for all ¢ € S and
supp ¢ C G. The union of all neighborhoods, where f is equal to zero, is an open set and
called the null set of the generalized function f. It is denoted by Gy. The complement of the
largest open set G to R? is called the support of the generalized function f, i.e., supp f equals
to G £ itisa closed set.

According to the formula

(f,9) = [ fwex, ges, )
R4

each function f € Lp(]Rd), 1 < p < oo, defines a linear continuous functional on S and, there-
fore, is an element of S’ in this sense. Hence, the Fourier transform of a function f € Lp(]Rd),
1 < p < oo, can be regarded as the Fourier transform of the generalized function (1).

Further, let Ky, () = [ km (AN e 2MdN, m € Z,, K_q := 0, where

1, = 1A, 0< A <1
0, |A| > 2™,
For any vector s = (s1,...,54),5; € Z+, j = 1,d, we define
d
As(x) = 1—{ (Ks;(xj) = K a(x7)),
]:

AS(frx) = fx) x Ag(x) = /f(y)A: (x —y)dy.
R4

Also, forall s € Zi, consider the sets

Qs ={A=(M,....A0): n(s)25 ' <A <2, 0 €R, j=1,d},
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where 17(0) = 0and 5(t) =1, t > 0 (respectively, Q3 ford = 1).
The following statement is true.

Lemma 1 (see example [4]). Let1 < p < oo, then for any f € Lp(le ), we have
flx) =} AS(f %)
S

and supp §As(f,x) C Q5.

Note that A} (f, x) is the analog of the de la Vallée Poussin block of sum of periodic function
of several variables (see example [14]).

In the accepted notation, the spaces S;’()B(le ), 1 < p 0 < oo, r > 0, can be defined as
follows (see, e.g., [4,16]):

S},0B(RY) = {f € Ly(RY): Iflls; B < 00},

where for 1 < 0 < oo,

1
0
Il cmey =< (ZZ(S")‘)HA:(f, ->||z> @

s>0

and for 6 = oo,
£y oray 7= [1f sy rgmey = sglgz(s")HAj(f,-)Hp. ©)
s~

Here and below, for positive quantities 2 and b, the notation a < b means that there exist
positive constants C; and C, that do not depend on an essential parameter in the values a2 and
b (e.g., C; and C; in the expressions (2) and (3) do not depend on the function f) such that
Cia < b (in this case, we write 1 < b) and Cpa > b (in this case, we write a > b). In the present
paper, all constants C;, i = 1,2, ..., depend only on the parameters contained in the definition
of the function class, the metric in which we estimate the error of approximation, and the
dimension of the space R?. Moreover, for the vectors a = (ay,...,a;) and b = (by,...,b,;), the
inequalities of the type a < b (a > b) are understood in the coordinate-wise: a; < b; (a; > b;),
j=1,d Wealsouset >0 (t > 0)ift; >0(t; > 0),j=1,d,and a # b if a; # b; at least for
onei,i=1,d.

In what follows, we use the notations S;I()B and S, H (S;IGB and S, H for d = 1) instead
of S;,GB(IRd ) and S,H (R?) respectively. We also assume that the coordinates of the vector

r = (r1,...,7y) are ordered as follows 0 < ry =1, = --- =1, < rypq < .-+ < r;. The vector
r = (r1,...,74) is associated with the vector v = (v1,...,74), v = ri/r, j = 1,d, and the
vector v is, in turn, associated, with the vector v/, where 'y§ =7, ifj=1vand1 < 'y§ <7
j=v+1,4d.

In addition, in the case 1 < p < oo, the norm of functions from the spaces S;,GB(le ) can

be defined in another form. Let A C R? be a measurable set. Denote by x, a characteristic
function of the set A and for f € L,(IR%), set 6 (f,x) = 3’1()(% - §f). The spaces S%0B,
1<p<oo,1<6< oo, r>0,can be defined as follows [5]

SpoB = {f € Ly(RY: Iflls; 5 < o},
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where )
8
1flls; = (ZZ”QIM* H") (4)
s>0

for1 <60 < oo and
£ llsp 12 = sup 257185 (f, )l - (5)
s>0

The class Sy ,B is defined as a set of functions f € L »(R?) such that Ilf ”529 p < 1. We
preserve the same notations for the classes S ,B as for the spaces S7 ,
As can be seen from (2)—(5), for any f € S’ pB, 1 < p < oo, the followmg relation holds:

165 CFlp = 1A ()l p-

Now we consider the approximative characteristics of the classes S;,GB

Let £ C Z% be a finite set, M := M(L) = Use Q3. Forany f € Ly(RY), 1 < g < o0, we
put

Sm(f, x) := Son(zy(f, %) = ) 65(f, x
sel

Since supp Ss_m (f,x) C M, then Son(f, x) is an entire function of the space L, (R?).

