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SOME INEQUALITIES FOR STRONGLY (p, h)-HARMONIC CONVEX FUNCTIONS

In this paper, we show that harmonic convex functions f is strongly (p, I1)-harmonic convex func-

tions if and only if it can be decomposed as g(x) = f(x) — c(s»)2, where g(x) is (p, h)-harmonic

convex function. We obtain some new estimates class of strongly (p, h)-harmonic convex functions
involving hypergeometric and beta functions. As applications of our results, several important spe-
cial cases are discussed. We also introduce a new class of harmonic convex functions, which is called
strongly (p, h)-harmonic log-convex functions. Some new Hermite-Hadamard type inequalities for
strongly (p, h)-harmonic log-convex functions are obtained. These results can be viewed as impor-
tant refinement and significant improvements of the new and previous known results. The ideas
and techniques of this paper may stimulate further research.
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1 INTRODUCTION

Inequalities have played an important role in the developments of various fields of pure and
applied sciences. Convexity theory an inequalities theory are closely related with each other. It
is well known that a function is a convex function if and only if it satisfies the integral inequality
which is known as the Hermite-Hadamard inequality. Hermite-Hadmard type inequalities are
used to obtain the error bounds for energy functions in the material sciences. For applications
and other aspects of these inequalities and their generalized invariant forms, see [3-5,7,9, 10,
23,26,27].

In recent years, convex functions have been extended and generalized in various directions
using novel and innovative techniques. Varosanec [25] introduced and studied a new class
of convex functions involving an arbitrary non-negative function /(.), which is known as h-
convex function. With an appropriate and suitable choice of arbitrary function k(-), one can
obtain a wide class of convex functions. This idea has been used to introduce various classes
of convex functions in other fields. Polyak [24] introduced the concept of strongly convex func-
tions, which include the convex functions as special cases. Strongly convex functions played
a crucial role in optimization and variational inequalities problem. Motivated and inspired
by its applications, Angulo et al. [2] introduced the notion of strongly /-convex functions and
have shown that this class unifies other known and new classes of strongly convex functions.
The class of strongly beta-convex functions has introduced and investigated by Noor et al. [19].
They obtained some integral inequalities involving hypergeometric and beta functions. The
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harmonic convex functions were introduced and studied by Anderson et al. [1] and Iscan [6].
Noor et al. [15] have introduced a class of strongly harmonic convex functions and established
some Hermite-Hadamard type integral inequalities. Noor et al. [11] also introduced the con-
cept of p-harmonic means, which includes the harmonic means, arithmetic means and geomet-
ric mean as special cases. Using this concept, they introduced and investigated the properties
of p-harmonic convex sets and the p-harmonic convex functions. It have been shown that the
p-harmonic convex functions include the harmonic convex functions and convex functions as
special cases. For recent developments and generalizations, see [12-14,16,17,20, 21].

Inspired and motivated by the ongoing research, Noor et al. [22] have introduced a con-
cept of strongly (p, h)-harmonic convex functions with respect to an arbitrary non-negative
function h(-) and obtained the integral inequalities. This class is more general and contains
several known and new classes of convex functions as special cases. In this paper, study those
conditions under which a function f(.) is a strongly (p, h)-harmonic convex function, if it can

be decomposed as g(x) = f(x) — (%)% where g(.) is (p, h)-harmonic convex functions. Some

new estimates for the integral | ab(xp — aP)*(bP — xP)P f(x)dx in terms of hypergeometric and
beta functions are obtained. Some special cases are discussed as applications of these new esti-
mates. In addition, we introduce and study the strongly (p, 1)-harmonic log-convex functions,
which is quite general and unifying one. Hermite-Hadamard type integral inequalities are ob-
tained. We would like to emphasize that the ideas and technqiues of this paper may stimulate
further research in this dynamic field.

2 PRELIMINARIES

In this section, we introduce some new classes of harmonic convex functions. Throughout
the paper, we will take p € Rand I = [a,b] C (0, o) be an interval, unless otherwise specified.

Definition 1 ([11]). A set I is said to be a p-harmonic convex set, if

1
xPyP P
i <f veveltebl

We would like to point out that if p = 1, then p-harmonic convex set becomes harmonic
convex set. If p = —1, then p-harmonic convex set becomes convex set and if p = 0, then
p-harmonic convex set becomes geometrically convex set. This shows that the concept of p-
harmonic convex set is quite general and unifying one.

