Kapnarceki maremaTudsi Carpathian Mathematical
nyoaikamii. T.3, Ne2 Publications. V.3, N2

VIK 515.12, 517.51

Bokaro B.M, KorLos N.M.

ON OPERATIONS ON SOME CLASSES OF DISCONTINUOUS MAPS

Bokalo B.M., Kolos N.M. On operations on some classes of discontinuous maps, Carpathian
Mathematical Publications, 3, 2 (2011), 36-48.

A map f: X — Y between topological spaces is called scatteredly continuous (pointwise
discontinuous) if for each non-empty (closed) subspace A C X the restriction f|4 has a point
of continuity. We define a map f : X — Y to be weakly discontinuous if for every non-empty
subspace A C X the set D(f]a) of discontinuity points of the restriction f|4 is nowhere dense
in A.

In this paper we consider the composition, Cartesian and diagonal product of weakly dis-
continuous, scatteredly continuous and pointwise discontinuous maps.

INTRODUCTION

A map f: X — Y between topological spaces is called scatteredly continuous if for each
non-empty subspace A C X the restriction f|4 has a point of continuity. Such maps were
introduced in [1] and were more investigated in [3].

By its spirit definition of a scatteredly continuous map resembles the classical definition
of a pointwise discontinuous map, due to R.Baire [2]. We recall that the map f: X — Y is
called pointwise discontinuous if for each non-empty closed subspace A C X the restriction
f|a has a continuity point.

Following [6] we define a map f : X — Y to be weakly discontinuous if for every subspace
A C X the set D(f|4) of discontinuity points of the restriction f|4 is nowhere dense in A.

In this paper we consider the composition, Cartesian and diagonal product of weakly
discontinuous, scatteredly continuous and pointwise discontinuous maps. In particular, one
of the main results of the paper is the following theorem.

Theorem 1. Let F = {fo}acs be a family of maps f, of a topological space X, into a
topological space Y, respectively. The Cartesian product H fa HXQ — HYa is a

acs a€csS acsS
scatteredly continuous map if and only if the following conditions hold:

(i) all the maps f, are scatteredly continuous;
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(ii) all the maps f,, except maybe one, are weakly discontinuous;
(iii)all the maps f,, except maybe finite number, are continuous.

Also we show that the Cartesian and diagonal product of finite number of weakly dis-
continuous maps is weakly discontinuous.

1 PRELIMINARIES

A “space” always means “topological space”. By R and Q we denote the spaces of real
and rational numbers respectively; w stands for the space of finite ordinal numbers (=non-
negative integer numbers) endowed with the discrete topology.

For a subset A of a topological space X by clx(A) or A we denote the closure of A in X
while Intx(A) stands for the interior of A in X.

For a map f : X — Y between topological spaces by C(f|a) we denote the set of
continuity points of the restriction f|4 while D(f]4) stands for the discontinuity points of
the restriction f|4.

The characteristic function of a subset A of a set X is a function x4 : X — {0, 1} defined

as follows
(z) = 1, z € A;
XAVE) = 0, z ¢ A.

Suppose we are given a family { X : s € S} of topological spaces. We consider a Cartesian
product X = H X of the sets { X : s € S} with Tychonoff topology. By 7y, : HXS — X,
sesS seS
we denote the projection of X = HXS onto X,.

seS
All spaces encountered in this paper (unless stated otherwise) are assumed to be Haus-

dorff. The rest of the notation and terminology is standard and can be found in [4].

2 SOME FACTS ABOUT SCATTEREDLY CONTINUOUS, WEAKLY DISCONTINUOUS AND
POINTWISE DISCONTINUOUS MAPS

Definition 2.1. A map f: X — Y between topological spaces is called

e weakly discontinuous if for each non-empty subspace A C X the set D(f|a) is nowhere
dense in A;

e scatteredly continuous if for each non-empty subspace A C X the restriction f|4 has a
point of continuity;

e pointwise discontinuous (see [2]) if for each non-empty closed subspace A C X the
restriction f|a has a point of continuity.

Obviously, every weakly discontinuous map is scatteredly continuous and each scatteredly
continuous map is pointwise discontinuous.

As an example of scatteredly continuous, not a weakly discontinuous map one can take
an identity map f : R — Rg from the real line equipped with the standard topology 7 to the
real line endowed with the topology generated by the subbase 7 U {Q}. In [1] it is proved,
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in particular, that scatteredly continuous map f : X — Y into a regular space Y is weakly
discontinuous.
Recall that the Riemann function is a function R : [0,1] — [0, 1] defined as follows

1 m :
= if x = 2 is a rational number;
R(z) = { n’ n ’

0, if x is irrational.

Obviously, the Riemann function is an example of pointwise discontinuous, not a scatteredly
continuous map.

Lemma 2.1. Let f : X — Y be a scatteredly continuous map. Then for each non-empty
subspace A C X the set C(f|a) is dense in A.

