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ALGEBRAIC BASIS OF THE ALGEBRA OF BLOCK-SYMMETRIC POLYNOMIALS ON

ℓ1 ⊕ ℓ∞

We concider so called block-symmetric polynomials on sequence spaces ℓ1 ⊕ ℓ∞, ℓ1 ⊕ c, ℓ1 ⊕ c0,

that is, polynomials which are symmetric with respect to permutations of elements of the sequences.

It is proved that every continuous block-symmetric polynomials on ℓ1 ⊕ ℓ∞ can be uniquelly rep-

resented as an algebraic combination of some special block-symmetric polynomials, which form an

algebraic basis. It is interesting to note that the algebra of block-symmetric polynomials is infinite-

generated while ℓ∞ admits no symmetric polynomials. Algebraic bases of the algebras of block-

symmetric polynomials on ℓ1 ⊕ ℓ∞ and ℓ1 ⊕ c0 are described.
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1 INRODUCTION

Algebras of polynomials and analytic functions on a Banach space X which are invari-

ant with respect to a group or semigroup of linear operators acting on X were studied by

many authors (see e.g. [1, 3–5, 9]). In oder to study spectra of such algebras it is impotant

to figure out with their algebraic bases (if exist). Let S∞ be the group of all permutations of

the set of natural numbers N. That is, S∞ consists of all bijections of N to itself. Let S0
∞ be

the subgroup in S∞ of all finite permutations. If X is a sequence Banach space and for each

x = (x1, x2, . . . , xn, . . .) ∈ X, σ(x) : = (xσ(1), . . . , xσ(n), . . .) ∈ X, σ ∈ S∞, then we can concider

functions which are invariants with respect to the operators σ(x). A function f : X → C is

called symetric if f (σ(x)) = f (x) for every x ∈ X and σ ∈ S∞. If it is true for all σ ∈ S0
∞ then

f is called finitely symmetric. In [11] Nemirovskii and Semenov described algebraic bases of al-

gebra of continuous symmetric polynomials on real spaces ℓp, where 1 ≤ p < ∞. Their results

were generalized by Gonzalez et al. [7] for real separable rearrangement-invariant sequence

spaces. Also, in [7] it is proved that for ℓp, 1 ≤ p < ∞, finitely symmetric polynomials are

symmetric and c0 does not admit finitely symmetric polynomials. In [8] it is proved that there

are no symmetric polynomials on ℓ∞ but we have a lot of finitely symmetric polynomials. It

is not difficult to check that every symmetric (and finitely symmetric) polynomial on c can be

generated by the following one

L(x) = lim
n→∞

xn.

In [9, 10] were concidered block-symmetric polynomials, wich also are called MacMahon Polyno-

mials on Banach spaces. The block-symmetric polynomials can be defined by the following
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way. Let X1, . . . , Xm be sequence spaces. Then every x ∈ X1 × . . . × Xm can be represented

by x = (x1, . . . , xm), where xj ∈ Xj. For any σ ∈ S∞ we can define σ(x) = (σ(x1), . . . , σ(xm))

and a polynomial P : X1 × . . . Xm is block-symmetric if P(σ(x)) = P(x) for every σ ∈ S∞.

In [10] algebra of block-symetric analytic functions on ℓ1 × ℓ1 is investigated. In [9] constructed

an algebraic basis of block-symmetric polynomials on ℓp × . . . × ℓp
︸ ︷︷ ︸

n

≃ ℓp(Cn). In this paper

we construct an algebraic basis on the algebra of all block-symmetric polynomials on ℓ1 × ℓ∞.

It is interesting to note that the algebra of block-symmetric polynomials is infinite-generated

while ℓ∞ admits no symmetric polynomials. Also, we concider block-symmetric polynomials

on ℓ1 × c0 and ℓ1 × c.

2 MAIN RESULTS

Let us denote by ℓ1 ⊕ ℓ∞ the space with elements

(
x

y

)

=

((
x1

y1

)

, . . . ,

(
xm

ym

)

, . . .