Definition 2 (11]). Let I be a p-harmonic convex set. A function f : I — R is said to p-harmonic
convex, if

f<[txi’ +x(?71y?7_ t)ypr> <1 =0)f(x) +tf(y), Vx,y € It € [0,1].

Noor et al. [11] have obtained the Hermite-Hadamard inequality for p-harmonic convex
functions, which may be regarded as a refinement of the concept of convexity. In particular, it
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has been shown that f is a p-harmonic convex function, if and only if,
1 1 1
2aPbP | ¥ 1 4aPbP 7 4aPbP |7
<= —_ -
(F=el) <2l (lww]) (7))

parb? (Y f(x) )
Sy e )

< 1/([75%] ;’) IO < S i56a) + 50

The inequality (1) holds in reversed direction, if f is a p-harmonic concave function.

Definition 3 ([22]). Leth : ] = [0,1] — R be an arbitrary nonnegative function. A function
f : I — R is said to be strongly (p, h)-harmonic convex function with respect to an arbitrary
non-negative function h with modulus ¢ > 0, if

et ) < H(1L = 0(3) + BOF) et =) (* yp)z. @

xpyp

The function f is said to be strongly (p, )-harmonic concave function, if and only if, —f is
strongly (p, h)-harmonic convex function. For t = % in (2), we have

(o ) (D) s - (LY, wyet ®)

xP + yP xpyp

The function f is called Jensen strongly (p, )-harmonic convex function.
For h(t) = h(t)h(1 — t), in Definition 3, we obtain a new class of p-harmonic convex func-
tions, called relative strongly p-harmonic tgs-convex functions.

Definition4. Leth : | = [0,1] — R be an arbitrary nonnegative function. A function f : I - R
is said to be relative strongly p-harmonic tgs-convex with respect to an arbitrary non-negative
function h with modulusc > 0, if

f< [txp +x(p1yp_ t)yp] %> < h(Hh(1 =) [f(x) + f(y)] —ct(1 - 1) <x;;/;/p>2.

Remark 1. (i) If p = 1 in Definition 3, then it reduces to strongly harmonic h-convex func-
tions introduced by Noor et al. [18].

(ii) If p = —1 in Definition 3, then it reduces to strongly h-convex functions [2].
(iii) If p = 0 in Definition 3, then it reduces to strongly geometrically h-convex functions.

Definition 5. Leth : | = [0,1] — R be an arbitrary nonnegative function. A function f : I - R
is said to be strongly geometrically h-convex function with respect to an arbitrary non-negative
function h with modulus ¢ > 0, if

F(x ) < h(1 =) f(x) + h(D)f(y) — ct(1 — ) (Inx —Iny)>,

Now we discuss some special cases of strongly (p, l)-harmonic convex functions, which
appears to be new ones.
I. If h(t) = t in Definition 3, then it reduces to:
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Definition 6. A function f : I — R is said to be strongly p-harmonic convex with modulus
c>0,if

xp—yp

f<[txp+xg’1y”_t)ypﬁ> g(1—t)f(x)+tf(y)—ct(1—t)< . )2, Vx,y € 1t € (0,1).

IL. If h(t) = #° in Definition 3, then it reduces to:

Definition 7. A function f : I — R is said to be strongly p-harmonic s-convex function in
second sense with modulus ¢ > 0, where s € [—1,1], if

xp—yp

f(prf(pf/p_ t)y?F) < (1—t)sf(x)+tsf(y)—ct(l—t)( o )2, Vx,y € Lt € (0,1).

IIL If h(t) = t°(1 — t)° in Definition 3, then it reduces to:

Definition 8. A function f : I — R is said to be generalized strongly p-harmonic s-convex
with modulus ¢ > 0, if

e ) <6100 1) — (T t) ), eyeree o)

IV. If h(t) = t*(1 —t)% in Definition 3, then it reduces to the definition of strongly p-
harmonic beta-convex functions.

Definition 9. A function f : I — R is said to be strongly p-harmonic beta-convex with modu-
lusc > 0, where p,q > —1, if

(|asiss] ;) < (1= P f(6) 4 P (1= 1°7) = et(1 = 1) (% ‘yp)z

xpyp
Vx,yel, te(0,1).