Proof. Without loss of generality we can assume that A = X. Pt Xo={z € X : f: X =Y
is continuous at the point z}. We prove that X, = X. Suppose this is not true, that is
X\ X, # @. Put U = X\ X, and let 2y be a continuity point of the restriction f|y : U — Y.
Then for any neighborhood O(f(z)) of the point f(xy) there is a neighborhood O(zg) of
the point xo such that f(O(zo) NU) C O(f(zo)). Since the set U is open in X so it is the
set O(zg) NU. Therefore, f : X — Y is continuous at z, hence zq € Xy, which contradicts
the fact that 2y € X\ Xj. O

Proposition 2.1. A map f : X — Y is scatteredly continuous if and only if there is
an ordinal number 5y and a pairwise disjoint family {X,}a<p, of non-empty subsets of X
such that X = U{X, : a@ < By}; for each § < By the set Xg is dense in the subspace
U{X. : B < a< B} and C(f|uixa:s<a<po}) = Xp. The ordinal number f, is called an index
of scattered continuity of the map f and is denoted by sc(f).

Proof. The "only if" part. Let f : X — Y be a scatteredly continuous map. Apply a
transfinite induction to all ordinal numbers which are less than |X|*. Put Xy = {x € X :
f: X — Y is continuous at a point 2}. Then, by Lemma 2.1, Xy = X. Put X° = X\ X,
and X; = {z € X°: flxo : X® — Y is continuous at a point z}. Due to Lemma 2.1
X, = X\ Xo. Put X! = X%\ X, and so on. Suppose that for each ordinal number
a < B we have constructed the sets X, and X® Then put P° = {X* : a < 3},
X ={x € P?: flps : PP = Y is continuous at a point z} and X? = P\ X;. By 3, we
denote a minimal ordinal number 3 such that Xz = @. Since f is a scatteredly continuous
map, X = [J{X, : @ < By}. Obviously, for any ordinal number § < [, the restriction
flugxa:s<a<po) - U{Xa : B < a< o} — Y is continuous at each point of the set Xz, and for
all B < Sy the set Xz is dense in (J{X, : f < a < S}

The "if" part. Suppose there is an ordinal number £, and a pairwise disjoint family
{Xa}a<s, of non-empty subsets of X such that X = U{X, : @ < [y} and for each 8 <
C(flugxa:p<a<po}r) = Xp. Let A be anon-empty subset of X. Put ag = min{a : ANX, # @}.
Then C(f|a) D AN X,, # 9. O

Proposition 2.2. A map f : X — Y is weakly discontinuous if and only if there is an
ordinal number [y and a pairwise disjoint family {X,}a<p, of non-empty subsets of X
such that X = U{X, : a < By}; for each f < [y the set Xz is an open dense subset of
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U{X, : B < a < B} and Intyix,.s<a<po}C(fluixa:8<a<sor) = Xp. The ordinal number B is
called an index of weak discontinuity of the map f and is denoted by wd(f).

Proof. Is similar to the proof of Proposition 2.1. O

Proposition 2.3. The composition of two weakly discontinuous maps is weakly discontin-
uous.

Proof. Let f: X —Y,g:Y — Z be two weakly discontinuous maps. To show that g o f is
weakly discontinuous, it suffices, given a non-empty subspace A C X to find a non-empty
open subset U C A such that g o f|y is continuous. The weak discontinuity of f yields a
non-empty open set V' C A such that f|, is continuous. The weak discontinuity of g yields
a non-empty open subset W C f(V') such that g|y is continuous. By the continuity of f|y,
the preimage U = (f|y)"*(W) is open in V and hence in A. Finally, the continuity of the
functions f|y and g| sy imply the continuity of g o f|y. O

Proposition 2.4. The composition go f : X — Z of a weakly discontinuous map f : X — Y
and a scatteredly continuous map g : Y — Z is scatteredly continuous.

Proof. Given a non-empty subspace A C X we should find a continuity point of g o f|a.
The weak discontinuity of f implies the existence of a non-empty open set V' C A such that
flv is continuous. The scattered continuity of g implies the existence of continuity point
Yo € f(V) of the restriction g|sy. Then any point 2o € (f]v) *(yo) is a continuity point of
go fla. O

However, the composition g o f : X — Z of weakly discontinuous (even more that,
continuous) map f : X — Y and a pointwise discontinuous map ¢ : Y — Z need not be
pointwise discontinuous.

Example 1. We consider the identity maps i1 : (X, 79) — (X, 7,), is : (X, 7)) = (X, 7)
where X = [0;1), 7, is a standard topology, T is a right half-open interval topology and T,
is a topology generated by the subbase T, U {0}. Obviously, the map i, : (X, 79) — (X, 7,)
is continuous.