)

,

where (x1, x2, . . . , xn, . . .) ∈ ℓ1, (y1, y2, . . . , yn, . . .) ∈ ℓ∞. The space ℓ1 ⊕ ℓ∞ with norm

||(x, y)||ℓ1⊕ℓ∞
=

∞

∑
i=1

|xi|+ sup
i≥1

|yi|

is a Banach space.

A polynomial P on the space ℓ1 ⊕ ℓ∞ is called block-symmetric (or vector-symmetric) if

P

((
x1

y1

)

, . . . ,

(
xm

ym

)

, . . .

)

= P

((

xσ(1)

yσ(1)

)

, . . . ,

(

xσ(m)

yσ(m)

)

, . . .

)

,

for every permutation σ on the set of natural numbers N, where

(
xi

yi

)

∈ C2.

Let us denote by Pvs(ℓ1 ⊕ ℓ∞) the algebra of block-symmetric polynomials on ℓ1 ⊕ ℓ∞; by

Hbvs(ℓ1 ⊕ ℓ∞) the algebra of block-symmetric analytic functions of bounded type on ℓ1 ⊕ ℓ∞.

In [9] it was proved that polynomials Hk1,...,kn(x) =
∞

∑
j=1

n

∏
s=1
ks>0

(xs
j )

ks , where x = (x1, x2, . . .) ∈

ℓ1(C
n), xj = (x1

j , . . . , xn
j ) ∈ Cn form an algebraic basis of the algebra Ps(ℓ1(C

n)).

For a multi-index k = (k1, k2, . . . , kn) ∈ Z
n
+ let |k| = k1 + k2 + . . . + kn. For an arbitrary

nonempty finite set M ∈ Z
n
+ let us define a mapping πM : c00(C

n) → C
|M|, where |M| is the

cardinality of M, by

πM(x) = (Hk1,...,kn(x))(k1,...,kn)∈M.

In [9] it was proved the following theorem.

Theorem 1 ([9]). Let M be a finite nonempty subset of Zn
+ such that |k| ≥ 1 for every k ∈ M.

1. There exists m ∈ N, such that for every ξ = (ξ(k1,...,kn))(k1,...,kn)∈M ∈ C
|M| there exists

xξ ∈ c
(m)
00 (Cn) such that πM(xξ) = ξ, where c

(m)
00 (Cn) is the space of all sequences x =

(x1, . . . , xm, 0, . . .), x1, . . . , xm ∈ Cn;

2. There exists a constant ρM > 0 such that if ||ξ||∞ < 1, then ||xξ ||p ≤ ρM for every

p ∈ [1,+∞), where ||ξ||∞ = max
k∈M

|ξk|.
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Let us denote by (ℓ1 ⊕ ℓ∞)(m) the space of all sequences

(
x

y

)

m

=

((
x1

y1

)

, . . . ,

(
xm

ym

)

,

(
0

0

)

. . .

)

,

where (x1, . . . , xm, 0 . . .) ∈ ℓ1, (y1, . . . , ym, 0 . . .) ∈ ℓ∞. Clearly, that c
(m)
00 (Cn) = (ℓ1 ⊕ ℓ∞)(m).

For an arbitrary nonempty finite set M ∈ Z
2
+ let us define a mapping πM : ℓ1 ⊕ ℓ∞ −→ C

|M|

by

πM((x, y)) = (Hk1,k2(x, y))(k1 ,k2)∈M.

Corollary 1. Let M be a finite nonempty subset of Z2
+ such that k1 + k2 ≥ 1 for every (k1, k2) ∈

M.

