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OZARSLAN H.S.

ON A NEW APPLICATION OF QUASI POWER INCREASING SEQUENCES

In the present paper, absolute matrix summability of infinite series has been studied. A new
theorem concerned with absolute matrix summability factors, which generalizes a known theorem
dealing with absolute Riesz summability factors of infinite series, has been proved under weaker
conditions by using quasi -power increasing sequences. Also, a known result dealing with absolute
Riesz summability has been given.
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INTRODUCTION

Let )" a, be a given infinite series with partial sums (s,). Let (p,) be a sequence of positive
numbers such that
n

PnZva%oo as n—oo, (Pj=p_;=0,i>1).
=0

Let A = (a,,) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal entries.
Then A defines the sequence-to-sequence transformation, mapping the sequence s = (s,) to
As = (Ay(s)), where

n
An(s) = Zanvsv, n=20,1,....
v=0

Let (¢,) be any sequence of positive real numbers. The series ) a, is said to be summable
¢ — |A; 0]k, k> 1and 6 > 0, if (see [9])

Y- i Au(s) = Aua(s)[f < co. (1)
n=1
In the special case for 6 = 0, ¢, = % and a,, = f,—:, we obtain the |N, p,|r summability

(see [2]). Also, it should be noted that for ¢, = % and a,, = f,—:, the ¢ — |A; 6| summability

n

reduces to |N, py; 6| summability (see [3]).
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1 KNOWN RESULT

A positive sequence (h,) is said to be almost increasing if there exist a positive increasing
sequence (¢, ) and two positive constants K and L such that K¢, < h,, < Lc, (see [1]). By means
of this sequence, Mazhar [7] has established following theorem.

Theorem 1. If (X,) is an almost increasing sequence and the conditions

m
Y nXu|A?Ay| =O(1) as m— oo, (3)
n=1
" p
L =0(P,) as m— oo, 4)
n=1 n
) =0(Xy) as m— oo (5)
n=1 n
and
- P
—n\tn]k =0(Xy) as m— oo, (6)
n=1 Py

are satisfied, where (t,) is the nth (C,1) mean of the sequence (nay), then the series }_a,\, is
summable |N, py |, k > 1.

2 MAIN RESULT

A positive sequence () is said to be quasi B-power increasing sequence if there exists a
constant K = K(B,v) > 1 such that KnPv,, > mPv,, holds for all n > m > 1 (see [6]). It should
be noted that every almost increasing sequence is quasi B-power increasing sequence for any
nonnegative B, but the converse need not be true as can be seen by taking the example, say
Yy = n~P for B > 0. A sequence (A,) is said to be of bounded variation, denoted by (1,) €
BY,if Y7 1 |AAw| = Y1 |An — Apr1| < oo. One can find some applications of quasi power
increasing sequences (see [4-6, 10]). The purpose of this paper is to obtain a theorem which
generalizes Theorem 1 for ¢ — | A; 6| summability using quasi f-power increasing sequence.
Before giving this theorem, let us introduce some further notations.

Let A = (a,y) be a normal matrix, A = (d,,») and A= (Ayp) are defined as follows:

n
ﬁnv:Zani, n,v=0,1,... (7)
i=v

and

Aoo = dop = 400, fAnp = Apy —Ap—10, n=12,..., (8)
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A and A are the well-known matrices of series-to-sequence and series-to-series transforma-
tions, respectively. Then, we have

n n
An(s) = Z AnySy = Z Anoly )
v=0 v=0
and
_ n
AAn(S) — Z ﬁnyaz]. (10)
v=0

Theorem 2. Let (A,) € BY and A = (anw) be a positive normal matrix such that

do=1 n=0,1,... (11)
Ap_10 = Anp, for n=>v+1, (12)
py = O G’;—n) , (13)
n—1 |4
a
v ol _ o), (14)
v=1 v
m+1 . .
Z (pf, |Avlny| = O <(pi ’1) as m — oo, (15)
n=ov+1
et ok Sk
Z Pn ’ﬁn,v+1’ =0 <(Pv ) as m — oo. (16)
n=v+1

Let (X,) be a quasi B-power increasing sequence for some 0 < B < 1 and ¢up, = O(Py). If
conditions (2), (3) of Theorem 1 and

m
s 1
) k= |ty |f = O(Xy) as m— oo, (17)
n=1 h
m
qoikilytn‘k =O(Xm) as m— oo (18)
n=1

are satisfied, then the series ) a,\, is summable ¢ — |A; S|, k > 1and0 < 6 < 1/k.
Lemma 1. ([4]). Under the conditions of Theorem 2, we have

nXu|AAy| =0(1) as n— oo, (19)

Y Xu|AM,| < oo (20)

n=1
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3  PROOF OF THEOREM 2

Let (I,) denotes A-transform of the series )" a,A,,. Then, we have

by (9) and (10). Now, using Abel’s transformation,

n—1 4 v 4 n
Z ( nz; ) Zrar rm n Zrar

v=1

>

Iy

v:

=TIy +Inp + Inz + L 4.