The map i is pointwise discontinuous. Assume that A is a non-empty closed subset of
X. As the point of continuity of the restriction is|4 we can take the minimal point of the
set A with respect to standard order on the set [0, 1).

Since the restriction is|(o,1) Is everywhere discontinuous, the map i, fails to be scatteredly
continuous.

The set A = (0,1) is closed in (X, 1y). However, the restriction (iy 0i1)|4 has no point of
continuity. Thus the composition i, 0 41 is not a pointwise discontinuous map.

Proposition 2.5. The composition go f : X — Z of closed continuous map f : X — Y
and a pointwise discontinuous map g : Y — Z is pointwise discontinuous.

It is interesting to note that the composition go f : X — Z of a scatteredly contin-
uous map f : X — Y and a weakly discontinuous map g : Y — Z can be everywhere
discontinuous.
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Example 2. Let f : R — Rg be the identity map from the real line equipped with the
standard topology T to the real line endowed with the topology generated by the subbase
TU{Q}. Also let xq : Rg — {0;1} be the characteristic function of the set Q. It is easy to
show that the map f : R — Ry is scatteredly continuous and xq : Rg — {0;1} is a weakly
discontinuous map while their composition xgo f : R — {0; 1} is everywhere discontinuous.

Proposition 2.6. The composition go f : X — Z of a pointwise discontinuous (scatteredly
continuous, weakly discontinuous) map f : X — Y and a continuous map g : Y — Z is
pointwise discontinuous (scatteredly continuous, weakly discontinuous respectively).

Proposition 2.7. Let f be a surjective open map from a topological space X onto a topo-
logical space Y and g be a map from the space Y to some topological space Z. Then
scattered continuity (weak discontinuity) of the map go f implies scattered continuity (weak
discontinuity) of the map g.

Proof. Let f be an open surjective map and let the composition g o f be a scatteredly
continuous (weakly discontinuous respectively) map. Assume that B is a non-empty subset
of Y and A = f~!(B). It is known that the restriction f|4: A — B is an open map. Since
the composition go f is scatteredly continuous (weakly discontinuous), the set C'(go f|4) # @
(C((go f)|a) is an open subset of A respectively). We take some 2y € C(go f|4) and show
that the map g |p : B — Z is continuous at the point yo = f(xo). Assume that O(g(yo)) is
a neighborhood of the point g(y) in Z. Since go f(xo) = g(yo) and zg € C(g o f|a), there
is a neighborhood O(xg) of the point zy such that g o f(O(xg) N A) C O(g(yo)). Since the
restriction f |4 : A — B is an open map, the set f(O(zo) N A) is an open subset of B with
Yo € f(O(xg) N A). It is easy to understand that g(f(O(zg) N A)) = go f(O(zo) N A) C

O(9(yo))-
If the composition go f is weakly discontinuous, the set f(C((go f)|4)) is an open subset
of B. O

If the map f is surjective open and the composition g o f is a pointwise discontinuous
map, then the map ¢g need not be pointwise discontinuous.

Example 3. We consider the identity maps f : (X,7.) — (X,7), g : (X,70) = (X,75)
where X = [0;1), 7, is a standard topology, T is a right half-open interval topology and T,
is a topology generated by the subbase T, U{0}. Obviously, the map f is open. As Example
1 shows, the composition go f : (X, 1,) = (X, 75) is a pointwise discontinuous map, but the
map g : (X, 1) — (X, 7s) is not a pointwise discontinuous map.

Proposition 2.8. Let f be a surjective open continuous map from a topological space X
onto a topological space Y and g be a map from the space Y to some topological space Z.
Then pointwise discontinuity of the map g o f implies a pointwise discontinuity of the map

g.

Propositions 2.7 and 2.8 are not faithful, if we replace the openess of the map f by the
quotientity (even more that, by closedness and continuity).
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Example 4. Let X be a scattered space, Y be a perfect non-scattered space and f : X — Y
be a closed surjective continuous map (such spaces exist, see[5]). By Yy we denote the set
Y endowed with the discrete topology. Let g be the identity map from Y to Y. Obviously,
the composition g o f : X — Y, is scatteredly continuous (even weakly discontinuous), but
the map g is everywhere discontinuous.

Proposition 2.9. Let f be a surjective perfect map from a topological space X onto a
topological space Y and g be a map from the space Y to some topological space Z. Then
weak discontinuity of the map g o f implies weak discontinuity of the map g.

Proof. Let f be an surjective perfect map and let the composition g o f be a weakly dis-
continuous map. Let B be some non-empty subset of Y. Put P = B. Since the map f is
perfect, there is a closed subset F' of X such that f(F) = B and f|g is irreducible perfect
map. Since the composition g o f is weakly discontinuous map, there is an open subset U of
F of the points of continuity of the restriction g o f|r. Since f|r is irreducible map, f(U) is
non-empty open subset of P. And since B = P, f(U) N B is a non-empty open set of the
continuity points of the restriction g|g. ]

Recall that a space X is called a Preiss-Simon space if for an arbitrary non-empty closed
subset A of X and each point € A there is a sequence {U,, : n € w} of non-empty open
subsets of A that converges to x in the sense that each neighborhood of = contains all but
finitely many sets U,.

