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LEGENDRIAN NORMALLY FLAT SUBMANIFOLS OF S-SPACE FORMS

In the present study, we consider a Legendrian normally flat submanifold M of (21 + s)-dimen-
sional S-space form M?"+5(c) of constant @-sectional curvature c. We have shown that if M is
pseudo-parallel then M is semi-parallel or totally geodesic.

We also prove that if M is Ricci generalized pseudo-parallel, then either it is minimal or L = -1,
when ¢ # —3s.
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INTRODUCTION

An n-dimensional submanifold M in an m-dimensional Riemannian manifold M is pseudo-
parallel [1,2], if its second fundamental form ¢ satisfies the following condition

R.c=LQ(g,0), (1)

where R is the curvature operator with respect to the Van der Waerden-Bortolotti connection
V of M, L is some smooth function on M and Q(g,0) isa (0,4) tensor on M determined by
Qg ) (Z,W;X,Y) = (X NgY).0)(Z,W). Recall that the (0, k +2)-tensor Q(B, T') associated
with any (0, k)-tensor field T, k > 1, and (0, 2)-tensor field B, is defined by

Q(B,T)(X1,Xa, ..., X, X,Y) = (X ApY).T)(X1, Xa, ..., X)

(2)
=-T(XApY)X1,Xo,..., X)) — ... — T(X1,X2,..., Xk_1, XA Y)Xy),

where X Ap Y is defined by
(XABY)Z = B(Y,Z)X — B(X, Z)Y. 3)

In particular, if L = 0, M is called a semi-parallel submanifold. Pseudo-parallel submanifolds
were introduced in [1,2] as naturel extension of semi-parallel submanifolds and as the extrin-
sic analogues of pseudo-symmetric Riemannian manifolds in the sense of Deszcz [7], which
generalize semi-symmetric Riemannian manifolds. On the other hand, Murathan et al. [11]
defined submanifolds satisfying the condition

R.c=LQ(S,0), 4)
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where S is the Ricci tensor of M. The kind of submanifolds are called Ricci generalized pseudo-
parallel. Recently, many authors studied pseudo-parallel and Ricci generalized pseudo-parallel
submanifolds on various spaces, where the ambient manifold M has constant sectional curva-
ture, we refer for example to [2,5,10-12,14]. An integral submanifold of maximal dimension
M" of an S-manifold M?"** is called Legendrian and it plays an important role in contact ge-
ometry. The study of Legendrian submanifolds of Sasakian manifolds from the Riemannian
geometry point of view was initiated in 1970’s. Legendrian submanifolds like their analogues
in symplectic geometry, i.e. Lagrangian submanifolds. In [12], authors showed that a pseudo-
parallel integral minimal submanifold M" of an S-space form M?"*3(c) is totally geodesic if
Ln— 3(n(c+3s) +c—s) > 0.

In this work, we mainly prove that if a Legendrian normally flat submanifold M of an
S-space form M?"*5(c) is pseudo-parallel (resp. Ricci generalized pseudo-parallel) then it is
semi-parallel or totally geodesic (resp. minimal or L = —L1-).

1 PRELIMINARIES

We remember some necessary useful notions and results for our next considerations. Let
M" be an n-dimensional Riemannian manifold and M"™ an m-dimensional submanifold of M".
Let g be the metric tensor field on M" as well as the metric induced on M™. We denote by V the
covariant differentiation in M" and by V the covariant differentiation in M™. Let TM (resp.
TM) be the Lie algebra of vector fields on M" (resp. on M™) and T+ M the set of all vector
fields normal to M™. The Gauss-Weingarten formulas are given by

VxY =VxY+0o(X,Y), VxV=—-AyX+ VsV,

X,Y € TM, V € T+M, where V- is the connection in the normal bundle, ¢ is the second
fundamental form of M"™ and Ay is the Weingarten endomorphism associated with V. Ay
and o are related by g(AyX,Y) = ¢(c(X,Y), V) = ¢(X, AvY).

The submanifold M™ is said to be totally geodesic in M" if its second fundamental form is
identically zero and it is said to be minimal if H = 0, where H is the mean curvature vector
defined by H = L trace(v) [13].

