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Given a continuous monadic functor T': Comp — Comp in the category of compacta and
a discrete topological semigroup X we extend the semigroup operation ¢ : X x X — X to a
right-topological semigroup operation ® : TGX x TX — TX, whose topological center Ag
contains the dense subsemigroup 77X consisting of elements a € T'/3X that have finite support
in X.

INTRODUCTION

One of powerful tools in the modern Combinatorics of Numbers is the method of ultra-
filters based on the fact that each binary operation ¢ : X x X — X defined on a discrete
topological space X can be extended to a right-topological operation ® : X x X — (X on
the Stone-Cech compactification 3X of X, see [13], [16]. The extension of ¢ is constructed
in two step. First, for every = € X extend the left shift ¢, : X — X, ¢, 1y — ¢(z,y), to a
continuous map @, : 3X — B3X. Next, for every b € 3X extend the right shift @° : X — gX,
@’ : & — @,(b), to a continuous map ®° : X — BX and put ®(a,b) = Pb(a) for every
a € BX. The Stone-Cech extension 3X is the space of ultrafilters on X. In [11] it was
observed that the binary operation ¢ extends not only to X but also to the superextension
AX of X and to the space GX of all inclusion hyperspaces on X. If X is a semigroup, then
GX is a compact Hausdorff right-topological semigroup containing AX and $X as closed
subsemigroups.

In this note we show that an (associative) binary operation ¢ : X x X — X on a
discrete topological space X can be extended to an (associative) right-topological operation
® . TEX xTBX — TEX for any monadic functor 7" in the category Comp of compact
Hausdorff spaces. So, for the functors 3, A\ or G we get the extensions of the operation ¢
discussed above.
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1 MONADIC FUNCTORS AND THEIR ALGEBRAS

Let us recall [14, VI|, [17, §1.2] that a functor 7" : C — C in a category C is called
monadic if there are natural transformations n : Id — T and p : T? — T making the
following diagrams

TL,_ZQ T3LT>T2
| N
m I T K
T2 ——T T2 ——T

commutative. In this case the triple T = (T, n, ) is called a monad, the natural transfor-
mations 7 : Id — T and p : T? — T are called the unit and multiplication of the monad T,
and the functor T is the functorial part of the monad T.

A pair (X, ) consisting of an object X and a morphism & : TX — X of the category C
is called a T-algebra, if £ o nx = idx and the square

X e TX

a |

TXT>X

is commutative. For every object X of the category C the pair (T'X, ) is a T-algebra called
the free T-algebra over X.

For two T-algebras (X,&x) and (Y, &y) a morphism h : X — Y is called a morphism of
T-algebras, if the following diagram

X -Th Ty

o o

XY

is commutative. The naturality of the multiplication p : T2 — T of the monad T implies
that for any morphism f : X — Y in C the morphism 7'f : TX — TY is a morphism of free
T-algebras.

Each morphism h : TX — Y from the free T-algebra into a T-algebra (Y, §) is uniquely
determined by the composition h o 7.

Lemma 1.1. If h: TX — Y is a morphism of a free T-algebra T X into a T-algebra (Y,§),
then h =poT(hon)=poThoTn.

Proof. Consider the commutative diagram

X—1srx -y

ﬁl MHnT T&
T

TX#TQXLTY

~_ 7

T (hom)
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and observe that
h=hopuonpr=EoThonr=EoThoTnouony =E&oT(hon).
O

By a topological category we shall understand a subcategory of the category Top of
topological spaces and their continuous maps such that:

e for any objects X, Y of the category C each constant map f : X — Y is a morphism
of C;

e for any objects X, Y of the category C the product X x Y is an object of C, and for any
object Z of C and morphisms fx : Z — X, fy : Z — Y themap (fx, fy): Z - X XY
is a morphism of the category C.

A discrete topological space X is called discrete in C, if X is an object of C and each
function f : X — Y into an object Y of the category C is a morphism of C. It is clear that
any bijection f : X — Y between discrete objects of the category C is an isomorphism in C.