Proposition 2.10. Let f be a closed surjective map from a perfectly paracompact space X
onto a hereditary Baire Preiss-Simon space Y and g be a map from the space Y to a regular
space Z. Then scattered continuity of the map g o f implies scattered continuity of the map

qg.

Proof. In [3], in particular, it is proved that a map ¢ from a hereditary Baire Preiss-Simon
space Y to a regular space Z is scatteredly continuous if for any open subset in 7 its preimage
is a Gs-set in Y. Suppose g is not a scatteredly continuous map. Then there is an open set
U in Z such that ¢g7'(U) is not Gs-set in Y.

From the other hand, as go f is a scatteredly continuous map from a perfectly paracom-
pact space X to a regular space Z, then (go f)~!(U) is a Gs-set in X (see [3]).

Put A= (go f)""(U) C X. Then f(A) = g '(U). Since A is a Gs-set in X, then X\A
is an F,-set in X, that is, X\A = (J{F} : i € w} with F; — close subset in X for all i € w.
Then f(X\A) = f(F}) is an F,-set in Y. But then Y\ f(X\A) = g }(U) is a Gs-set in Y,
which is a contradiction. O

The next example shows that the closedness of the map f in Lemma 2.10 is essential.

Example 5. Assume that f is a map from a scattered continuum compact X to the segment
Y =10,1], and xq : [0,1] — R is the characteristic function of the set Q. Spaces X and Y
are both compact. Obviously, maps xgo f : X — R and f are scatteredly continuous. But
the characteristic function xq : [0, 1] — R is everywhere discontinuous.
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3 CARTESIAN AND DIAGONAL PRODUCT OF MAPS

Suppose we are given two families { X, }oes and {Y, }aes of topological spaces and a family
of maps {fa}tacs, where f, : X, — Y,. The map assigning to the point * = {z,}acs €
H X, the point {fo(2a)}aes € H Y, is called the Cartesian product of the maps { fo}acs
a€esS a€esS
and is denoted by [] fa or fi x fox -+ x fiif §={1,2, .. k}.

a€esS
Suppose we are given a topological space X, a family {Y, }.cs of topological spaces and

a family of maps {fa}acs, where f, : X — Y,. The map assigning to the point x € X the

point { fo(2) }aes € H Y, is called the diagonal product of the maps { fa}acs and is denoted
a€sS

by A fa,or by AAfA . AfLif S = {1,2,.., k).
aeS

Proposition 3.1. Suppose we are given a topological space X, a family {Y,}acs of topo-
logical spaces and a family of maps {f,}acs, where fo : X — Y,. If the Cartesian product
H fo: X5 — H Y, is a pointwise discontinuous (scatteredly continuous, weakly discon-
aesS a€cs

tinuous) map, then so is the diagonal product A f,: X — H Y,.

a€eS aesS

Proof. We consider the homeomorphic embedding i : X — X°. Obviously, (H fa)oi =
a€es

A fo. Propositions 2.5, 2.4 and 2.3 complete the proof. O
a€esS

Proposition 3.2. Suppose we are given two families { X, }acs and {Y,}aecs of topological
spaces and a family of maps {f,}acs, where f, : X, — Y,. If the map H fa: H Xy —

aesS aEesS

H Y, is pointwise discontinuous (scatteredly continuous, weakly discontinuous), then for

aesS
each « € S the map f, : X, — Y, Is pointwise discontinuous (scatteredly continuous,

weakly discontinuous).

Proof. Let H fo be a pointwise discontinuous (scatteredly continuous, weakly discontinu-

a€esS
ous) map. For all @ € S the equality 7y, o (H fo) = fa o 7mx, holds. By Proposition 2.6,
a€esS
the composition 7y, o (H fa) is pointwise discontinuous (scatteredly continuous, weakly

a€es
discontinuous) for each o € S. Then the composition f, o mx, is pointwise discontinu-

ous (scatteredly continuous, weakly discontinuous) for each a € S as well. Since the map

Tx, H X, — X, is open continuous and surjective for all a € S, due to Proposition 2.8

acs
(Proposition 2.7 respectively), the map f, : X, — Y, is pointwise discontinuous (scatteredly

continuous, weakly discontinuous) for each a € S. ]

We show that the Cartesian product of two pointwise discontinuous maps need not be a
pointwise discontinuous map.
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Example 6. We consider the Cartesian product iy X iy : (X, 7,) X (X, 7.) = (X, 75) X (X, 75)
of the pointwise discontinuous map iz : (X, 7,) — (X, 7s) (see Example 1) with itself. Put
F ={(z;—x+1): x € X}. The set F is closed in the space (X,7,) x (X,7,) and is a
discrete subspace of the space (X, 1s) X (X, 7s). The restriction (iy X i3)|r has no points of
continuity, otherwise this point would be isolated in F'.