1. There exists m ∈ N, such that for every ξ = (ξ(k1,k2))(k1,k2)∈M ∈ C|M| there exists (x, y)ξ ∈
(ℓ1 ⊕ ℓ∞)(m) such that πM((x, y)ξ ) = ξ;

2. There exists a constant ρM > 0 such that if ||ξ||∞ < 1, then ||(x, y)ξ ||ℓ1⊕ℓ∞
≤ ρM.

For elements

(
x

y

)

m

,

(
z

t

)

m

∈ ℓ1 ⊕ ℓ∞, let

(
x

y

)

m

⊕
(

z

t

)

m

=

((
x1

y1

)

, . . . ,

(
xm

ym

)

,

(
z1

t1

)

, . . . ,

(
zm

tm

)

,

(
0

0

)

. . .

)

.

For (x, y)1, (x, y)2, . . . , (x, y)r ∈ ℓ1 ⊕ ℓ∞, let

r⊕

j=1

(x, y)j = (x, y)1 ⊕ (x, y)2 ⊕ . . . ⊕ (x, y)r .

Obviously that
∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣

r⊕

j=1

(x, y)j

∣
∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
∣
ℓ1⊕ℓ∞

≤
r

∑
j=1

∣
∣
∣

∣
∣
∣(x, y)j

∣
∣
∣

∣
∣
∣
ℓ1⊕ℓ∞

.

Also note that for every (k1, k2) ∈ Z2
+, such that k1 + k2 ≥ 1,

Hk1,k2





r⊕

j=1

(x, y)j



 =
r

∑
j=1

Hk1,k2((x, y)j). (1)

For N ∈ N let MN be a finite nonempty subset Z2
+ such that 1 ≤ k1 + k2 ≤ N for every

(k1, k2) ∈ MN .

By Corollary 1, for M = MN there exists ρ = ρM, such that πMN
(Vρ) contains the open unit

ball of the space C
|M| with norm ||ξ||∞ , where

Vρ =
{
(x, y) ∈ ℓ1 ⊕ ℓ∞ : ||(x, y)||ℓ1⊕ℓ∞

≤ ρ
}

.

Proposition 1. Let q(ξ(l1,l2))(l1,l2)∈MN
be a polynomial on C

|MN |. If q is bounded on πM(Vρ),

then q does not depend on ξ(0,k), k ∈ N.
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Proof. Let (0, k) ∈ Z2
+, k ∈ N. Let K = πMN

(Vρ), K1 = πMN\{(0,k)}(Vρ) and η : K → K1 be an

orthogonal projection, defined by

η : (ξ(l1,l2))(l1,l2)∈MN
7→ (ξ(l1,l2))(l1,l2)∈MN\{(0,k)}.

Let us show that for every ball

B(u, r) =
{

ξ ∈ C
|MN\{(0,k)}| : ||ξ − u||∞ < r

}

centered at u = (u(l1,l2))(l1,l2)∈MN\{(0,k)} ∈ C|MN\{(0,k)}| and of radius r > 0 such that B(u, r) ⊂
πMN\{(0,k)}(Vρ), the set η−1(B(u, r)) is unbounded. Since u ∈ πMN\{(0,k)}(Vρ), there exists

(x, y)u ∈ Vρ such that πMN
((x, y)u) = u by Corollary 1. For m ∈ N, we set (x, y)m =

⊕m
j=1

(

1

j
1
|k|

)

ak, where ak = 1

k
1
k

((
0

αk,0

)

, . . . ,

(
0

αk,k−1

)

,

(
0

0

)

. . .

)

, αm,j = ( m
√
−1)j, 0 ≤

j ≤ m − 1.

Choose ε such that

0 < ε < min

{

1,
ρ − ||(x, y)u ||ℓ1⊕ℓ∞

||ak ||ℓ1⊕ℓ∞
ζ(1

k )
,

r

||ak ||N1 ζ(s − 1 + 1
k )

}

,

where ζ(·) is the Riemann zeta-function.