If p =1, —1, 0, then Definition 9 reduces to the definition of strongly harmonic beta-convex,
strongly beta-convex functions and strongly geometrically beta-convex functions, respectively.

Since strongly (p, h)-harmonic convexity is a strengthening of the notion of (p, &)-harmonic
convexity, some properties of strongly (p, h)-harmonic convex functions are just stronger ver-
sion of known properties of (p, h)-harmonic convex functions. Using the technique of Niko-
dem [8] and Noor et al. [15], we prove the following result which shows the relationships
between strongly (p, 1)-harmonic convex (strongly (p,h)-harmonic mid-convex) and (p, h)-
harmonic convex ((p, h)-harmonic mid-convex) functions.

Lemma 1. 7). Let a function f : I C (0,00) — R be strongly (p, h)-harmonic convex function
with modulus c. Ifh(t) < t, then the function g(x) = f(x) — c(%)? is (p, h)-harmonic convex.
ii). Let a function f : I C (0,00) — R be strongly (p, h)-harmonic mid convex with modulus c.
Ifh(t) < t, then the function g(x) = f(x) — c(%)? is (p, h)-harmonic mid convex function.
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Proof. i) Assume that f is strongly (p, h)-harmonic convex with modulus c. Using properties
of the inner product, we have

g ( pr +x<pf/ - w] ;> =/ ( pr +x<pf/ - w} ;> - C<txp +x(vlyv_ W)z

2
< h(1 — D f(0)+ (0 fl) — et — 1) (L2 c<fx” +{1- W”)

xPyP xPyP
=h(1—=t)f(x) +h(t)f(y) — C<t(1 —t) Ké)z a xpz]/p " (J%f]

+(1- t)2<%>2 + % * t2<y17>2>
= h(1 = )f(x) + H(B)f(y) —e(1 - 1) (ip)z B “(yivy
< h(1—t)f(x) +h(t)f(y) —ch(1—1) (%)2 —h(t) (%f
= h(1 —t)g(x) + h(H)g(y),

which gives that g is (p, h)-harmonic convex function.
ii) Let f be strongly (p, h)-harmonic mid convex with modulus c. Then

(22e)) -

which gives that g is (p, h)-harmonic mid convex function. O
Remark 2. Under the condition h(t) > t, the converse of the Lemma 1 holds.

The Euler Beta function is a special function defined by

_ [ Sy, _ LI (Y)
B(x,vy) —/0 11— t)Y 1dt_W' Vx,y >0,

whereI'(-) = [;~ e~ '+*~1dt is a gamma function. The integral form of hypergeometric function
is defined as:
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1
JEila,bic;z] = —— /tbfl(l—t)“b*l(l—zt)*“dt,

B(b,c—b) Jo

where |z| < 1,¢ > b > 0.

3 INTEGRAL INEQUALITIES

Some new and interesting estimates of the integral via strongly (p, h)-harmonic convex
functions are obtained. These estimates can be viewed as refined bounds of the quadrature
formula of Guass-Jacobi type. The quadrature formula of Guass-Jacobi type has the form

/Hb(x —a)*(b— x)ﬁf(x)dx = i Buif (7x) + Rulf],

k=0

for some B, x, 7k and the remainder term Ry, [f].

Lemma 2. If f : | — R is a function such that f € L[a,b], then the following equality holds for
some fixed o, B > 0.

b L1 —t)F _[ab
P _ gP)(pP — xP\B — Pt pp(B+1) (pp _ gpyatptl [ 22— ) [ 27
/a (xP — aP) (bP — xP)P f(x)dx = aP@HDpP(B+D (pp 1) /O AT f< Af)dt,

where A; = [ta? + (1 — t)bP ]% and L[a, b] is the space of Lebesque integrable functions on [a, ).

Theorem 1. If f : I — R is a function such that f € L[a, b] and |f| is strongly (p, h)-harmonic
convex function, «, f > 0, then

[ =y — <) ()

P_pr\2
< O 6 )P (@) + walf O] e T ) @),

where

P —1)PR(1 -1t
@1 _/0 Az;c-i—ﬁ—i—z dt,

(4)

w, — /01 t%(1 —t)Ph(t) ” )