From now on we shall assume that (T, 7, 1) is a monad in a topological category C such
that for any discrete objects X, Y in C the product X x Y is discrete in C.

2 BINARY OPERATIONS AND THEIR T-EXTENSIONS

By a binary operation in the category C we understand any function ¢ : X XY — Z|
where XY, Z are objects of the category C. For any a € X and b € Y the functions

0a Y — Z, 90a3y'_>90<a7y)

and
X = Z, o xe p(x,b),

are called the left and right shifts, respectively.

A binary operation ¢ : X x Y — Z is called right-topological, if for every y € Y the
right shift ¥ : X — Z, ¢¥ : © — p(z,y), is continuous. The topological center of a right-
topological binary operation ¢ : X x Y — Z is the set A, of all elements x € X such that
the left shift ¢, : Y — Z is continuous.

Definition 2.1. Let ¢ : X X Y — Z be a binary operation in the category C. A binary
operation ® : TX x TY — TZ is defined to be a T-extension of ¢ if:

L ®(nx(x),nv(y)) = nz(e(x,y)) for any x € X and y € Y;

2. for every b € TY the right shift ®° : TX — TZ, ® : x +— ®(z,b), is a morphism of
the free T-algebras TY , T'Z;

3. for every x € X the left shift ®,,) : TY — TZ, Oy : y — ®(n(z),y), is a morphism
of the free T-algebras T X, TZ.
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This definition implies that for any binary operation ¢ : X x Y — Z its T-extension
® . TX xTY — TZ is a right-topological binary operation, whose topological center Ag
contains the set n(X) C TX.

Theorem 1. Let ¢ : X XY — Z be a binary operation in the category C.
1. The binary operation ¢ has at most one T-extension ® : TX xTY — TZ.

2. If XY are discrete in C, then ¢ has a unique T-extension ® : TX xTY — TZ.

Proof. 1. Let &, : TX x TY — TZ be two T-extensions of the operation . By the
condition (3) of Definition 2.1, for every € X and a = nx(z) € TX the left shifts
®,,V,: TY — TZ are morphisms of the free T-algebras.

By the condition (1) of Definition 2.1,

Poony =nzop, =T, 0ny.
Then Lemma 1.1 implies that
Dy =poT(Paonx)=poT(nzops)=poT(Vsonx) =",

The equality ® = ¥ will follow as soon as we check that ®* = W for every b € TY. Since
®° Wb : TX — TZ are morphisms of the free T-algebras TX and T'Z, the equality ®° = W
follows from the equality

P’ o 7)(95) = (I)r](x)(b) = \Ijn(x)(b) =o 77(37)’ reX,

according to Lemma 1.1.

2. Now assuming that the spaces X, Y are discrete in C, we show that the binary operation
¢ X XY — Z has a T-extension. For every x € X consider the left shift ¢, : Y — Z. Since
Y is discrete in C, the function ¢, is a morphism of the category C. Applying the functor T°
to this morphism, we get a morphism T'p, : TY — TZ. Now for every b € T'Y consider the
function ¢* : X — TZ, ©* : & +— T, (b). Since the object X is discrete, the function ¢’ is a
morphism of the category C. Applying to this morphism the functor 7', we get a morphism
Ty : TX — T?Z. Composing this morphism with the multiplication p : T?Z — TZ of
the monad T, we get the function ® = po T’ : TZ — TZ. Define a binary operation
O :TX xTY — TZ, letting ®(a,b) = ®*(a) for a € TX.

Claim 2.1. ®(n(x),b) = T'p,(b) for every x € X and b € TY .

Proof. The commutativity of the diagram

b

X577

|27

B
TX o VA
implies the desired equality

®(n(x),b) = po T (n(x)) = ¢"(x) = Tepa(b).
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Now we shall prove that ® is a T-extension of .

i) For every z € X and y € Y we need to prove the equality

D(nx(w),ny(y)) =nz o p(x,y).
By Claim 2.1,

P(nx (), ny(y)) =Tz ony(y) =nz o pz(y) = nz o p(z,y).

