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A NEW FACTOR THEOREM FOR GENERALIZED ABSOLUTE RIESZ SUMMABILITY

The aim of this paper is to consider an absolute summability method and generalize a theorem
concerning | N, p, |, summability of infinite series to 9— | N, py; J |, summability of infinite series by
using almost increasing sequence. Furthermore, it is explained that a well known result dealing with
IN, pn|, summability is obtained when this generalization is restricted under special conditions.
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INTRODUCTION

A positive sequence (z,) is said to be almost increasing if there exists a positive increasing
sequence (d,) and two positive constants L and M such that Ld, < z, < Md, (see [1]).

Let )" a, be a given infinite series with partial sums (s,,). Let (p,) be a sequence of positive
numbers such that

n
Py=)Y po—o0 as n—oo, (P_j=p_;j=0,i>1).
v=0

The sequence-to-sequence transformation

defines the sequence (w;,) of the (N, p,) means of the sequence (s;,), generated by the sequence
of coefficients (py) (see [8]). The series ) a, is said to be summable | N, p,, |, k > 1, if (see [2])

00 P k-1
S () wm e
n=1 \Pn

Let (¢n) be any sequence of positive real numbers. The series }_a, is said to be summable
¢ —| N,pu;6 |, k> 1and 6 > 0, if (see [16])

[ee]
) e w, —w, g [F< 0.
n=1

If we take ¢, = %, then ¢ — | N, ps; 0 |, summability is the same as | N, p,; |, summability
— by

(see [4]). Also, if we take ¢, o

and 6 = 0, then we get |N, p, | summability.
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1 THE KNOWN RESULT

A well known theorem dealing with | N, p,, |, summability factors of infinite series is given
below.

Theorem 1 ([3]). Let (X,) be a positive non-decreasing sequence and suppose that there exists
sequences (A,) and (By) such that

| Ay |< Bu, D)
Bn —0 as n— oo, (2)
Y n|ABy | Xu < oo, (3)
n=1
If
Uy
Zﬁ|sn|k O(Xy) as m— oo (5)
and (py) is a sequence such that
P, = O(npy), (6)
PyApn = O(pupns1), 7)

is summable | N, p, |, k > 1.

then the series Y°°_; a, 2 ”;‘”

2 THE MAIN RESULT

Some works dealing with generalized absolute summability methods have been done (see
[5-7,9,10,13-19]). The aim of this paper is to generalize Theorem 1 to ¢ — |N, py; |, summa-
bility using almost increasing sequence in place of positive non-decreasing sequence.

Theorem 2. Let (¢,) be a sequence of positive real numbers such that

PnpPn = O(Pl’l)r (8)

Z (p‘Sk 1 O(q)ikl) as m — oo. 9)
P,
n=v+1

Let (X,,) be an almost increasing sequence. If conditions (1)-(4), (6)—(7) of the Theorem 1 and

m k
) q)ik% =0(Xy) as m— oo (10)

are satisfied, then the series ), a, P”’f‘" is summable ¢ — |N, py; 8|x, k > 1and 0 < 6k < 1.
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We need the following lemmas for the proof of Theorem 2.

Lemma 1 ([11]). Under the conditions on (X,), (Bx) and (Ay) as taken in the statement of the
theorem, we have that

nXuPn =0(1) as n— oo, (11)
i BnXn < 0. (12)
n=1

n

Lemma 2 ([12]). If the conditions (6) and (7) of Theorem 1 are satistied, then A ( Ln ) = O(l).

Remark 1 ([3]). It should be noted that, from the hypotheses of Theorem 1, (A,) is bounded
and AA, = O(1/n).