Aprx+pf3+p+1 ’
t

1 th+1 1—¢ B+1
w3 = / —£+ ﬁ+)+1 dt
0 Af ppTp

(6)
_ B(a+2,+2)

pra+pp+p+1

p
zFl[oc+/5+1+1/p,a+2;oc+/3+4,1—Z—p]
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Proof. Using Lemma 2 and strongly (p, h)-harmonic convexity of | f|, we have

b
[ —an o — 2P p)d
a
1 (1 —t)P ab
plat+1),p(B+1) (pp _ p\atp+1 I S A
aP D pp(B+D) (pp _ gp) /0 f( At>‘dt
(a+1)3,p(B+1) ® 1 ! tlx(l_wﬁ
< DR B (g — gyt [ (1 = 1) f(@)
0

Afzx—i—pﬁ—b—p—i—l
Afzx—i—pﬁ—b—p—i—l

+h(D|f(D)] — ct(1 —t) (%)2}&

L1 —t)Ph(1 —t)
+1 +1 +B+1
aP D) pp(B+1) (g7 _ gpya+p <, ()] / i

1 t”‘ al — pp 1 tzx+1(1 _ t)/%ﬂ
+If (b \/ Apa+p/s+p+1 L T C(w) /0 W‘”)

P pp\2
aP @D pp(BH1) (pp — gpyatptl <w1\f(a)\ + wo|f(b)] — C<aaﬁb5 ) w3>.
This completes the proof. O

Corollary 1. Under the conditions of Theorem 1 with p = 1 and h(t) = t*(1 — )9, we have

[ e o 0P ()

2
< g IpPrL(p — ) Bt <!f(ﬂ)’wf + [f(b)|ws — c(%) w;),

where

1 pa4q(1 _ £\B+p
/ tra(1 —t) dr
0 Azx—i—ﬁ—i—Z

t (7)

Bla+q+1,p+p+1) .
- patp+2 2F1[“+ﬁ+2z“+q+1}“+ﬁ+p+q—i—2,l—E],

. 1 ttx+p(1 _ t)ﬁ+q
(,L)Z :/O W

wy

(8)
Bla+p+1,8+q+1)
pa+p+2

1 tlx—i-l 1—t¢ B+1
w3 :/ (oc+ﬁ+; dt
0 At

2Fia+B+2a+p+Latprptat2l—z],

)
_ B(a+2,+2)
o pa+pB+2
Theorem 2. If f : I — R is a function such that f € L[a, b] and |f|9 is strongly (p, h)-harmonic
convex function, «, > 0, q > 1, then

[ =y — <) ()

a

a
zFl[a+ﬁ+2,a+2;a+ﬁ+4,1—E]

1 p_pP\2 \ o
< aﬁ(wﬂ)bl’(ﬁﬂ)(bﬁ _ gP)“+5+1 (w4)1 3 <|f(a)|qw1 + |f(D)|9ws — c(lla%;7 ) w3> q,
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where w1, wy and w3 are given by (4), (5) and (6) respectively and
Lor(1 —t)P
Wy = /O Wdf

_ B(a+1,p+1)
- pratpp+p+1

zPl[oc+/3+1+1/p,rx+1 a+p+2,1— bP]

Proof. Using Lemma 2, strongly (p, h)-harmonic convexity of |f|9 and power mean inequality,
we have

/b(xp —aP)E (P — xP)PF(x)dx

11 —t)P
plat+)pp(B+1) (pp _ gpyatptl [ 22— )
a b (b7 —aP) /0 APTPEp

f(%)‘dt

1—-1
_ a”("‘H)bP(ﬁH)(bP _gpyerpe /1 t(1 —t)P g 1 (1 — i‘)/5
0 Aprx+pf3+p+1 O Aptx+p/3+p+1

—_

1
g
dt)

()

1
1 oj(1— )P =5
pla+1)pp(B+1) (pp _ p\a+B+1
<a b (bF —aP) (/0 Apa+pﬁ+p+1 )

([ S {wa - i@ + molson - aa-o (2 }olt)é

o 1-5
_ ap(tx+1)bp(/3+1)(bp _ ap>lx+/3+1 ( /1 Mdt) ‘
0

Apa+pﬁ+p+1

a B a1 np
<!f(ﬂ)!q/01t (1= t)7h(1 = >dt+]f( )‘q/olwdt

APEPBELEP AprrrEr
a? —bP\? 1R BT NG
_C< aPbP ) /0 patpptptl dt)
At
p_pp\2 \a
aP DR B (5 P )aPH1 (go,) (‘f(aﬂqwl +1£ (b)Y — C<aﬂ’7b’? ) w3> k

which is the required result. O

Corollary 2. Under the conditions of Theorem 2 with p = 1 and h(t) = t*(1 — )9, we have