Lemma 3.1. Suppose we are given two maps f : X — S andg:Y — T, where X,Y,S and
T are topological spaces. Then the map f X g : X xY — § x T is scatteredly continuous
if and only if the maps f and g are both scatteredly continuous and at least one of them is
weakly discontinuous.

Proof. The “if” part. Let f : X — S be a weakly discontinuous map and let g : ¥ — T
be a scatteredly continuous map. Since g is a scatteredly continuous map, by Proposition
2.1, there is an ordinal number sc(g) and a pairwise disjoint family {Y,}, <) of non-empty
subsets of Y such that the space Y = U{Y, : v < sc(g)}; for each v < sc(g) the set Y,
is dense in U{Y) : v < X < sc(g)} and C(g|lugvym<acse(q)y) = Y4- Since f is a weakly
discontinuous map, due to Proposition 2.2, there is an ordinal number wd(f) and a pairwise
disjoint family {Xq}a<wacr) of non-empty subsets of X such that X = U{X, : o < wd(f)};
for each o < wd(f) the set X, is open dense subset of U{X3 : @ < 8 < wd(f)} and
IntU{Xﬁ:aggQud(f)}C(f|U{X6;a§5<wd(f)}) = X,. Take any set A C X xY. Put 4; = WX(A)
and Ay = my(A). Without loss of generality, we can assume that A; N Xy # @. For each
x € XoNA; by v(z) we denote a minimal ordinal number v such that 7y (73! (z)NA)NY, # @.
And put o = min{y(z) : z € XoNA;}. Since XoNA; # @ and Y, NA; # @, Xox Y, NA #
@. We show that each point of the set X, x Y, N A is a continuity point of the restriction
f % gla. Take an arbitrary point (zo;y0) € Xo X Y,, N A. We fix some neighborhood
O(f x g(@o;90)) = O(f(w0), 9(%0)) = O(f(w0)) x O(g(yo)) of the point (f(zo),g(yo)). We
needed to show that there is a neighborhood O(z, yo) = O(zo) x O(yo) of the point (o, yo)
such that f x g(O(xg) x O(yo) NA) C O(f(x0)) x O(g(yo)). Since X, is an open subset of X
and the map f is continuous at the point zy € X, there is a neighborhood O(zy) of the point
xo such that O(zg) C Xo and f(O(x)) C O(f(xo)). Suppose that for all neighborhoods
O(yo) of the point yo in Y we have that f x g(O(z¢) x O(yo) NA) € O(f(x0)) X O(g(yo)). Fix
apoint (z',y) € O(zo) X O(yo) NA such that (f ("), g(y')) & O(f(z0))*x O(9(y0)). Obviously,
f(2") € O(f(x0)). And since the map gluqy,mo<y<se(g)} * U1Yy 1 %0 < v < sc(g)} — T is
continuous at every point of the set Y, , the condition (f(2'),g(y")) ¢ O(f(x0)) x O(g9(vo))
holds only if the point 3y’ € Y., where v < 7y. But this contradicts the choice of the set
Y,,, where 7o = min{y(z) : © € Xo N A;}. Thus, every point of the set Xo x Y,, N Ais a
continuity point of the restriction f x g|a.

The “only if” part. Scattered continuity of the maps f: X — S and g : Y — T follows
from Proposition 3.2. Due to Proposition 2.1, there are indices sc(f) and sc(g) of scattered
continuity of the maps f and g respectively and a pairwise disjoint families { X4 }acse(r) and
{Y, }<se(g) of non-empty subsets of X and Y respectively such that X = U{X, : a < sc(f)},
Y = U{Y, : v < sc(g)}; for each o < se(f) the set X, is dense in U{Xp : a < 5 < sc(f)}
and O(f|ugxsa<p<se(f)}) = Xa and for each v < sc(g) the set Y, is dense in U{Y) : v <
A < sc(g)} and C(glugvyy<arcse(q)}) = Yy- Suppose that both of these maps are not weakly
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discontinuous. Then there are some ag, 8y such that X,, # Inty{x..ao<a<sc(f)}Xa, and
Y3, # Intugy,.po<p<scig))Yp,- Without loss of generality we can assume that ap = 5y = 0.
Consider the subset A = ((Xo\IntXy)xY7)U(X7 x (Yo\IntYy)) of X xY. Since the map fxg
is scatteredly continuous, there is the point (xg, 9) € A, the continuity point of the restriction
f % gla. Two cases are possible: zg € Xo\IntXg,yo € Y1 or zg € X1,y0 € Yo\IntYy. Assume
that zog € Xo\IntXo,yo € Y;. Since yg ¢ Yo, there is a neighborhood O(g(yo)) = O’
of the point ¢(yo) such that for an arbitrary neighborhood O(yg) of the point y, we have
that g(O(yo)) € O'. Since (o, yo) is a continuity point of the restriction f x g|a, for the
neighborhood O(f x g(xg,yo)) = S x O’ there is a neighborhood O(xg, yy) = O1 x Oy of the
point (zg,yo) in X x Y such that f x g(O; x Oo N A) C S x O'. Since Yj is dense subset
of Y, O, NYy # &. We prove that there is the point ¢’ € Oy MYy such that g(y') ¢ O'.
Suppose this is not true. Suppose that g(OsNYy) C O'. Since yq is a continuity point of the
restriction g|y\y,, there is a neighborhood Oj of the point yy such that g(O5N (Y'\Yy)) C O
Obviously, g(O2 N O)) C O'. And this contradicts the fact that yo ¢ Y. Hence, there is a
point ' € Oy N'Yy such that g(y') ¢ O'.