3  PROOF OF THEOREM 2
Pl
nPn
A . Pn ! ayPyAy

Jn = PP, 1 = v—1 VP

Proof. Let (J,) indicate (N, p,) means of the series } o ; a, . Then, for n > 1, we obtain

Applying Abel’s formula, we get

- SnAn pn Tl—]. PZ]+1PUA)\U Pz; 1
A = + Sy + PyAys,A P,Ays
I n Pnpn_lv;l(v+1)pv+1 PPn Z oAosol( pv) PPn 1; D

= ]n,l + ]n,Z + ]n,3 + ]n,4-

For the proof of Theorem 2, it is sufficient to show that
Z P F< oo, for r=1,2,3,4.
By using Abel’s formula, we have

1 Spl*
Z ¢5k+k 1 ’ ]n — Z(P§k+k 1 Mn‘k 1‘)\11"511‘]{ Z (P ‘)\n“ Z’
g 5k‘sv‘k 5k‘5n‘
DY a1 o2l o 3 et
n=1 v=1 n=1

m—1
1) Y. BuXn +O(1)|Am|Xm = O(1) as m — oo,
n=1

by virtue of (1), (4), (6), (8), (10) and (12).
Now, using Holder’s inequality and (1), (6), (8), we obtain

k
n—1
Z q)ék+k 1|]n _ Z q)ok—i—k 1, Pn 1 (Z P, |AA| ]svl>

”* v=1

’T.i

m+1 n—1 k
Z o 1k— Y Po|AAo| [so]

n—1 \v=1

1 k—1
Zq)ok 11 - (; P,y !sv]) (Pnll ;Pvﬁv> .
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Again, using Abel’s formula and (3), (9)-(12), we have

Z qDok—i-k 1 | ]n,2 |k Z q)ék 1 vaﬁv‘sv‘ — Zpﬁv|5v|k Z q)ék 1

n=v+1
m—1
1 g qoik%vﬁv - o)'E afop) 1ol
Donpn 3 o5 00) 'S A(0pa) X, + O(1) B X,
v=1
=0(1 )mi:lv|AﬁU|X +0(1 Z BoXo +O(1)mPuXm = O(1) as m — oo.
v=1

Since A < o ) =0(}), asin J, 1, we obtain

Z q)ék+k 1 Z q)ok—i—k 1 Pn (ZP 50| V\ ’_>
Sk— 1 —!' P, ‘
qu prv!sv!\?»!

v=1
m+1 g1 1 n—1 P, 1 n—1 k-1
Sol [Ay

DY ol ( Do pelsel ol ) (5 Do
m+1 n—1 P P

ok—1 v \k—-1 To
ZG’) nlz,X:(UP> UPo v|v| |Av|

= ()Z Po |80]" | A Z Pn

o=1 YPv n=v+1 ” 1

—on)y. 2

v=1

m
—oq) 3 gkl
v=1 v

by means of (1), (4), (6), (8)—(10) and (12).
Finally, as in J, 3, we have

Sk+k—1 k k1 (_ Pk (=) 1"
ZG’) | Jua I° = ZG’) Ppn—l) (EPU|50||)\0|5>

= O(1) as m — oo,

in view of (1), (4), (6), (8)—(10) and (12).
Thus, the proof of Theorem 2 is completed. O

k-1 5k 1
Upvpv|sv| | Ao |Ao] @5

=0(1) as m — oo,

4 CONCLUSION

If we take (X,) as a positive non-decreasing sequence, ¢, = 5” and 6 = 0 in Theorem 2,
then we get Theorem 1. In this case, condition (10) reduces to condition (5). Also, the condi-
tions (8) and (9) are automatically satisfied.
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Mertoro mi€i cTaTTi € PO3TASA METOAY abCOAIOTHOTO IIACYMOBYBAHHS i y3araAbHEHHS Teope-
mu 1ipo [N, py|; CyMOBHICTH HeCKiHUEHHOTO psiay A0 ¢— | N, py; 6 |, CyMOBHOCTI, BUKOPUCTOBYIO-
Uy Mavbke 3pOCTalovi TOCAIAOBHOCTI. BiAbIlle TOro, moxasaHo, IO AODpe BiAOMi Pe3yABTaTU AAS
IN, Pn| CYMOBHOCTI BUIIAMBAIOTB 3 IMX y3araAbHEHb 3a AeSKIX 06MeXXeHb.

Kntouosi cnoea i ppasu: CyMOBHI AIABHMKM, MaliXe 3pocTaiova IIOCAIAOBHICTD, psIAM, HEpiBHICTDb
I'boabaepa, HapiBHICTH MIHKOBCBKOTO.