The latter equality follows from the naturality of the transformation n : Id — T.

ii) The definition of ® implies that for every b € TY the right shift ®° = uy o T is
a morphism of free T-algebras, being the composition of two morphisms Ty’ : TX — T?Z
and puy : T?Z — TZ of free T-algebras.

iii) Claim 2.1 guarantees that for every « € X the left shift ®, ) = Ty, : TY — T'Z is
a morphism of the free T-algebras. O]

Proposition 2.1. Let ¢ : X XY — Z, ¢ : X' x Y’ — Z' be two binary operations in
C,®:TX xTY - TZ, U :TX' xTY" — TZ be their T-extensions, and hx : X —
X', hy 1Y =Y hy: Z — Z' be morphisms in C. If {)(hx X hy) = hz o ¢, then
TW(Thy x Thy) = Thy o .

Proof. Observe that for any x € X and 2’ = hx(x) the commutativity of the diagrams

y .z Ty 1y
hyl \Lhz Thyl J/Thz

I o I '

Y 7 TY' 717

implies that Thy o T, (b) = T (V) for every b € TY and b’ = Thy(b) € TY".
It follows from Lemma 2.1 that ®,,) = T'@, : TY — TZ and U,y = T, : TY' = TZ'.
Consequently,

Thy o @ (n(x)) = Thz 0 @) (b) = Thz 0 T, (b) = T (¥) = Wy () = V¥ (5(a))

and hence
ThZoCI)bon:\I/b/onth.

Applying the functor T to this equality, we get
T?hy o T(®* o) = T(VY on) o Thy.

Since ®° : TX — TZ and ¥ : TX' — TZ' are homomorphisms of the free T-algebras, we
can apply Lemma 1.1 and conclude that ®° =y 0 T(®® o 5), and hence

Thyzo® =ThyouyoT(®on) = puyoT?hy0T(®on) = pyoT (V¥ on)oThyx = U o Thy.
Then for every a € T X we get
Thy o ®(a,b) = Thy o ®*(a) = V¥ o Thy(a) = U(Thx(a), Thy (b)).
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3 BINARY OPERATIONS AND TENSOR PRODUCTS

In this section we shall discuss the relation of T-extensions to tensor products. The tensor
product is a function ® : TX x TY — T(X xY) defined for any objects X,Y € C such that
X is discrete in C.

For every = € X consider the embedding i, : Y — X XY, i, : y — (z,y). The embedding
i, is a morphism of the category C, because the constant map ¢, : Y — {z} C X and the
identity map id : Y — Y are morphisms of the category and C contains products of its
objects. Applying the functor T" to the morphism i,, we get a morphism T, : TY — T(X x
Y) of the category C. Next, for every b € TY consider the function 74" : X — T(X x Y),
Ti® . x +— Ti,(b). Since X is discrete in C, the function T is a morphism of the category
C. Applying the functor T to this morphism, we get a morphism 774" : TX — T?(X x Y).
Composing this morphism with the multiplication p : T?(X xY) — T(X x Y') of the monad
T, we get the morphism ®° = poTTi® : TX — T(X xY). Finally, define the tensor product
®@:TX xTY — T(X xY), letting a ® b = @°(a) for a € TX.

The following proposition describes some basic properties of the tensor product. For
monadic functors in the category Comp of compact Hausdorff spaces those properties were
established in [17, 3.4.2].