We denote by R and R the curvature tensors associated with V, V and V= respectively.

The basic equations of Gauss and Ricci are

S(RX,Y)ZW) = g(R(X,Y)Z,W) + g(¢(X, Z),0(Y, W)) — g(o(X, W), (Y, 2)),

gR(X,Y)N,V) =g(R (X, Y)N,V) — g([An, Av]X, Y),

respectively, X,Y,Z,W € TM, N,V &€ TM.
The covariant derivative Vo of the second fundamental form ¢ is given by

Vxo(Y,Z) = Vx(o(Y,2)) —o(VxY,Z) —o(Y,VxZ).

The operators R(X, Y) from the curvature of V and X A Y can be extended as derivations
of tensor fields in the usual way, so

(R(X,Y).0)(Z,W) = RH(X,Y)(c(Z,W)) —(R(X,Y)Z,W) —0(Z,R(X,Y)W). (5)
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Putting B=g¢, T = ¢ in (2) and (3), we get

Qg ) ZW;X,Y) = ((XAY).0)(ZW) =—c(XANY)Z,W) —0(Z,(XNY)W) ®)
—3Y, Z)o(X, W) +¢(X,Z)o(Y,W) —g(Y, W)o(Z,X) + (X, W)o(Z,Y).
Let M2"+5 be a (2n + s)-dimensional Riemannian manifold endowed with an ¢-structure (that
is a tensor field of type (1,1) and rank 2n satisfying ¢> + ¢ = 0). If moreover there exist on
M2nts global vector fields §1,...,¢s (called structure vector fields), and their duals 1-forms
N,..., s such thatforall X,Y € TM and «, B € {1,...,s} (see [8])

1a(Ep) = Oups PCa =0, Ma(9X) =0, P?X = =X +Y " 1(X)%a, (7)

then there exists on M a Riemannian metric g satisfying

8(X,Y) =g(eX, @Y) + Y _ na(X)1a(Y), 8)

and
1 (X) = 8(X,8u), 8(pX,Y) = —g(X, 9Y), )

forall « € {1,...,s}, M is then said to be a metric g-manifold. The @-structure is normal if
Ny +2) 51 Ca ®dn, = 0, where Ny, is the Nijenhuis torsion of ¢. B

Let ® be the fundamental 2-form on M defined for all vector fields X, Y on M by ®(X,Y) =
2(X, 9Y). A normal metric ¢-structure with closed fundamental 2-form will be called K-
structure and M?"*5 called K-manifold. Finally, if di; = ... = dijs = ®, the K-structure is
called S-structure and M is called S-manifold.

The Riemannian connection V of an S-manifold satisfies [3]

6;{4’,‘,,( =—pX, v €{1,...,s},

(Vx)Y =Y o (8(@X, Y)& + 1(Y)9?X), X,Y € TM,

where V is the Levi-Civita connection of g.

A plane section 7 is called an ¢-section if it is determined by a unit vector X, normal to the
structure vector fields and ¢X. The sectional curvature of 7t is called an ¢-sectional curvature.
An S-manifold is said to be an S-space form if it has constant ¢-sectional curvature c and then,
it is denoted by M?"*5(c) (n > 1) and its curvature tensor has the form [9]

R(X,Y)Z = c+3s

{2(0X, 92)97Y — 3(9Y, 92)9?X }
* —{g(qu Z2)pX —g(9X, Z)pY +28(X, ¢Y)pZ }

4
" ﬁi_l{ S(2)62Y — (Vs (2)97X

(10)

+8(9Y, 0Z)1a(X)Es — 89X, 9Z)1a (V)5 |,

forall X,Y,Z € TM.
When s = 1, an S-space form M(c) reduces to a Sasakian space form M(c) and s = 0
becomes a complex space form.
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2 PSEUDO-PARALLEL LEGENDRIAN SUBMANIFOLDS OF AN S-SPACE FORM

Let M" be an n-dimensional submanifold of an S-space form M2'*5(c). If 1,(X) = 0,
a € {1,...,s}, for every tangent vector X to M, then we say M is a Legendrian submanifold.
Recall that a submanifold M of M is an anti-invariant submanifold if ¢(TM) C T+M. So, a
Legendrian submanifold is identical with an anti-invariant submanifold normal to the struc-
ture vector fields ¢y, ..., ¢s. Actually, a Legendrian submanifold is special an integral subman-
ifold. Therefore, from (8) and (9) we obtain