For f € Ly(R?) and %0 B(R?) C Ly(IRY), consider the following approximative character-
istic

()=, [0 = Sme o)
and
eS (S" B) := sup e . 6
m(SheB), feS’pB m(f), (6)

3 APPROXIMATION OF FUNCTIONS FROM CLASSES S’{ OB(]Rd) BY ENTIRE FUNCTIONS

The following statements are true.
Theorem 1. Letr > 1,1 < 6 < oo and d = 1. Then the following relation holds:
e5;(S1B(R)), =< M~ (7)

Theorem 2. Letr; > 1,1 < 6 < co. Then ford > 2 the following relation holds:
_ _1
e%{(S{,QB(IRd))OO = (M_1 log" ™ M)r1 ! ( log"~* M)1 0, (8)

The results of Theorems 1 and 2 are also new for Nikol'skii classes S{H(R?), d > 1.

Let us note that in Theorem 1, the estimate e% (S{/QB (R)),, does not depend on the param-
eter 0 unlike to the corresponding estimate in the case d > 2 (Theorem 2).

Before proving the main results, we formulate auxiliary theorem.

Theorem 3 ([1]). Let1 < p,6 < oo, 1 < p < g < oo and we have a vector p such that

oj=ri—(3-1)>0,j=Td Iff € S ,B(RY), then f € S ,B(R?) and

”f”s‘q’ﬁB(]Rd) < ”f”SZ,QBURd)'
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Proof of Theorem 1. Since r > 1, then by virtue of Theorem 3, there exists a number p,
p =7 —1> 0, such that for any function f € S yB(IR), we have f € Sf;leB(]R) C Leo(R).

First, we will get the upper estimate in (7). Recall now the definition of another approxima-
tive characteristic used in the proof of the results. For s € 7%, define the set Q) as follows

= U @

(s,7)<n
where n € IN. The set Q; is called a stepwise hyperbolic cross and, moreover, mes Q; =
241 (see, e.g., [5]), where mes Q) is the Lebesgue measure of the set Qj.
For f € Ly(R%),1 < q < oo, we set
Z o0:(f,x), x € R?
(s ¥)<n
and denote

EQg(f)q =[fC) - SQg(fr g and EQg(S;,eBM = f:};P 5Q’f(f> )

We now specificating the definition of the quantity £5y(f)4 in the one-dimensional case.

For d = 1, each of the sets Q3 is a union of the half intervals (—2°, —25_1] and [25_1, 2%),
s € Z,, with the corresponding modification at s = 0. Then the stepwise hyperbolic cross
degenerates into the interval (—2",2"), as the union of sets Q5 for alls < n,s € Z, namely
Qn = Qf = Us<, Q%. In addition we have |Q,| =< 2", where |Q,| denotes the length of the
interval. -

The definition of (9) for f € L;(IR), 1 < g < o, can be rewritten as follows

€0,(flg = IIf () = Sq.(f:)llg, €0, (S,6B)g = sup Eq,(f)qg,

f eS;/GB
where

So.(f,x) = Zé*fx

s<n

From the definition of the approximative characteristics (6) and (9), it follows that the fol-
lowing relation holds in the case when mes Q) =< mes M

en (ShoB), < Eqy(Sh,08), (10)
The following statement is true.
Theorem 4 ([25]). Letr; > 1,1 < 6 < oo. Then the following relation holds:
Eqy(SgB) = 27"~ D=1 (1=5), (11)
In the case d = 1, the estimate (11) can be written as follows
£0, (S} 4B),, =< 27", (12)

For a given M, we choose a number n € N such that |Q,| < M < |Q,41], i.e. M =< 2"
Taking into account (10), from relation (12) we get the upper estimate in (7)

e%/[( g,GB)oo < an (Sg,GB)oo = 27}1(7‘71) = MiHFl'
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To obtain the lower estimate in (7), for any n € IN, consider the function
fi(x) = C32 AL (x), C3>0,

that is, the function f; consists of one “block” A} (x).
We give some auxiliary statements.

Lemma 2 ([25]). Let1 < p < oo, then the estimate

JAz (), = 2" ()

holds, where ||s|ly =s1+...+54,8 € Z1,j=1,d.
Lemma 3 ([25]). The following relation

1AZ () leo = 20l

holds, where ||s|l1 =s1+...+54,8 € Z1,j=1,d.