U
M
Proposition 3.1. 1. The diagram X x V—7TX x TY —~T(X xY) is commutative
for any discrete object X and any object Y of C;

2. the tensor product is natural in the sense that for any morphisms hyx : X — X/,
hy : Y — Y’ of C with discrete X,Y the following diagram

TX xTY —>T(X xY)
Thx xThy lT(hxxhy)

TX' x TY' —2>T(X' x Y
is commutative;

3. the tensor product is associative in the sense that for any discrete objects X,Y, Z of C

the diagram

TX XxTY xTZ 28 T(X xY)x TZ

axo| E

TX xT(Y x Z)——=T(X xY x Z)

is commutative, which means that (a ®b) ® c=a® (b®c) foranya € TX, b e TY,
ceTZ.

Proof. 1. Fix any y € Y and consider the element b = 7y (y) € TY. The definition of the
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right shift ®” implies that the following diagram is commutative:

XTI T(X xY)

|2

TX —T*X xY)
TTi
Consequently, for every x € X we get

n(x) @ ny) = @ on(z) = Ti’ on(x) = Tir(n(y)) = n(i=(y)) = n(z,y).

The latter equality follows from the diagram

y —" X xY

|

TY = T(X x Y)

whose commutativity follows from the naturality of the transformation n : Id — T.

2. Let hx : X — X’ and hy : Y — Y’ be any functions between discrete objects of the
category C. Let Z =X xY, 7' = X' xY"  and hy = hx X hy : Z — Z'. Given any point
b € TY, consider the element ' = Thy(b) € TY'. The statement (2) will follow as soon as
we check that Thy o ® = ®” o Thy. By Lemma 1.1, this equality will follow as soon as
we check that Thy o @ onyx = QY o Thy o Nx = QY o nx o hx. The last equality follows
from the naturality of the transformation 7 : Id — 7. As we know from the proof of the
preceding item, ®" oy (2') = Ti (V) for any ' € X'. For every v € X and 2’ = hx () we
can apply the functor 7" to the commutative diagram

y sz

Wl e

Y/ —_— Z/
and obtain the equality Thy o T, = T, o Thy, which implies the desired equality:
QY o nx: o hx(z) = Q¥ o nx(2') = Tig (b)) = Thy o Tiy(b) = Thy o ®" o n(x).

3. The proof of the associativity of the tensor product can be obtained by literal rewriting
the proof of Proposition 3.4.2(4) of [17]. O

Theorem 2. Let ¢ : X XY — Z be a binary operation in the category C and ® : TX xTY —
TZ be its T-extension. If X is a discrete object in C, then ®(a,b) = T'p(a®b) for any elements
a€TX andbeTY.

Proof. Our assumptions on the category C guarantee that the product X x Y is a discrete
object of C and hence ¢ : X XY — Z is a morphism of the category C. So, it is legal to
consider the morphism T : T(X x Y) — T'Z. We claim that the binary operation

U:TX xTY = TZ, U(a,b)=Tp(a®b),
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is a T-extension of ¢.

1. The first item of Definition 2.1 follows Proposition 3.1(1) and the naturality of the
transformation n : Id — T

U(nx(z),ny(y) = Tenx(z) @ny(y) = Te onxxy(r,y) = nz o v(z,y).

2. For every b € TY the morphism
W =Tpox=TpopuoTTi

is a morphism of the free T-algebras T'X and T'Z.
3. For every x € X we see that

Uy (0) = Tp(@"(n(z))) = T o po TTi® on(z) = Tpo ponoTi’(x) = Ty o Ti’(x)

is a morphism of the free T-algebras TY and T'Z.

Thus W is a T-extension of the binary operation ¢. By the Uniqueness Theorem 1(1), ¥
coincides with ® and hence ®(a,b) = V(a,b) = Tp(a ® b). O

4 THE TOPOLOGICAL CENTER OF T-EXTENDED OPERATION

Definition 2.1 guarantees that for a binary operation ¢ : X XY — Z in C any T-
extension ® : TX xTY — TZ of p is a right-topological operation, whose topological center
A, contains the subset 7x(X). In this section we shall find conditions on the functor 7" and
the space X guaranteeing that the topological center Ag is dense in T'X.