/ab(x —a)* (b — )P (x)dx

2 1
< a1 b — ) ) (U0 o + ) % — e ) i)

where w}, w3 and w3 are given by (7), (8) and (9) respectively, and

* ! tlx(l - t)ﬁ

Bla+1,6+1) . a
= = zFl[oc+/3+2,fx+1,oc+/3+2,1—E].
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Theorem 3. If f : I — R is a function such that f € L|a,b] and |f|9 is strongly (p, h)-harmonic
convex function, , B > 0, then

[ = a7~ P

af — pp

< e VP @ a4 o) (1701 + 0] [ hear - (70 ) :

where r,q > 1,1r+%,:1and

1 thI'( )/Sr
ws :/0 At(pa+p/3+p+1)rdt
_ B(ar+1,Br+1)
o b(pa+p[3+p+l)r

oFil(a+B+1+1/p)rar+1; (e +B)r+2,1— bP]

Proof. Using Lemma 2, strongly (p, h)-harmonic convexity of |f|9 and the Holder’s integral
inequality, we have

/ (a7 )P

g+ pp(B+1) (3 zx+ﬁ+1/ "1-1)Pf
0 Aprx+p[3+p+1

ab
(At>‘dt

1
< P Dpp (B (pp — o) tx+/3+1< (1 — dt) r </1
0 Al W+P5+p+1) 0

a \4
dt)

(%)

1
< gPapr(B+1) vc+/3+1< (L — dt)r
0 A pa+pﬁ+p+1)

(/01 {h(l —B|f(@)|9 + h(B)|f()|F = ct(1 —t) (al;;;?:pf}dt)%

1 c(af — 2\ a
DG 6 — a4 ) ([ @10+ o) [ e - (220) )

This completes the proof. O

Corollary 3. Under the conditions of Theorem 3 with p = 1 and h(t) = t*(1 — )9, we have

/ab(x — @) (b — x)Pf(x)dx

< a* TP (b — 0) AT (w )l’<[!f( )94+ [£(b)[9] /Olh(t>dt_%<aa—bb>2> 33’

where

. [T (=)
Ws —/0 Wdt

B(ar+1,Br+1) | )
= T piptor 2F1[(“+5+2)f/af+1,(oc+ﬁ)r+2,1—E].
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Theorem 4. If f : I — R is a function such that f € L|a,b] and |f|9 is strongly (p, h)-harmonic
convex function, , B > 0, then

b
/ (xP — aP)*(bP — xP)PF(x)dx| < aPFDppB+H1) (pp — aﬁ)w+ﬁ+13%(m+ 1,Br+1)

(115 + 170 9r e ;b,f”’)zwg) ’

where r,q > 1,lr—|— =1 and

1
q
e
w6_/o AfPHpﬁwH)th’

1
wr = | %dt'
0 Atp pp+p+l)q

_ =y 1 Fl(at palt1/p)q 241 a?
wS_/OW _6b(W+Pﬁ+p+1)q21[“ p p)q, 24, —b—p].

Proof. Using Lemma 2, strongly (p, h)-harmonic convexity of |f|9 and the Holder’s integral

inequality, we have
ab
(5 )|

/b(xp _ aP)a(bP _ xp)ﬁf(x)dx — ap(zx—i—l)bp(ﬁ—i—l)(bp _ ap)a+5+1 /1 ttX(l — t)/3
1

ab\ | q

— || dt

f<At> )

0 Afrx+pﬁ+p+l

1
< aP @B (pp — gp)eth ( [ e t)ﬁrdt) | </ e
B 0

Agpwpﬁﬂvﬂ)q

1
< ap(oc+1)bp(/3+1)(bp _ ap)tx+/3+1 ( /1 t“r(l _ t)ﬁrdt> r
0

</o1 W{h(l —£)|f(a)|® +h(t)|£(b) |9 — ct(1—t) <a’;éfp>2}dt>%

1
_ ap(a+1)bp(/3+1)(bp _ ap)a+/3+1</1 t’xr(l _ t)/srdt) r
0
1 p(1—t) 1 h(t)
q (Mt —H q( "y
<|f(a)| /0 Agm+pﬁ+p+1)th+|f(b)| /0 Agptxﬂﬂﬁﬂﬂﬂ)th
(e —b 2/1 H1—1) \d
aror ) Jo qlertrina