89X, oY) = g(XY), na(X) = 8(X,8u) =0,
forany X,Y € TMand a € {1,...,s}. Then we have the following known Lemma (see [4]).
Lemma 1. Let M" be a Legendrian submanifold of an S-manifold, then
Az, =0,
ApxY = ApyX, (11)
foralla € {1,...,s} and X, Y € TM.
The previous Lemma implies immediately the following result.

Lemma 2. Fora Legendrian submanifold M" of an S-manifold M?'**, the following equations
8(0(X,Y), 9Z) = g(0(X, Z), 9Y), (12)
ApxY = —o(X,Y) = Ay X (13)
hold forall X,Y,7Z € TM.
Moreover, from (7) and (13) we obtain
PAxY = 0(X,Y) = pAyvX. (14)

Using (14), (9) and the Gauss equation, we have

R(X,Y) = R(X,Y) — [Apx, Agy]- (15)
We recall that the submanifold M is said to have flat normal connection (or trivial normal con-
nection) if R+ = 0. If M has normal connection flat then we call it to be normally flat.
Then, making use of (14), (5) and (6), if M is normally flat, the pseudo-parallelity condi-
tion (1) turns into

—AgwR(X,Y)Z — ApzR(X, Y)W = L{ — g(Y, Z) ApxW + (X, Z) Ajy W

(16)
—8(Y, W)ApxZ + g(X, W) Ay Z}.

So, a Legendrian normally flat submanifold M" of an S-space form M?'*5(c) is pseudo-pa-
rallel if and only if the equation (16) holds.

In particular, if L = 0 in (16) the M is said to be semi-parallel.

As a parallel submanifold, Vo = 0 (in particular, totally geodesic submanifold o = 0) is
semi-parallel it is obvious that also is a pseudo-parallel submanifold.

The following two propositions are the analogous results to [5, Prop. 3.1, Prop. 3.2] in case
of pseudo-parallel Legendrian submanifold of an S-space form, respectively.
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Proposition 1. Let M" be a pseudo-parallel Legendrian submanifold of an S-space form
M?"+5(c). If there is another smooth function L' satisfying (1), then L = L' at least on M — K,
whereK = {p € M /o, = 0}.

Proof. If L and L’ are two functions that satisfy (1), we get (L — L") Q(g,0) = 0. Choose an
orthonormal basis {ey,...,e,} of T,M, p € M. We have

(L—L")Q(g o) (e, erseie) = (L —L')[(e; Aej).ol(ex, e)
= (L—L"){ —glej ex)o(ei er) + glei ex)o(ej e)
— glej e)o (e, e) + glei, e)o (e ef) }
= (L—L"){ —dpo(ei,er) + (e, er)
— 60 (ex, e;) + 0y (e, ej) } = 0.

Fori =k # j = [ we get
(L— L’){(T(e]-,e) o(ej,e))} = 0.
Fori =k =1 # j we get
(L—L")o(e;,ej) = 0.

If L(p) # L'(p), p € M, then
oleie) =0, ole,e)=0o(ee),  Vije{l,... n}
Moreover, since i # j and from (12)
g(o(ei e), pej) = g(o(ei €)), pei) =0,

g(o(ei ei), pe;) = g(o(ej ej), pei) = go (e ef), pej) =0,
g(o(eie),Ca) = 8(@Apeei, Ca) =0,  Vae{l,...,s}.

So, we obtain g(c(e;,e;), N) =0Vi € {1,...,n},VN € T+*M and since {¢e1, ..., pen, &1,..., s}
is a basis of T M for a Legendrian submanlfold M, then ¢ = 0. Consequently

{pe M, L(p) # L'(p)} € K.
This proves the proposition. O

Proposition 2. Let M" be a pseudo-parallel Legendrian normally flat submanifold of an
S-space form M?"*$(c), then for any vector fields X,Y € TM we have

R(X,Y)pH = L{g(¢H, X)Y — g(¢H,Y)X},
where H is a mean curvature vector.