We shall say that the functor T is continuous, if for each compact Hausdorff space K, that
belongs to the category C, and any object Z of C the map T": Mor(K, Z) — Mor(TK,TZ),
T : f — Tf, is continuous with respect to the compact-open topology on the spaces of
morphisms (which are continuous maps).

Theorem 3. Let ¢ : X x Y — Z be a binary operation in C and ® : X xY — Z be its
T-extension. If the object X is finite and discrete in C, T'X is locally compact and Hausdorff,
and the functor T is continuous, then the operation ® is continuous.

Proof. Since the space X is discrete, the condition (2) of Definition 2.1 implies that the map
O, X xTY = TZ, @, : (x,b) — ®(n(x),b), is continuous. Since X is finite, the induced
map

V) TY — Mor(X,TZ), &% :b— &,

where ®) : z +— ®(n(x),b), is continuous. By the continuity of the functor T', the map
T : Mor(X,TZ) — Mor(TX,T?Z), T : f — Tf, is continuous and so is the composition
To CI>7(7') : TY — Mor(TX,T?*Z). Since TX is locally compact and Hausdorff, we can apply
9, 3.4.8] and conclude that the map

TOS) : TX x TY — T2, T : (a,b) — TP (a),



122 BANAKH T.O., GAVRYLKIV V.M.

is continuous and so is the composition ¥ = p o T@%') : TX xTY — TZ. Using the
Uniqueness Theorem 1(1), we can prove that W = & and hence the binary operation & is
continuous. 0

Let X be an object of the category C. We say that an element a € FX has discrete
(finite) support, if there is a morphism f : D — X from a discrete (and finite) object D
of the category C such that a € Ff(FD). By TyX (resp. T7X) we denote the set of all
elements a € TX that have discrete (finite) support. It is clear that T, X C T,X C TX.

Theorem 4. Let ¢ : X XY — Z be a binary operation and ® : TX xTY — TZ be a
T-extension of ¢. If the functor T is continuous, and for every finite discrete object D of C
the space T'D is locally compact and Hausdorff, then the topological center Ag of the binary
operation ® contains the subspace Ty X of T'X. If Ty X is dense in T'X, then the topological
center Ag of ® is dense in T X .

Proof. We need to prove that for every a € Ty X the left shift &, : TY — TZ, &, : b —
®(a,b), is continuous. Since a € TyX, there is a finite discrete object D of the category C
and a morphism f : D — X such that a € Ff(FD). Fix an element d € F'D such that
a=Ff(d).

Consider the binary operations

V:D XY — Z, Y (x,y) — o(f(2),y),

and
V:TDXxTY - TZ, V:(a,b)— O(Ff(a),b).

It can be shown that ¥ is a T-extension of .

By Theorem 3, the binary operation ¥ is continuous. Consequently, the left shift ¥, :
TY - TZ, ¥y: b V(d,b), is continuous. Since Uy = ®,, the left shift ¢, is continuous
too and hence a € As. O

5 THE ASSOCIATIVITY OF T-EXTENSIONS

In this section we investigate the associativity of the T-extensions. We recall that a
binary operation ¢ : X x X — X is associative, if o(p(z,y),2) = p(z,¢(y,z)) for any
x,y,2z € X. In this case we say that X is a semigroup.

A subset A of a set X endowed with a binary operation ¢ : X x X — X is called a
subsemigroup of X, if p(A x A) C A and p(¢(x,y),2) = o(z,¢(y, 2)) for all z,y,z € A.

Lemma 5.1. Let ¢ : X x X — X be an associative operation in C and ¢ : TX xTX — TX
be its T-extension.

1. for any morphisms fs : A — X, fg: B — X from discrete objects A, B in C, the map
wap = ©(fa x fg) : Ax B — X is a morphism of C such that ®(T fa(a), T fg(b)) =
Toap(a®b) for alla € TA and b € TB;

2. ®(TyX x TyX) C TyX and ®(T;X x Ty X) C Ty X;
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3. ®((a,b),c) = ®(a, P(b,c)) for any a,b,c € T, X.