Since xg ¢ IntXy, for an arbitrary neighborhood O(zg) of the point xy we have that
O(z0) ¢ Xo. Take some point 2/ € X; N (O1\Xp). The point (2/,y') € O1 x O, N A, but
[ xg(@,y) ¢S x O, which is a contradiction. O

Lemma 3.2. Suppose we are given two finite families {X;},.17 and {Yi},.17 of topological

k k k
spaces and a family of maps {fi}iefk: where f; : X; — Y;. The map Hfl : HX,; — HY;
i=1 i=1 i=1
is weakly discontinuous if and only if for each i € 1,k the map f; : X; — Y; is weakly
discontinuous.

Proof. The “only if” part follows from Proposition 3.2.

Since the Cartesian product of topological spaces is an associative operation (see [4]) it is
sufficient to prove the “if” part for two weakly discontinuous maps f : X — Sandg:Y — T.
Since the maps f and g are both weakly discontinuous, by Proposition 2.2, there are ordinal
numbers wd(f) and wd(g) respectively and a pairwise disjoint families {X, }acwa(s) and
{Y, }<wd(g) of non-empty subsets of X and Y respectively, such that the spaces X = U{X, :
a <wd(f)} and Y = U{Y, : v < wd(g)}; for arbitrary o < wd(f) the set X, is an open
dense subset of U{Xﬁ a< < wd(f)} and Intu{Xg:a§,8<wd(f)}O(f‘U{Xﬂ:a§ﬁ<wd(f)}) = X,
and for each v < wd(g) the set Y, is an open dense subset of U{Y) : v < XA < wd(g)} and
Intygy, y<r<wd(g) C(glupyam<acwd(g)}) = Y. Analogously to Lemma 3.1 one can prove that
the restriction f x g|4 is continuous at every point of the set X, x Y,, N A (where v, is
determined as in Lemma 3.1).

We prove that X, x Y,, N A is an open subset of A. We show that for any point
(w0, v0) € Xo x Y,,NA there is a neighborhood O(zg, y9) = O x O of the point (x¢, yp) such
that O(zo, yo) NA C Xy x Y, N A. Since the set X is open in X, there is the neighborhood
O, of the point = in X such that O; C Xy. And since 79 = min{vy(x) : v € X, N A}, for
any neighborhood O, of the point yy in Y we have that 7y (O; x O, N A)NY, = & for each
v < . It remains to show that there is a neighborhood O, of the point y, in Y such that
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0O, NY, = & for all ¥ > 7. Suppose this is not true. Assume that for any neighborhood
O, of the point yo in Y there is v > ~ such that O, NY,, # @. Since the set Y, is open in
U{Y, : v <y <wd(g)}, each neighborhood W C Y, of the point y in Y, is an open subset
of U{Y, : 79 < v < wd(g)}. Then there is a neighborhood O, of the point y, in Y such that
W = 0N (WY, : 9 <7y <wd(g)}) C Y. Then (02N (U{Y, 190 < v < wd(9)}))\Y, = 9,
which is a contradiction. O

Theorem 2. Let F = {fo}acs be a family of maps f, of a topological space X, into a
topological space Y, respectively. The Cartesian product H fa : HXO“ — HY“ is a

a€es a€esS a€esS
scatteredly continuous map if and only if the following conditions hold:

(i) all the maps f, are scatteredly continuous;
(ii) all the maps f,, except maybe one, are weakly discontinuous;
(iii)all the maps f,, except maybe finite number, are continuous.

Proof. The "only if" part. Statement (i) follows from Proposition 3.2 and statement (ii)
follows from Lemma 3.1.