According to Lemma 2, we have || A3(-)||, < Cy4. Then for 1 < 6 < o,

1

e 1
E — 0
S

and
Ifillsy = sup 2 [|AZ (fr, )]l = 227" =1.
! s

So, the function f; belongs to the class S{leB foralll <0 < o0,
For a given M, choosing a number n € IN such that |Qn| <4M < |@n+1 |, where O, = Q.
|Qn| < 2", and using Lemma 3, we conclude that

1A1C) = Son(f1 Moo = [ ()lleo = 1Sm(f1, )lleo| > 27(2" = M) > 27" 2" =< M7,

The lower estimate is established. Theorem 1 is proved. O
Before proving Theorem 2 we note that by Theorem 3 the condition r; > 1 ensures that
there exists a vectorp, p; =1;—1>0,j = 1,d, such that any function f € S{/QB(le ) belongs to
the set SfoleB(]Rd) and therefore f € Lo (IRY). In addition, we can say that for some 1 < gg < oo,
fe S;O/QB’ where pj="1;i— <1 — ql—o) >0,]= 1,d.
Proof of Theorem 2. The upper estimate in (8) follows from Theorem 4. Since mes Q; <

21"~ then for a given M, we choose a number n € IN such that mes Q)Y < M < mes QZ IRy
that is M = 2"n"~1. Using relation (11), we have

ef, (87 4B)., < 27" D D0-8) = (M~ 1og' ! M) (log' M) ),

Passing to establishing the estimate from below in (8), we should note that it is sufficient to
obtain it in the case v = d.
Let

@(n):{s:(sl,...,sd)EZdI sl—l—...+sd:n} and Qn: U Q;S/
s€@(n)
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and mes Qn = vl
Unlike the one-dimensional case, we consider the following functions depending on the
value of the parameter 6

fa(x) = C52_”r1n_% Z Ai(x), Cs5>0,
s€@(n)

when 1 < 0 < o0, and

folx) =Ce27" ), Al(x), Ce>0,
s€O(n)

when 6 = co.
Let us show that the functions f, and f3 belong to the classes S 4B and 57 B respectively.
According to Lemma 2, we have || A} (-)||, < C7. Then

1

1
9 9
* - s s,r *
|fzs;,93x( )3 2(5”)9|As(f2r)|§’) =27 ( )3 2<f>9As<->|€)

s€@(n) s€O(n)

1 1
_ d-1 ’ _d-1 !
=27y~ [ Y nee )« T [ Y 1| <1
s€@(n) s€@(n)

For the function f3, the following estimates hold:

Ifslls; = sup 267 AL(fs, )l = 27" sup 257 AL ()i =27 sup 207 < 1.
’ s€0(n) s€@(n) (s1)=n+1

Further, denote by £’ the set of vectors s such that s € @(n) and the set M = M(L') =
Userr Q35 satisfies the relation

mes én < 4M < mes @nH, (13)

where M = M(n) = mes 9.

Lemma 4 ([25]). The following relation holds:

Using the Lemmas 3, 4 and relation (13), taking into account that mes Qn = 2"p’~1 we can
write

1£2(:) = Sm(f2, Moo = |12 lloo = 1Som (2, ) o]
—nry,, 45t ond—1 B
> 27T (21— M) > 27T 2
— 271D (8) < (M logd ™ M)" ! (log? "t M) ).

y A:(->H = 21,

(s,1)=n+1 o

Similarly in the case 6 = oo, we get

1) = Som(f3, )leo > (M log™ M) og? ! M.
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The lower estimates are established. Theorem 2 is proved. U
The exact-order estimates of efd( ;,GB)q are established in [21] for some other relations
between parameters p, g and 6. In this article, we show that there are relations between the
parameters p, g, 0 such that the quantities ¢, (S},6B )q and &y (S;,GB)q have different orders.

The quantity (6) is a non-periodic analogue of the best orthogonal approximation and the
quantity (9) corresponds to the approximation of the stepwise hyperbolic Fourier sum. The
main results concerning the approximation of the Nikol'skii-Besov classes of periodic func-
tions with a dominant mixed derivative can be found in monographs V.N. Temlyakov [14],
A.S. Romanyuk [11] and D. Diting, V.N. Temlyakov and T. Ullrich [3].

Currently, the generalizations of the Nikol’skii-Besov classes with the dominant mixed
smoothness of periodic and non-periodic functions of many variables are currently being in-
tensively studied, in particular, in the articles [7,9,10,12,13,19, 26].

In the one-dimensional case, the Nikol’skii—-Besov classes with mixed smoothness
s, sB(R?) coincide with isotropic and anisotropic Nikol'skii-Besov classes B, o(RY) and

B’ (]Rd) The exact-order estimates of some approximate characteristics of these classes are
established in [20,22,24].
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Oaep>kaHO TOUHI 3a MOPSIAKOM OILHKM HabAVKeHHsT pyHKIiN 3 kaaciB Hikoabcbkoro-becosa
S{,BB (IRd), d > 1, 3a AOIIOMOTOIO IiAMX (PYHKIIiN eKCIIOHEHIiaABHOTO TUITY 3 IEBHMMM OOMeKeHHsI-
M1 Ha ixHiit crrekTp. [ToxnbKa HaBAVKEeHHS OLIHIOETHCS y MeTpui IpocTopy Aebera Lo (R?).

Kntouosi crosa i ¢ppasu: xkaacu Hikoabcbxoro-becosa, mina pyHKIis eKCTIOHEHIIaABHOTO THITY,
neperBopeHHst Dyp’e.