Proof. 1. Let fa: A — X, fg: B — X be morphisms from discrete objects A, B of C and
wap = p(fa x fg) : Ax B — X. By our assumption on the category C, the product A x B
is a discrete object in C and hence w45 is a morphism in C. Consider the binary operation
Gup:TAXTB — TX defined by ®ap(a,b) = ®(Tfa(a), T fp(b)). The following diagram

TX xTX TX

nXn /
Xx X=X

TfaxTfp fAXfBT id id

Ax B-225 x

nxn X

TAxTB TX

Pap

implies that ® 45 is a T-extension of ¢ 45. By Theorem 2,
O(T'fala), Tfp(b)) = Pap(a,b) =Tpap(a®@Db)

foralla € TA and b € TB.

2. Given elements a,b € T, X, we need to show that the element ®(a, b) € T'X has discrete
support. Find discrete objects A, B in C and morphisms f4: A — X, fg : B — X such that
a € Ffs(FA) and b € fg(FB). Fix elements & € FA, b € FB such that a = F f4(a) and
b=F fB(l;). Our assumption on the category C guarantees that A x B is a discrete object
in C.

Consider the binary operations ) : A x B — X and ¥ : FA x FB — FZ defined by
the formulas 1) = @ o (fa X fg) and ¥ = ® o (T'f4 x Tfp). Let ¢ =a®b e T(A x B). By
the first statement, ®(a,b) = T (a ® b) = T(¢) € TY(A x B), witnessing that the element
®(a,b) has discrete support and hence belongs to T,.X.

By analogy, we can prove that ®(77X x Ty X) C TrX.

3. Given any points a,b,c € T; X, we need to check the equality
(®(a,b), ) = D(a, D(b,c)).

Find discrete objects A, B, C'in C and morphisms fy : A —- X, fg: B— X, foc : C —- X
such that a € Tf4(TA), b € Tfs(TB) and ¢ € Tfo(TC). Fix elements @ € TA, b € TB,
and & € TC such that a = T f4(a), b= T f5(b) and ¢ = T f(&).

Consider the morphisms pap = @(faX fg) : AXB — X, ppc = ¢(fpx fc): BXxC — X
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and papc = @(pap X fo) = @(faxppc) : AXx BxC — X. Consider the following diagram:

TX x TX x TX xid TX x TX .

Wc TW
TAxTBx TC 2 T(Ax B) x TC

idx® id><®l i@ ®

TAXT(BxC)——=T(Ax BxC)

L/m{m m

TX xTX - TX

In this diagram the central square is commutative because of the associativity of the tensor
product ®. By the item (1) all four margin squares also are commutative. Now we see that

(D(a,b),¢)) = O(D(Tfa(a), T f5(b)), T fe(e)) =
O(Tpap(a®b), Tfe(é) = Toapc((@®b) @ 52 Toapo(@a® (b®é)) =
(T fa(a), Topc(a®b)) = (T fa(a), ®(Tfs(b), Tfe())) = ®(a, (b, c)).

Combining Lemma 5.1 with Theorem 4, we get the main result of this paper:

Theorem 5. Assume that the monadic functor T is continuous and for each finite discrete
space F' in C the space T'F' is Hausdorff and locally compact. Let ¢ : X x X — X be an
associative binary operation in C and ® : X x X — X be its T-extension. If the set Ty X of
elements with finite support is dense in T'X, then the operation ® is associative.

Proof. By Theorem 4, the set Ty X lies in the topological center Ag of the operation ® and
by Lemma 5.1, Ty X is a subsemigroup of (7°X, ®). Now the associativity of ® follows from
the following general fact. m

Proposition 5.1. A right topological operation - : X x X — X on a Hausdorff space X is
associative, if its topological center contains a dense subsemigroup S of X.