Suppose that the condition (iii) does not hold. We fix some countable infinite set M C S
of indices such that for each « € M the map f, : X, — Y, is discontinuous. For every
a € M we fix a point z, € X, such that the map f, is discontinuous at z7,. For each a € M
fix a neighborhood W} of the point f,(z}) such that for an arbitrary neighborhood O(z},)
of ¥ we have that f,(O(z}))\Wr # @.

Consider the set B = {{zs}aecs € HXQ: there is a € M such that z, = x%}. Since

aesS
the map H fa is scatteredly continuous, there is a point z = {x,}ees € B such that the
a€es
restriction H falB is continuous at x. Since z = {x,}aes € B, there is o/ € M such that
. aesS
Lo = Tpy-
We consider the neighborhood V = H V,, of the point {fu(z)}aes in H Y, such that
aesS a€eS
Vo =Y, forall a € S\{a/} and V,, = W, There is a neighborhood U = H U, of the point
a€esS
T in H X, such that H fo(UN B) C V. Without loss of generality we can assume that
a€EesS a€Ees
U= H U, is an element of the base of the space H X, that is, there is a finite set S’ C S
a€esS a€Es

of indices such that U, = X, for all &« € S\S’" and U, is an open subset of X, for all « € 5".
Since M is an infinite set, there is o’ € M\S’ such that o” # o/. And this means that
x,(BNU) = nx,({{Za}aes : o € U, for all @ # o and zor = x},}) = Uy. Then

for(Uar) €y (] fu(BNU)) C 7y, (V) = W,

aesS
The "only if" part. It follows from Lemmas 3.1 and 3.2, and from the fact that the
Cartesian product of continuous maps is a continuous map. O

Corollary 3.1. Let f be a map from a topological space X into a topological space Y .
Then following conditions are equivalent:
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1. The map f: X — Y is weakly discontinuous.

2. The Cartesian product f x f: X x X — Y x Y is a scatteredly continuous map.

3. The Cartesian product f x f: X x X —Y XY is a weakly discontinuous map.

4. The Cartesian product f*: X" — Y™ is a weakly discontinuous map for each n € w.

Theorem 3. Let F = {fo}acs be a family of maps f, of a topological space X, into a
topological space Y, respectively. The Cartesian product H fa HXa — HYa is a

a€cs a€csS a€csS
weakly discontinuous map if and only if the following conditions hold:

(i) all the maps f, are weakly discontinuous;
(ii)all the maps f., except maybe finite number, are continuous.

Proof. The "only if" part follows from Proposition 3.2 and Theorem 2, and the "if" part
follows from Lemma 3.2. O

Definition 3.1. Let F = {fa}acs be a family of maps f, of a topological space X into
a topological space Y, respectively. We say that the family F is scatteredly continuous
(pointwise discontinuous), if for each non-empty (closed) subspace A C X there is a point
x € A such that for all « € S the restriction f,| Is continuous at x.

Definition 3.2. Let F = {fa}acs be a family of maps f, of a topological space X into a
topological space Y,, respectively. We say that the family F is weakly discontinuous, if for
each non-empty subspace A C X there is a non-empty open subset B of A such that for all
« € S the restriction f,|4 is continuous at every point of B.

Proposition 3.3. Let F = {fa}acs be a family of maps f, of a topological space X into a

topological space Y, respectively. The diagonal product A f, : X — H Y, is a pointwise
a€cs
a€sS

discontinuous (scatteredly continuous, weakly discontinuous) map if and only if the family
F is poinwise discontinuous (scatteredly continuous, weakly discontinuous).

Proof. 1t is sufficient to show that C( A f.|a) = ﬂ C(fa]a) for each non-empty subspace

a€s a€esS

Aof X. An inclusion C( A fu|a) C ﬂ C(fa]a) follows from the equality f, = 7wy, o( A f,)
aesS

aEs a€es

(which holds for all o € S).
It remains to show that ﬂ C(fala) € C(A fula). Take a point = € ﬂ C(fala) and
a€esS

a€ES a€esS
show that the map A f,|4 is continuous at z. Let f,(x) = y, for all & € S. Assume that V' is
aES
an arbitrary open subset of H Y, such that {ys}aecs € V. Then there is an element H V,, of
a€eS acsS
the base of space H Y, such that {ys}aecs € H V,CcV.,V,=Y, forall « € S, except finite
a€eS a€eS

number of indices ay, ..., ay, and V,,, is open subset of Y,,, i = 1, k. Since for every i € 1, k the
map fo,|a is continuous at the point x, for the neighborhood V,,, of the point y,, in the space
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k
Y,, there is a neighborhood O,, of the point x such that f,,(O,,NA) C V,,. Then ﬂ O, NA

=1

k k
is an open subset of A which contains x and A fa(ﬂ O, NA) C ﬂ A fo(Oy, MA) C
aEgsS ie e a€eS
k k ' k '
ﬂ(ﬂ}jalz [T‘-Yai © %Sfa(oai nA4)) = ﬂ(ﬂ;ﬁi [fai(Oa, N A)]) C ﬂﬂ;alz(vab) = HVa c V.
i=1 o i=1 i=1 a€es
Hence, the map A f,|4 is continuous at the point z. ]
a€eS

Since each finite family of weakly discontinuous maps is a weakly discontinuous family
of maps, Proposition 3.3 yields the following.