P_pP\% \a
= Pt pp(B+1) (pp — aP)HﬁHB%((xr +1,8r+1) (\f(a)\qc% +|f(b)|Aw; — c(aapbpb ) w8> "

This completes the proof. O

Corollary 4. Under the conditions of Theorem 4 with p = 1 and h(t) = t*(1 — )9, we have

[ = a6~ 0P ()

2 4
< a8 b ) BB ar 1, e 1) (1)1 + 17095 — (17 ) i),
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where
,_ [1PA=tF . Blp+lg+1) | .
Wo = /0 A(zx+ﬁ+2)th = —paipog 20 [(“ +B+2)qq+Lp+q+2,1— E]’
t
o [T t) B(p+1,q+1) . .
w7 = /0 A(zx+ﬁ+2>th = —paipag 20 [(“ +B+2)gp+Lp+q+2,1- E]’
t

* 1 t(l — t) o 1 . a
w8 = /0 A(“+5+2)th o 6b(1x+/3+2)q 2F1 {(“ + 5 + 2>qr 2;4,1— —]

b
t
Theorem 5. If f : I — R is a function such that f € L|a,b] and |f|9 is strongly (p, h)-harmonic
convex function, «, B > 0, then

[ =y <))

a

< PN pp(BH1) (pp — gP)atBH1((yg) 7

1
a? —pP\? q
(1@ o 0 — e " ) Baa+2.pa+2))
where r,q > 1,%—{—%7: 1 and
oo [ 1 dt_zFl[(oc+/5+1+1/p)r,1;2,1—g—Z]
9= 0 Agpa+pﬁ+p+1)r - p(patpp+p+1)r ’

1 1
wo= [ #IA-HFRA-HA,  wn = [ B
0 0

Proof. Using Lemma 2, strongly (p, h)-harmonic convexity of |f|9 and the Holder’s integral

inequality, we have
ab
f < At ) ‘ &

b
| —an o — )P p(x)d ©
a
1 1 T/ ab\|%, \d
pla+1)pp(B+1) (pp _ gp)a+p+1 - - aq(q1 _ 4)pa
< P DpP(B+) (pr g </O Agwwmpﬂ)rdt) </Ot (1-1) f<A> dt)

t

11 —t)P
— gPa+)pp(B+1) (pp _ gpyatp+l [ 2\ 0
a b (bF —aP) /0 Afoc+17/3+p+1

1

< PN pP(BHY) (pp _ gpyatptl /1 ;dt r
- 0 At(ptx+p/3+p+1)r

[ e 0ma - i@l - rF - e - o (D) Tar)”
0 f a f c apbp

1

1 1 v
— gPat)pp(B+1) (pp _ gp)atp+1 - -

a b (bP —aP) </0 A§Pa+ﬁﬂ+p+1)rdt>

<|f(a)|q /01 t29(1 — t)PIn(1 — t)dt + | f(b)|° /01 t29(1 — £)Pan(t)dt

1
aP — pP\? 1 . q

_ q+1/1 _ p\Ba+1
c( prTee > /0 AT — 1) dt)

= PlADpp(B+1) (pp — gpyetptl (wg)%

1
aP — pP\ 2 3
(1@ P+ e —c(“) Bag+2.a+2))
This completes the proof.
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Corollary 5. Under the conditions of Theorem 5 with p = 1 and h(t) = t*(1 — t)9, we have

[ = e 0P ()

< " P (p — g)v B () <|f(a) 9B(ag+q+1,Bq+p+1)

2 q
+IFOIBOa+p+1pa+a+1) —c( "5 ) Bag+2,p9+2),

where
N 1 1 2Fil(a+B+2)r1;2,1—¢]
Wo = / @iprot = (a+p+2)r '
0 A, b
Remark 3. For p = —1 and h(t) = (1 — t)9, our results reduces to the previously known

results obtained by Noor et al. [19] for strongly beta-convex functions.

4 STRONGLY p-HARMONIC log—CONVEX FUNCTIONS

In this section, we define the class of strongly (p, I)-harmonic log-convex functions and
obtain the integral inequalities.