Proof. Assume conversely that (ry)z # x(yz) for some points x,y, z € X. Since X is Haus-
dorff, the points (zy)z and z(yz) have disjoint open neighborhoods O((xy)z) and O(x(yz))
in X. Since the right shifts in X are continuous, there are open neighborhoods O(zy) and
O(z) of the points xy and x such that O(zy) - 2 C O((zy)z) and O(x) - (yz) C O(x(yz)).
We can assume that O(x) is so small that O(z) - y C O(xy). Take any point a € O(x) N S.
It follows that a(yz) € O(xz(yz)) and ay € O(zxy). Since the left shift [, : S — (S,
lo © y — ay, is continuous, the points yz and y have open neighborhoods O(yz) and O(y)
such that a-O(yz) C O(z(yz)) and a-O(y) C O(xy). We can assume that the neighborhood
O(y) is so small that O(y) - 2 C O(yz). Choose a point b € O(y) NS and observe that
bz € O(y) -z C O(yz), ab € a- O(y) C O(zy), and thus (ab)z € O(xy) - z C O((zy)z). The
continuity of the left shifts , and [, allows us to find an open neighborhood O(z) C S of
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z such that b-O(z) C O(yz) and ab- O(z) C O((xy)z). Finally take any point ¢ € SN O(z).
Then (ab)c € ab- O(z) C O((xy)z) and a(bc) C a-O(yz) C O(z(yz)) belong to disjoint sets,
which is not possible as (ab)c = a(bc). O

6 T-EXTENSION FOR SOME CONCRETE MONADIC FUNCTORS

In this section we consider some examples of monadic functors in topological categories.
Let Tych denote the category of Tychonov spaces and their continuous maps and Comp
be the full subcategory of the category Tych, consisting of compact Hausdorff spaces.

Discrete objects in the category Tych are discrete topological spaces, while discrete
objects in the category Comp are finite discrete spaces.

Consider the functor 7 : Tych — Comp, assigning to each Tychonov space X its
Stone-Cech compactification and to a continuous map f : X — Y between Tychonov spaces
its continuous extension Gf : X — (Y. The functor § can be completed to a monad
Ts = (6,1, 1), where n : X — X is the canonical embedding and p : S(SX) — BX is
the identity map. A pair (X,¢) is a Tg-algebra if and only if X is a compact space and
¢ : X — X is the identity map.

Combining Theorems 1, 5, we get the following well-known corollary.

Corollary 6.1. Each binary right-topological operation ¢ : X x Y — Z in Tych with
discrete X can be extended to a right-topological operation ® : X x Y — 37, containing
X in its topological center Ag. If X =Y = Z and the operation  is associative, then so is
the operation .

Now let T = (T,n, 1) be a monad in the category Comp. Taking the composition of
the functors § : Tych — Comp and T : Comp — Comp, we obtain a monadic functor
T3 : Tych — Comp.

Theorem 6. Fach binary right-topological operation ¢ : X XY — Z in the category Tych
with discrete X can be extended to a right-topological operation ® : TX x TEY — T(Z
that contain the set n(X) C TSX in its topological center Ag. If the functor T is continuous,
then the set Ty X of elements a € T'3X with finite support is dense in T'3X and lies in the
topological center Ag of the operation ®. Moreover, if X =Y = Z and the operation ¢ is
associative, the so is the operation P.

Proof. By Theorem 1, the binary operation ¢ has a unique T-extension ® : TX xTY — TZ.
By Definition 2.1, the set n(X) C T5X lies in the topological center A, of ¢.