Proof. Let {ey,...,e,} bean orthonormal basis of TM and Z unit vector field of T, M for p € M.
YU € TM, (16) can be rewritten as

S(R(X,Y)Z, Apwl) + g(R(X, Y)W, AyzU) = L{g(Y, Z)g(Apx W, U)
—8(X, Z)8(Apy W, U) +g(Y, W)g(ApxZ,U) — g(X, W)g(Apy Z,U)}.
(17)
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If we put W = U = e; in (17), we obtain

S(R(X,Y)Z, Age,ei) + 8(R(X,Y)e;, Agzei) = L{g(Y, Z)g(Ayxei i) — §(X, Z)g(Agyei, e;)
+8(Y,ei)8(ApxZ,e;) — (X, e1)8(ApyZ,e;) }.
Assuming that {A,...,A,} are the eigenvalues of A,z corresponding to frame {ey, ..., e, }.
Using (11) in the above equation, we have
—3(R(X,Y)Ageei, Z) + Aig(R(X, Y)ej, ;) = L{g(Y, Z)g(Ageei, X) — §(X, Z)g(Age,ei, Y)
+8(Y,e)g(Agzei, X) — (X, e1)g(Apzei, Y) }
= L{g(Y, Z)8(Age,ei, X) — (X, Z)g(Age,ei, Y)
+Aig (Y, ei)glei, X) — Aig(X, e)g(ei, Y) }-
So that
—8(R(X,Y)Agpeei, Z) = L{g(Y, Z)g(Age,ei, X) — §(X, Z)g(Ageiei, Y) }.
From (13), we get
n
¢(R(X,Y)pH,Z) = —% Z;g(R(X, Y)Ageei, Z) = L{g(Y,Z)g(9H, X) — g(X, Z)g(¢H,Y)}.

1

0

3 MAIN RESULTS

Theorem 1. Let M" be a Legendrian normally flat submanifold of an S-space form M2+ (c)
with ¢ < s, then M" is pseudo-parallel if and only if it is semi-parallel or totally geodesic.

Proof. Since M" is a Legendrian submanifold and from (10) we have

R(x,v)z = L2 er, 2)x ~ g(x,2)7}, (18)
forany X,Y,Z € TM, so that
~ _c+3s

R(X,Y)pH {g(Y, pH)X — ¢(X, @H)Y},

where H is the mean curvature vector. As R+ = 0 and from (18), the Ricci equation reduces to
[Apx, Apy] = 0, so from (15) we get R(X,Y)pH = R(X,Y)¢pH, thus

c—+3s

R(X,Y)pH = {g(Y, oH)X — g(X, q)H)Y}.

Using the above equation and Proposition 2, we obtain

(C +35 L) {g(Y, oH)X — g(X, goH)Y} —0, (19)

this implies that L = —£3 or H = 0.
When L = —%35, if c = —3s,i.e. L = 0, that is, M is semi-parallel. If c # —3s,s0 L # 0,
then from (16), (10) and (11) we have

—8(Y,Z)ApxW + (X, Z) Apy W — g(Y, W) Ayx Z + §(X, W) Apy Z = 0. (20)



LEGENDRIAN NORMALLY FLAT SUBMANIFOLS OF S-SPACE FORMS 75

Thus by using (20) and Proposition 1, we have o = 0, i.e. M is totally geodesic.
Now, assuming that L # —‘Hfs , then from (19), H = 0. By substituting (18) into (16) we
obtain

¢+ 3s
(L - ) { — (Y, Z)Agx W + (X, Z) Ay W — g(Y, W) Apx Z + g(X, W)Aq)yZ} = 0.
Putting X = W = ¢; and summing overi = 1,...,n,as H = 0we get L = CJZ?’S or AyyZ =0

(i.e. M is totally geodesic), forall Y, Z € TM.

On the other hand, if we suppose that L = . Notice that in [12] the authors gave a
necessary condition for a minimal pseudo-parallel integral submanifold M" (of an S-space
form M?"+5(c)) to be totally geodesic is Ln — 1[n(c + 3s) +c —s] > 0. Hence, in this case M
is totally geodesic. Conversely, if M is semi-parallel or totally geodesic obviously it is trivial
pseudo-parallel. O

c+3s
4

From (19), we easily prove the following result.