Corollary 3.2. A diagonal product of finite number of weakly discontinuous maps is a
weakly discontinuous map.

We show that the diagonal product of countably many of weakly discontinuous maps can
be everywhere discontinuous.

Example 7. Suppose X is the set Q N [0, 1] equipped with the standard topology 7. For

each i € w by X; we denote the set Q N [0, 1] endowed with the topology generated by the
-1

base T U {m

weakly discontinuous. But the map /\ f; is everywhere discontinuous.
€W

:m € 1,1+ 1}. Obviously, for each i € w an identity map f; : X — X; is

Proposition 3.4. Let F = {f;}ic, be a countable family of weakly discontinuous maps f;
of a hereditary Baire space X into a topological space Y; respectively. Then the diagonal
product A f; : X — H Y, is a pointwise discontinuous map.
icw 1Ew
Proof. Suppose that for each ¢ € w the map f; : X — Y; is weakly discontinuous. Let A be
an arbitrary closed subspace of X. Since the map f; is weakly discontinuous, the set U;, of
the points of continuity of the restriction f;|4, is open dense subset of A for all i € w. Since
the space X is hereditary Baire, the set ﬂ U; is non-empty set of the points of continuity
1EW

of the restriction A fi|a: A — H Y. O
tew 1EW

The next example shows that the diagonal product of two scatteredly continuous maps
from a compact space to Hausdorff space can be everywhere discontinuous.

Example 8. Consider an identity maps @1 : I — Ig and o : I — Ip\g from the segment
I = [0,1] equipped with the standard topology T to the segment [0,1] endowed with the
topology generated by the subbases T U {Q} and 7 U {R\Q} respectively. Obviously, both
of these maps are scatteredly continuous, but the diagonal product pi1/\py is everywhere
discontinuous.
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Bokasno B.M., Konoc H.M. Onepauyii nad desxumu xaacamu pospushux eidobpasicens // Kap-
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Binobpaxkennst f : X — Y MixK TONOJONYHUME ITPOCTOPAME HA3WBAIOTH PO3PIIKEHO Helre-
pepBHUM (TOYKOBO PO3PUBHUM ), AKIIO JJIs KOXKHOIO HEIIOPOXKHBOrO (3aMKHEHOT0) MiJIIPOCTODY
A C X 3Byxenns f|4 mae Touky Henepepsrocti. Bigobpaxkenus f : X — Y nasusaorh ciaabko
PO3PHBHUM, SIKITO JJIsl KOXKHOT'O HEMOpOKHBOTO mmianpocropy A C X muoxuna D(f|4) Touok
pO3pUBY 3BY»KeHHsI f|4 € Hijle He IIbHOW B A.

B poboTi Mu po3risgaeMo KOMIIO3UINIO, JIEKAPTIB 1 JiaroHaJbHU 00y TOK CJAa0KO PO3PUB-
HUX, PO3PIIZKEHO HEMEepepBHUX 1 TOYKOBO PO3PUBHUX BiT0OparKeHb.

Bokasio B.M., Kojnoc H.M. Onepayuu Had HEXKOMOPOIMU KAGCCAMU PA3POIEHBIT 0MOOPaANHCceHUl
// Kapnarckue maremarudeckue myomukamuu. — 2011. — T.3, Ne2. — C. 36-48.

Orobpazkenune [ : X — Y MexJy TONOJOTMYECKUMHU IPOCTPAHCTBAMHU HA3bIBAIOT Pa3pe-
JKEHO HENPEPBHIBHBIM (TOUEUHO PA3PBIBHBIM ), €CJIH JJIsl KAYK/IOT0 HEIyCTOro (3aMKHYTOTO) MO/
upocrparctBa A C X cyxenue f|4 umeer Touxky menpepoisaoctu. Orobpazkenue f: X — Y
HA3BIBAIOT CJIA00 Pa3phIBHBIM, €CJIN JIJTs KaXKI0r0 HeIycToro moamnpoctpanctsa A C X MHOXKe-
ctBo D(f|A) TOo4Yek paspeiBa cyKeHusi f|4 Hurie ze mwioTHo B A.

B crarbe Mmu paccMarpuBaeM KOMITO3UITHIO, IEKAPTOBO U JUATOHAJIBHOE IIPOU3BeieHne ca1abo
Pa3pBIBHBIX, PA3PEKEHO HENPEPBIBHBIX M TOYEYHO PA3PBIBHUX OTOODarKEHMUIA.