Definition 10. Leth : | = [0,1] — R a nonnegative function. A function f : I — (0, c0) is said
to be strongly (p, h)-harmonic log-convex function with modulus c > 0, if

(| sis] ;) < ()" ()" —erta =) x’;p‘yi”)z.

Fort = %, we have

(| }) < (s - (Lt veyer

xP +yP

The function f is called Jensen type strongly (p, h)-harmonic log-convex function.
Now we discuss some special cases of Definition 10.
I.If p = 1, then Definition 10 reduces to:

Definition 11. Leth : | = [0,1] — R a nonnegative function. A function f : I — (0, c0) is said
to be strongly h-harmonic log-convex function with modulus ¢ > 0, if

2
*Y h(1-t) h(t) _ _pn(*Y
i) = (e ) —aa-n (22
IL. If p = —1, then Definition 10 reduces to:

Definition 12. Leth : | = [0,1] — R a nonnegative function. A function f : I — (0, c0) is said
to be strongly h-log-convex function with modulus ¢ > 0, if

2

A= Dx+ty) < (F)" 7 (F)" = er(1 = 1) (x — )™
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IIL If p = 0, then Definition 10 reduces to:

Definition 13. Leth : | = [0,1] — R a nonnegative function. A function f : I — (0, c0) is said
to be strongly h-geometrically log-convex function with modulus ¢ > 0, if

) < (F) " ()" = el = 1) (inx —Iny)™

We now consider the following definitions of special means, which are used in our coming
results. For arbitrary a,b(a # b) € (0, 00), we have

1) the arithmetic mean

2) the generalized logarithmic mean

petl_go+1 1
[W] , p#-10,

Lp(ﬂ,b) - W, a;éb, p:—l,
l(@ﬁ)@iﬁl o =0.

e \a?

Under the assumptions of Definition 10 with h(t) = t, we obtain the Hermite-Hadamard in-
equalities for strongly p-harmonic log-convex functions.

Theorem 6. Let f : I — (0,00) be strongly p-harmonic log-convex function with modulus
c>0.Iff € L[a, b], then

2P bP bf(x)dng(a)—}—f(b) C(gp—bl’>2.

b —ab J, x1tp 2 6\ alb?

Proof. Let f be strongly p-harmonic log-convex function with modulus ¢ > 0. Then

b;?’;p ab il(f;dx - /Olfqmrff(plbp—t)bp]%)dt
< [ [(f(a))l_t(ft(b))t —et(1-1) (“’;,,bfp)z]zdt
— f(a)/ol (%) dt—/olct(l—t)<al;;;7:p> dt
b) - f(a) (ﬂ)z
b)

abPbr

2
= L), F0) — 5 ()

aP — pP\ 2
()

VAN
™
=

N+
=
=

N O
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Theorem 7. Let f,g : I — (0, 00) be strongly p-harmonic log-convex functions with modulus
c>0.Iff,g € L[a,b], then

aPb? bf(x)g([%]%)
S /a ( ;Z’)ﬂ "1 7 dx
= £
<O o pan| B0 L ) g
2 (%)
- In(f(b)) — In(f(a))]2 [A(f(a) f(b))— L(f(a) f(b))]
2 (%)’ (%)’
RO neaE AE@), 80 - Lg@,s®)] + 5
Proof. Let f, g be strongly p-harmonic log-convex functions with modulus ¢ > 0. Then
aPbP bf(x)g([(ap%’%]%) 1 aPbP ; aPbP ’
i e [ (e e ([ahe) )
< [0 o) - e - (| ) o) = e - (U
= [ (@) ) @) (g(e) - () e [ a0 (52 ) @

In[5] f(a)
() s(®) 1 s@)\'y, . S )
1§[M] /0(21‘—1)<g(—)>dt+ 36’
8(b)
_(XZ . 1 1 m w . ) 1 % ﬂ w .
) [ (50) aorpsont [ (55)
S @ [f@ o fw) )
nffg] L@ InlfE) /Mn[%] !
()50 [5(a) +5(0) [ &) ], e
L IO o) 30
_ 2 FO): = (@) (3(0)F — (3(a))”
In(f(0)) = In(f(@)) " * In(3(0)) ~In(g(a))
L@Vl f@Ar)  2f() -2f()
ab? ) [ In(f(0)) ~In(f{@)P ~ [n(f(®)) ~In(f(a))]
8(a) +(b) 2(a) ~25(0) ], (%)