To complete the proof of Theorem 2, by (1), we will prove that
2 PR L F< oo, for r=1,2,3,4.

For r = 1, applying Holder’s inequality, we have

k
Z AT = Z gkt (Z Ao (ano)] [Ao] |tv|>

= Z g 12 B0 (@no)| Ao |1, |° (nx | A (

v=1

By (7) and (8), we have

v+1 11
A tz] + Z ﬂn v+1AA tv + Z lln v+1Av+1tv +

A

a

n+1

———pnAntn

k—1
nv)l) :

Ay (anv) = lno — Apo+1 = Ano — An—10 — Ano+1 T An—1,0+1 = Ano — Ap—1,0-

Thus using (7), (11) and (12)

n—1 n—1
Z |Av(ﬁﬂv)| = Z(ﬂn—l,v _anv) < aun.
v=1 v=1
Hence,
ch‘”‘*“ Zqo‘”‘“”“(Z\A HAHH)
k - ok—1 k
1) Z Aol £, [ Z P Ao (Bno)| = O(1) Y 00| |to]
v=1 n=v+1 v=1

Z AlAy |Z¢‘fk e+ 0 (1) A Iquik kol

v=1 r=1 v=1
-1

3

=0(1) Y |82 |Xo +O(1)[Am| Xy = O(1) as m — oo,

v=1
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by (2), (13), (15), (18) and (20). For r = 2, using Holder’s inequality, we get

k—1
-1 n—1
Z Py Ly | = Z gyt Z 041 || AN [to]* (Z |ﬁn,v+1||Mv|)
= v=1
dtk=1k (= k
Z Pn g Z |01 DA |t
v=1
k sk sk |to|*
D 38Nl T ] = 0(1) 3 ool e
v=1 n=ov+1 v=1
= skl ik T
1) ) A(v]Ady]) Z P =1t + O()m|AAL] Y ¢ =|t]
v=1 r=1 4 v=1 v
m—1 m—1
1) Y 0Xo| A%+ O(1) Y [AA|Xo + O(1)m| Ay | Xin
v=1 v=1

=0(1) as m— oo,

by using (3), (13), (16), (17), (19) and (20).
Again, for r = 3, we have

k
n—1
. t
Z ¢5k+k 1‘1 ’k < Z (P5k+k 1(2 \an,le)‘vH‘%)

v=1
skrko1 [ kltol* — |y v+1| o
Z Pn Z |8n,041/|Aos1] - Z
Shtk—1 k-1 =
Z Pn M Z |ﬁn,v+1||Av+1|
v=1
ol : k
Z Mv—i—l’ Z 90 ‘anv-i-l’ = Z Mv+1Htv’
n=ov+1 v=1
— skl ik & k
1) Z [ Ay 11 Z% B+ O() A Z ) —val
v=1 r=1 U=
m—1
= O(l) Z |A)\v+1|Xv+1 +O(1)|Am+1|Xm+1
v=1

=0(1) as m— oo,

by using (2), (13), (14), (16), (17) and (20).
Finally, as in the process for I, 1, by using Abel’s transformation, we have

m
Z ¢5k+k 1 ’ In,4 ‘k — O(l) Z ¢5k+k 1 k ‘)\n’ ‘tn’k

= O(1) as m— oo,

by using (2), (13), (18) and (20). This completes the proof of Theorem 2.
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If we take (X,) as an almost increasing sequence, ¢, = %, Any P * and 6 = 0 in Theorem

2, then we get Theorem 1. In this case the conditions (14), (17) and (18) reduce to the conditions

(4), (5) and (6), respectively. Also, if we take (X,) as an almost increasing sequence, ¢, = 5—2

and a,,, = Z—Z in Theorem 2, then we get a theorem dealing with |N, p,; 8|, summability (see
[8]).
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Y poboTi AOCAIAXKEHO abCOAIOTHY MaTpUUHY CyMOBHICTh HeCKiHUeHHMX MOocAiaoBHOCTell. HoBy
TeopeMy, sIKa CTOCYEThLCSI YMOB abCOAIOTHOI MaTpWYHOI CyMOBHOCTI i y3araAbHIOE BiAOMY TeopeMy
IIPO yMOBM abCOAIOTHOI cyMOBHOCTI Pica AASI HeCKIHUHHMX IIOCAIAOBHOCTEN AOBEAEHO 3a CAAOIIIX
YMOB 3 BUKOPMCTaHHSIM KBa3i-B-CTelleHeBMX 3pOCTa0uMX MOCAIAOBHOCTel. TakoX, OTpMMaHO OAMH
BiAOMMIT pe3yABTaT, SIKUIA CTOCYEThCST a6COAIOTHOI cyMOBHOCTI Pica.

Knrouosi croea i ppasu: cepense 3a Picom, Maike 3pocTaroui IOCAIAOBHOCTI, KBa3i-cTeTleHeBi 3po-
CTaro4i MOCAIAOBHOCTI, HepiBHiCTh I'eAbaepa, HepiBHICTh MiHKOBCHKOTO, MAaTPUYHI IEPETBOPEHHS.