Now assume that the functor 7" is continuous. First we show that the set T X is dense
in T6X. Fix any point a € F(X and an open neighborhood U C T(X of a. Then
[a,U] = {f € Mor(FBX,FBX) : f(a) € U} is an open neighborhood of the identity map
id : FBX — FBX in the function space Mor(F (X, F3X) endowed with the compact-open
topology. The continuity of the functor T' yields a neighborhood U(idgx) of the identity
map idgx € Mor(8X, 5X) such that T'f € [a,U] for any f € U(idgx). It follows from the
definition of the compact-open topology, that there is an open cover U of X such that a
map [ : X — (X belongs to U(idsx), if f is U-near to idgx in the sense that for every
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x € X there is a set U € U with {z, f(z)} C U. Since X is compact, we can assume
that the cover U is finite. Since X is discrete, the space fX has covering dimension zero |9,
7.1.17]. So, we can assume that the finite cover U is disjoint. For every U € U choose an
element zy € U N X. Those elements compose a finite discrete subspace A = {zy : U € U}
of X. Let i : A — X be the identity embedding and f : X — A be the map defined by
fHay) = U for U € U. Tt follows that i o f € U(idgx) and thus T'(i o f) € [a,U] and
TioTf(a) € U. Now we see that b = T'f(a) € TA and ¢ = Ti(b) € Ty X NU, so Ty X is
dense in 6X.

By Theorem 4, the set Ty X lies in the topological center Ag of ®.

Now assume that the operation ¢ is associative. By Lemma 5.1, T} X is a subsemigroup
of (X,®). Since 77X is dense and lies in the topological center Ag, we may derive the
associativity of ® from Proposition 5.1. m

Problem 1. Given a discrete semigroup X investigate the algebraic and topological proper-
ties of the compact right-topological semigroup T 3X for some concrete continuous monadic
functors T : Comp — Comp.

This problem was addressed in [10], [11] for the monadic functor G of inclusion hyper-
spaces, in [2]-[5] for the functor of superextension A, in [1], [12], [15] for the functor P of
probability measures and in [6], |7], [8], [18] for the hyperspace functor exp.

In [19] it was shown that for each continuous monadic functor 7 : Comp — Comp
any continuous (associative) operation ¢ : X x Y — Z in Comp extends to a continuous
(associative) operation ® : TX x TX — TX.

Problem 2. For which monads T = (T',n, i) in the category Comp each right-topological
(associative) binary operation ¢ : X XY — Z in Comp extends to a right-topological
(associative) binary operation ® : TX x TY — TZ? Are all such monads power monads?
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Maioun memepeppunit MonauaHnit pynkTop 7' : Comp — Comp B Kareropii KOMIaKkTiB i
JINCKPETHY TOIIOJIOTiYHYy HaIiBrpyny X, MU IPOJOB2KYEMO HAIIIBIPYIIOBY onepariio ¢ : X X X —
X 1o mpasoronoJioriasol HamiBrpymosol omeparil @ : TAX x TX — TSX, romonoriguuii
neHTp A fAKOI MiCTHTH BClOau InibHy migHamiBrpymy 17X, fdKa CKIaJaeTbCs 3 €IeMEHTIB
a € TPX 3i ckinuennum mHociem B X .

Banax T.O., T'aspuiikue B.M. IIpodoastcerue bunaprvir onepayuti Ha GyHEmop-npocmpaHcmesa
/| Kapnamexue mamemamuseckue nybauvkayuu. — 2009. — T.1, Ne2. — C. 114-127.

IIycts T : Comp — Comp — HENPEPBIBHBIIT MOHAIMIECKUT PYHKTOP B KATETOPUN KOMIIAK-
ToB U1 X — JIMCKpPEeTHAasl TOIOJIOIMYECKas IOJyrpyimna. B paboTe MOCTPOEHO IIPOIOJIZKEHUE
oty rpynnoBoit omepamyn @ : X X X — X 110 IpaBOTOIIOJIOTTIECKOI IOy TPYIIIIOBOI OTlepaIiun
O TRXXTBX — THX, Tonosornaeckuii MEHTP KOTOPOH COMEPKUT BCIOY IJIOTHYIO OO~
rpyuny Ty X, conepzayio exeMeHTsl @ € 73X ¢ KOHeYHBIM HOCUTEJIEM B X.