[in(g(a)) — In(g®)  [n(g(a)) — In(g(6))P 30
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c(2=b"
a [ln(f(zb § H_pblil() (a))]2 [A(f(a),f(b)) — L(f(a) f(b))}
ZC(Haﬁ,IZp)Z CZ(H:;;,IZP)AL
B [In(g(b)) — In(g(a))]? [A(g(a),g(b)) — L(g(a),g(b))] + 30
(@) + £(8) e ola) +g(b) .
: af 2 / L(ifl)(f(b) f(a)) —i—ﬁg > 3 L _71)( (b),g(a))
2(%f )"
"~ [In(f(b)) —1In(f(a))]? [A(f(a), f(b)) — L(f(a), f(D))]
2(5F)° (o)’

which is the required result. O

Theorem 8. Let f : I — (0,00) be strongly p-harmonic log-convex function with modulus
c>0.Iff € L[a,b], then

1
aPbP /b f(@f([w%’%]p)

dx

c alP—pp
< f@f ) ~ iy f(;)§ “”ﬁ;()f( 57 AU @), f() = LU (@), f(0))] + —5F

Proof. Let f be strongly harmonic log-convex functions with modulus ¢ > 0. Then

2 PN o rtts] (=] )

<[ [<f<a>)1‘f<f<b>)f —a( = (][ o) = et - 0 (S
- [, s app_bfp)zﬂa)/l <1—t>(§$§)dt
—c(W:p) f(b) [ t(1—t) ( PbP O tz(l—t)zdt

aP bp)

SCICE % [fa-y (ﬂ)
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In[£H] f(b) 30
() fla) [ £y +£0) o ()
= f(a)f(b) — -2 dt
/ ln%] {f(a)ln[%] /Oln[%] ]
() ) S0 s, (76 al s ()’
(&3] Leym[H] o mEE 30
(T2 @) 2f(b) —2f(a)
= 1@ =) | ) M@~ O] =T
L f@EfO) () - 2f(0) ]+c2(“;’pzip)4
In(f(@)) —In(f®) ~ [n(f(a)) — In(f(0))F 30
o () N ()’
= F@)f®) ~ Ty Sty AU @ F0) — L@, £®)] + 5,
which is the required result. O
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Y AaHiit cTaTTi MM IIOKA3y€MO, LI0 TapMOHINMHI omykAi pyHKuil f € cuabHO (p, h)-TapMOHIHO
OMyKAMMY pyHKLISIMM TOAI i TIABKY TOAL KOAM iX MOXXHa ToAaTH Y BurAsial g(x) = f(x) — (%)% ae
g(x) e (p, h)-rapmosniiizo omyxaoro dyHkmiclo. OTpUMaHO AesiKi HOBI OLIHKM KAACYy CHABHO (p, h)-
TapMOHINHO ONMyKAMX (PYHKIIIM, BKAIOYAIOUN TillepreoMeTpnyHi Ta beTa-dpyHKIii. SIk 3acTocyBaH-
HSI HaIlIMX Pe3yAbTaTiB PO3TASHYTO KiAbKa Ba>KAMBIMX OCOOAVMBIX BMITaAKiB. TakoX BBeAeHO HOBMI
KAQAC TapMOHIMHIX OIYKAMX (PYHKIIIN, SIKi HA3MBAIOTBCSI CUABHO (p, h)-rapMoHiitemmu log-omykan-
Mu pyskuisimy. OTpuMaHO Aesiki HOBI HepiBHOCTI Tty EpmMita-Aaamapa AAST cCMABHO (p, h)-rapmo-
HilHMX [0g-onmyKAuX cpyHKirt. L1i pesyAbTaTit MOXHA PO3TASAATH SIK BaXKAMBe yTOUHEHHS i CyTTeBe
MIOKpAaIIeHHsT HOBMX i IIOTIepeAHiX BIAOMIUX pe3yAbTaTiB. Iael Ta METOAVKM ITi€l po6OTY MOXYTb 6y T
MIAIPYHTSIM AASI TIOAAQABIIMX AOCAIAKEHb.

Kntouosi cnoea i ppasu: p-rapMOHINHO omyKAi dpyHKII, h-omykai doyHKIIil, crAbHO onykAi dpyH-
K11ii, HepiBHOCTI Tviry EpmiTta-Aaamapa.