Let (x, y)m,ε = (ε(x, y)m)⊕ (x, y)u. Let us show that (x, y)m,ε ∈ Vρ.

||(x, y)m ||ℓ1⊕ℓ∞
=

m

∑
j=1

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣

1

j
1
k

ak

∣
∣
∣
∣
∣

∣
∣
∣
∣
∣
ℓ1⊕ℓ∞

=
m

∑
j=1

1

j
1
k

||ak ||ℓ1⊕ℓ∞
= ||ak||ℓ1⊕ℓ∞

m

∑
j=1

1

j
1
k

< ||ak ||ℓ1⊕ℓ∞
ζ(

1

k
).

Therefore, ||(x, y)m ||ℓ1⊕ℓ∞
< ||ak ||ℓ1⊕ℓ∞

ζ(1
k ). Then

||(x, y)m,ε ||ℓ1⊕ℓ∞
≤ ε||(x, y)m ||ℓ1⊕ℓ∞

+ ||(x, y)u ||ℓ1⊕ℓ∞
< ||ak ||ℓ1⊕ℓ∞

ζ(
1

k
) + ||(x, y)u ||ℓ1⊕ℓ∞

.

Since ε <
ρ−||(x,y)u||ℓ1⊕ℓ∞

||ak||ℓ1⊕ℓ∞ ζ( 1
k )

, it follows that ||(x, y)m,ε ||ℓ1⊕ℓ∞
< ρ. Hence, (x, y)m,ε ∈ Vρ.

Note that for arbitrary (l1, l2) ∈ Z
2
+ such that l1 + l2 ≥ 1, by equality (1),

Hl1,l2((x, y)m) =
m

∑
j=1

1

j
l1+l2

k

Hl1,l2(ak) = Hl1,l2(ak)
m

∑
j=1

1

j
l1+l2

k

,

Hl1,l2((x, y)m,ε) = εl1+l2 Hl1,l2((x, y)m) + Hl1,l2((x, y)u)

= εl1+l2 Hl1,l2(ak)
m

∑
j=1

1

j
l1+l2

k

+ Hl1,l2((x, y)u).
(2)

Let us show that πMN\{(0,k)}((x, y)m,ε) ∈ B(u, r). For (l1, l2) ∈ MN \ {(0, k)}, such that

l2 6= 0 mod k, Hl1,l2(ak) = 0 (see [9, Prop. 3]) and therefore, by (2), Hl1,l2((x, y)u) = u(l1,l2).

Let (l1, l2) ∈ MN \ {(0, k)} be such that l1 = 0 and l2 ≡ 0 mod k. Then l = l2 = s · k, s ≥ 1,

s ∈ N. Hence
∣
∣
∣H0,l((x, y)m,ε)− u(0,l)

∣
∣
∣ < εl |H0,l(ak)|

m

∑
j=1

1

j
l
k

< εl|H0,l(ak)|
m

∑
j=1

1

js−1+ 1
k

< εl|H0,l(ak)|ζ
(

s − 1 +
1

k

)
.
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Since ||H0,l || ≤ 1 (see [9, Prop. 2]), |H0,l(ak)| ≤ ||ak ||l1. Since ε < 1, and εl < ε, so

εl|H0,l(ak)|ζ(s − 1 +
1

k
) < ε||ak||l1ζ

(
s − 1 +

1

k

)
.

From the inequality ε <
r

||ak||N1 ζ(s−1+ 1
k )

, it follows that
∣
∣
∣H0,l((x, y)m,ε)− u(0,l)

∣
∣
∣ < r and

therefore πMN\{(0,k)}((x, y)m,ε) ∈ B(u, r).

By [9, Prop. 3], H0,k(ak) = 1. Then

H0,k((x, y)m,ε) = εk
m

∑
j=1

1

j
+ H(0,k)((x, y)u) −→ ∞

as m → ∞. Hence, η−1(B(u, r)) is unbounded. By [9, Lemma 11], q does not depend on

ξ(0,k).

Theorem 2. Polynomials

Hk1,k2(x, y) =
∞

∑
i=1

xk1
i yk2

i ,

form an algebraic basis of the algebra Pvs(ℓ1 ⊕ ℓ∞), where k1, k2 ∈ N, k1 ≥ 1, k2 ≥ 0.