Corollary 1. Let M" (n > 1) be a Legendrian normally flat submanifold of an S-space form
M?"F5(c), with ¢ # —3s. If M" is semi-parallel then it is minimal.

In [12], the authors have shown that for a minimal Legendrian submanifold M" of an
S-space form M?"+5(c), if it is semi-parallel and satisfies n(c + 3s) + ¢ —s < 0, then it is
totally geodesic. Therefore, by Corollary 1 we have the following assertion.

Corollary 2. Let M" (n > 1) be a Legendrian normally flat submanifold of an S-space form
M?2"¥5(¢), with ¢ < —3s. If M" is semi-parallel then it is totally geodesic.

Theorem 2 ([4]). Let M™ (m < n) be a minimal anti-invariant submanifold of an S-space form
M?"+5(c) normal to the structure vector fields. Then the following assertions are equivalent.

1. M™ is totally geodesic.

2. M™ is of constant curvature k = %.

3. The Ricci tensor S = % (m —1)(c + 3s)g.

4. The scalar curvature p = tm(m — 1)(c + 3s).

By the hypothesis of flat normal connection, M" is of constant curvature k = <2, in view

of Corollary 1 we get

Corollary 3. Let M" be a Legendrian normally flat submanifold of an S-space form M?'+3(c)
with ¢ # —3s. If M" is semi-parallel, then the following statements are equivalent.

1. M" is totally geodesic.
2. The Ricci tensor S = 1(n —1)(c + 3s)g.

3. The scalar curvature p = 3n(n —1)(c + 3s).
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It is well known that the equation of Ricci shows that the triviality of the normal connection
of M into space form M"*4(c) (and more generally, for submanifolds in a locally conformally
flat space) is equivalent to the fact that all second fundamental tensors are mutually commute,
or that all second fundamental tensors are mutually diagonalizable (see [6]).

So, for any p € M there exists a local orthogonal frame {e;} of M" such that all the second
fundamental form tensors are mutually diagonalizable, then

AN(ei> = )\ZNEZ'

for any unit normal vector field N and AN are the principle curvatures of M with respect to N.
Next, we assume that M" is a Legendrian normally flat submanifold of an S-space form
M?"+5(c), with ¢ # —3s. In this case, from (10) and (15) we have

R(X,Y)Z =R(X,Y)Z = ¢ 233 {g(Y,Z)X - g(X,Z)Y} 1)

for any vector X,Y,Z € TM. For an orthonormal frame {ey, ..., e, } of M, the Ricci tensor S of
M is defined by S(X,Y) = Y7 ; g(R(e;, X)Y, e;). So, from (21) we have

S(X,Y) = c+3s

(n—1)g(X,Y). (22)
Putting B= S, T = cin (2) and (3), we get

Q(S,0)(Z,W; X,Y) = — S(Y, Z)o (X, W) + S(
—S(Y, W) (Z, X) + S(

X, Z)o (Y, W) )
X, W)o(Z,Y).

From (14), (5), (11) and (23), the condition (4) turns into

—AgwR(X,Y)Z — AgzR(X, Y)W = L{ — S(Y, Z) ApxW + S(X, Z) Ay W

(24)
—S(Y,W)ApxZ + S(X, W) ApyZ}.

So, a Legendrian normally flat submanifold M" of an S-space form M?"*(c) is Ricci general-
ized pseudo-parallel if and only if the equation (24) holds.