Proof. In [9] it was proved that polynomials Hk1,k2(x, y) =
∞

∑
i=1

xk1
i yk2

i , where k1, k2 ∈ N, k1 ≥ 0,

k2 ≥ 0 form an algebraic basis of the algebra Pvs(ℓ1 ⊕ ℓ1). Thus they are algebraically in-

depended. Let us show that Hk1,k2(x, y) =
∞

∑
i=1

xk1
i yk2

i , where k1, k2 ∈ N, k1 ≥ 1, k2 ≥ 0 are

algebraically independed on ℓ1 ⊕ ℓ∞. Suppose the opposite. Then there exists Q 6= 0 such

that Q(H1,0(x, y), H2,0(x, y), H1,1(x, y), . . . , Hk1,k2(x, y)) = 0. Let Q0 be the restriction of Q on

ℓ1 ⊕ ℓ1. Then Q0(H1,0(x, y), H2,0(x, y), H1,1(x, y), . . . , Hk1,k2(x, y)) = 0, where Q0 6= 0. But it

cntradicts algebraically independed of polynomials Hk1,k2 on ℓ1 ⊕ ℓ1, where k1, k2 ∈ N, k1 ≥ 0,

k2 ≥ 0. So, polynomials Hk1,k2 , k1, k2 ∈ N, k1 ≥ 1, k2 ≥ 0 are algebraically independed.

Let us prove that Hk1,k2(x, y) are continuous on ℓ1 ⊕ ℓ∞. Indead,

∣
∣
∣Hk1,k2(x, y)

∣
∣
∣ =

∣
∣
∣
∣
∣

∞

∑
i=1

xk1
i yk2

i

∣
∣
∣
∣
∣
≤

∞

∑
i=1

|xi|k1 |yi|k1 .

Since ||(x, y)||ℓ1⊕ℓ∞
=

∞

∑
i=1

|xi|+ sup
i≥1

|yi| ≤ 1 then
∞

∑
i=1

|xi| ≤ 1 and sup
i≥1

|yi| ≤ 1.

Moreover
∞

∑
i=1

|xi|k1 |yi|k2 ≤
∞

∑
i=1

|xi|k1 ·
(

sup
i≥1

|yi|
)k2

.

Hence

∣
∣
∣

∣
∣
∣Hk1,k2

∣
∣
∣

∣
∣
∣ = sup

||(x,y)||≤1

∣
∣
∣Hk1,k2(x, y)

∣
∣
∣ ≤ sup

||(x,y)||≤1





∞

∑
i=1

|xi|k1 ·
(

sup
i≥1

|yi|
)k2


 ≤ 1.

Therefore Hk1,k2(x, y) are bounded and so continuous on ℓ1 ⊕ ℓ∞.

Let us prove that every continuous block-symmetric polynomial P ∈ Pvs(ℓ1 ⊕ ℓ∞) can be

represented as an algebraic combination of polynomials Hk1,k2(x, y), k1, k2 ∈ N, k1 ≥ 1, k2 ≥ 0.
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Let P̃ be restriction of P on ℓ1 ⊕ ℓ1. For polynomial P̃ there exists a unique polynomial

q : CMN → C such that P̃ = q ◦ πMN
. Since P̃ is continuous, P̃ is bounded on Vρ, so q is

bounded on πMN
(Vρ).

By Proposition 1, a polynomial q does not depend on ξ(0,k), k ∈ N.

Since polynomials Hk1,k2 , where (k1, k2) ∈ MN \ {(0, k)} are well-defined and continuous

on ℓ1 ⊕ ℓ∞, then P = q ◦ πMN\{(0,k)}.

Therefore Hk1,k2(x, y), k1, k2 ∈ N, k1 ≥ 1, k2 ≥ 0 form an algebraic basis of the algebra

Pvs(ℓ1 ⊕ ℓ∞).

Note that there are finitely symmetric polynomials on ℓ1 ⊕ ℓ∞ which are not symmetric.

For example, let U be a free ultrafilter on N. Then polynomials of the form

PU(x, y) = lim
U

yn and QU,k(x, y) = lim
U

m

∑
n=1

yk
n

m

are finitely symmetric but not symmetric (see [8]).

Since, ℓ1 ⊕ c0 ⊂ ℓ1 ⊕ ℓ∞, we can concider the algebra of block-symmetric polynomials on

ℓ1 ⊕ c0, Pvs(ℓ1 ⊕ c0).

Proposition 2. The restriction Hk1,k2
0 of polynomials Hk1,k2, k1 ∈ Z+, k2 ∈ N onto ℓ1 ⊕ c0 form

an algebraic basis in Pvs(ℓ1 ⊕ c0).

Proof. Since ℓ1 ⊕ ℓ1 ⊂ ℓ1 ⊕ c0 ⊂ ℓ1 ⊕ ℓ∞ and the restriction of Hk1,k2 onto ℓ1 ⊕ ℓ1 are alge-

braically independed, so Hk1,k2
0 are algebraically independed. Let P be a symmetric polynomial

on ℓ1 ⊕ c0 and P̃ its Aron-Berner extension (see [2]) to the second dual (ℓ1 ⊕ c0)
′′ = ℓ′∞ ⊕ ℓ∞. It

is known that the map P 7→ P̃ is an algebra homomorphism and P̃ is symmetric on (ℓ1 ⊕ c0)
′′

with respect to extension of operators σ(x, y), σ ∈ S∞ (see [6]). Let P̃1 be the restriction of P̃ to

ℓ1 ⊕ ℓ∞ = (ℓ1 ⊕ c0)
′′. Then P̃1 is symmetric and according to Theorem 2 can be represented by

P̃1 =
∞

∑
l1|k1|+...+lr|kr|=0

ak1,...,kr,l1,...,lr

(

Hk1
)l1

. . .
(

Hkr
)lr

,

where kj = (k
j
1, k

j
2), |kj | = k

j
1 + k

j
2.

So P is the restriction of P̃1 to ℓ1 ⊕ c0 and have the representation

P =
∞

∑
l1|k1|+...+lr|kr|=0

ak1,...,kr,l1,...,lr

(

Hk1

0

)l1
. . .
(

Hkr

0

)lr
,

where kj = (k
j
1, k

j
2), |kj | = k

j
1 + k

j
2.

Hence, Hk1,k2
0 , k1 ∈ Z+, k2 ∈ N form an algebraic basis in Pvs(ℓ1 ⊕ c0).

Note that ℓ1 ⊕ c admits a block-symmetric polynomial

L(x, y) = lim
n→∞

yn

wich can not be obtained by an algebraic combination of Hk1,k2 , k1 ∈ Z+, k2 ∈ N.
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В робтi розглянуто так званi блочно-симетричнi полiноми на просторах послiдовностей

ℓ1 ⊕ ℓ∞, ℓ1 ⊕ c, ℓ1 ⊕ c0, а саме, полiноми якi є симетричними вiдносно перестановок елементiв

послiдовностей. Доведено, що кожен неперервний блочно-симетричний полiном на ℓ1 ⊕ ℓ∞

може бути єдиним чином поданий як алгебраїчна комбiнацiя деяких спецiальних блочно-

симетричних полiномiв, якi утворюють алгебраїчний базис. Цiкаво зауважити, що алгебра

блочно-симетричних полiномiв є нескiнченно породжена, при цьому на ℓ∞ не iснує симетри-

чних полiномiв. У статтi описано алгебраїчнi базиси алгебр блочно-симетричних полiномiв на

ℓ1 ⊕ ℓ∞ та ℓ1 ⊕ c0.

Ключовi слова i фрази: симетричнi полiноми, блочно-симетринi полiноми, алгебраїчний ба-

зис, топологiчна алгебра.