Theorem 3. Let M?"™5(c), ¢ # —3s, be an S-space form of constant ¢-sectional curvature c

and M" be a Legendrian normally flat submanifold of M?"*3(c). If M" is Ricci generalized

pseudo-parallel, then either M" is minimal or L = ﬁ

Proof. Let M be a Ricci generalized pseudo-parallel, since M is a Legendrian normally flat
submanifold, we choose an orthonormal basis of TPLM of the form {e, 1 = @ey,..., e0n =

@en, 41 =C1,. .., 6m4+s = Cspand forany i,j € {1,...,n},a € {1,...,s} denote A?H by the
principle curvatures with respect to the normal vector field ¢e;, i.e.

i
Age () = A e;. (25)
In this case the mean curvature vector can be written as

1 -

i nej

H" ]_E.ElAi .
1=
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In view of (24), setting X =¢;, Y = ej, Z = ex, W = ¢; we obtain

—A(PEIR(EZ', ej)ek — AgoekR(ei/ 6]')61 = L{ — S(ej, 3k>Agoe,'el + S(BZ‘, ek)Aq)eljel

(26)
— S(e]-, el)A(Peiek + 5(61', el)Aq,e].ek}.
Substituting (22), (25) into (26) and for any e,, € TM, we get
c+3s : i
_ArnnHRijkm - )‘?n+kRz‘jlm = T(” — 1)L{ = A0 + A7+]5ik51m 27)
— N80 + A S0}
where g(e;,ej) = é;;and 1 <1, j,k,I,m < n. Since,
¢+ 3s ¢+ 3s

Rijm = —— {5jk5im — OikOjm }, Rijim = —— {5jl5z'm - 5il5jm}, (28)

by the use of (28), equation (27) turns into
A (8ikBim — Sixim) — A  (818im — 6i0jm)
= (n = D)L{ = A" 6301 + A} 8081m — AT 65180 + AL 60km -
Hence, if we put k =i, m = j, we get

Ny
=M (65 — 8udyy) — AT 641604 — Sudp)

. . (29)
= (n— 1)L{ — Ay 16y8:05 + AP 18,0 — NiH6;8: + AlT556y ),
because it follows from (11) that
)\;-H_] = g(A¢ej€i, 61') = g(Aqgeiei, €]> = )\?+i(5ij .
Summingoveri =1,...,nand j = 1,...,n in (29) respectively, we have
HH = ”—_1LA7+I. (30)

On the other hand, by substituting (21) and (22) in (24), we obtain
[(n =1)L = 1{—g(Y, Z)ApxW + g(X, Z) ApyW — g(Y, W) AyxZ + (X, W)AyyZ} = 0. (31)

By setting X = ¢;,Y = ¢;, Z = ¢, W = ¢; and substituting (25) into (31), for any e,, € TM we

get ‘ .
[(n — 1)L — 1{A; 7 0 — AT 8501m + A 88m — AP 6110k } = 0.

In the same way, we put k = i, m = j in the above equation

[(n — 1)L — 1{AT 605 — AP 636505 + AT 6,05 — AiH6,0;;} = 0. (32)
Furthermore, by summing overi =1,...,nand j = 1,...,n in (32), we obtain

[(n—1)L —1](n — 1)AI = 0.
Asn > 1we have
[(n—1)L — 1AM = 0. (33)

Comparing (30) and (33), we deduce that if L = 0 then H"t! = 0 for any1 <1 <mn,ie Mis
minimal. If L # 0, then %H”” = 0, which implies H"*! =0 or L = Ll a

(n— n—
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Y nmoaaHOMY AOCAiAKEHHI MU PO3TASIAQEMO AeXXaHAPOBMII HOpMaAbHO IIAOCKMI ITiAMHOTOBMA, M
(21 + s)-BuMipHOi S-mpocToposoi hopmu M2 +5(c) cranoi ¢-cexiriitoi KpuBM3EY ¢. M roKazaam,
110 SIKIIO M € IceBAOIIapaAeAbHMM, TO M € HamiBmapareAbHMM ab0 TOTAABHO T'€OAE3UIHIM.

My TakoX AOBeAM, IO KO M € y3araabHEHO MCeBAONAapaAeAbHMM MAMHOTOBMAOM Piudi, To
abo M e miniMarbHuM, abo L = L5 mpu ¢ # —3s.

Kontouosi cnosa i ¢ppasu: S-mpocTroposa popMa, AeKaHAPOBWI IIAMHOTOBMA, HOPMAABHO IIAO-
CKMI IIiAMHOTOBMA, TICEBAOIIapaAeAbHMIA ITIAMHOTOBMA, Y3araabHEHO IICeBAOIapaAeAbHMIA ITiAMHO-
TOBUA Piuui.



