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SPECTRAL APPROXIMATIONS OF STRONGLY DEGENERATE ELLIPTIC
DIFFERENTIAL OPERATORS

We establish analytical estimates of spectral approximations errors for strongly degenerate ellip-
tic differential operators in the Lebesgue space L;(Q)) on a bounded domain Q). Elliptic operators
have coefficients with strong degeneration near boundary. Their spectrum consists of isolated eigen-
values of finite multiplicity and the linear span of the associated eigenvectors is dense in L;(Q}). The
received results are based on an appropriate generalization of Bernstein-Jackson inequalities with
explicitly calculated constants for quasi-normalized Besov-type approximation spaces which are as-
sociated with the given elliptic operator. The approximation spaces are determined by the functional
E (t,u), which characterizes the shortest distance from an arbitrary function u € L;(Q)) to the closed
linear span of spectral subspaces of the given operator, corresponding to the eigenvalues such that
not larger than fixed t > 0. Such linear span of spectral subspaces coincides with the subspace of
entire analytic functions of exponential type not larger than ¢t > 0. The approximation functional
E (t,u) in our cases plays a similar role as the modulus of smoothness in the functions theory.
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1 INTRODUCTION

We investigate the problem of best approximations in the Lebesgue space L;({2) on a
bounded domain () C R" by using spectral subspaces R(A) of a strongly degenerate elliptic
differential operator A. Our aims is to prove the inverse and direct theorems that give precise
estimates of approximation errors and which are connected with appropriate estimations by
Bernstein-Jackson type inequalities.

For this purpose we use the best approximation functional E (t,1; R(A), Ls(Q))) which
characterizes a shortest distance from an arbitrary function u € L;(Q)) to the closed linear
span Rf(A) of all spectral subspaces R 2;(A) of the given operator A, corresponding to the
eigenvalues A; such that [A;| < t with a fixed t > 0.

This best approximation problem we solve by finding exact values of constants in the
Bernstein-Jackson inequalities. Namely, we establish the Bernstein-Jackson inequalities with
explicitly calculated constants, using the suitable generalization of Besov’s space B} (A, L;((2)),
determined by a given operator A and an appropriate functional E (t,1; R(A), L;(Q))).

It is essentially to note that the approximation functional E (t,u; R(A),L,(Q)) in these
inequalities plays a similar role as the modulus of smoothness in the functions theory. Earlier
applications of smoothness modulus to approximation problems can be found in [5-7].

In this paper we continue the research started in [3, 4].
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2 STRONGLY DEGENERATE ELLIPTIC DIFFERENTIAL OPERATORS

We shall follow the treatment given in [8, Sec. 6.2.1]. Let (3 C IR" be an open bounded
set with the infinitely smooth boundary 0Q). As usual, C*(Q)) denotes the space of all in-
finitely differentiable complex-valued functions defined on (). Suppose that p(x) € C*(Q) is
a positive function such that:

(i) for all multi-indices & = (a1, ..., an) € N", || = a1 + ... + &, there exist positive num-
bers ¢, such that

ID*0(x)| < cupt1¥(x) forall x e O

(ii) for any positive number K there exist numbers ex > 0 and rg > 0 such that p(x) > K, if
d(x) < egorl|x| > rg, x € Q (here, d(x) is the distance to the boundary 0Q)).

In what follows, S, (,)(€2) denotes the locally convex space
So(x)(Q) = {u cu e C®(Q), |lulli. = ilégpl(x)]D“u(x)] < ooforall wand I € ]NO}.
Letm € N, y, 7 € Rand T > pu +2m. We put

1

N, = —
! 2m

(t(2m—1) +ul), 1=0,1,...,2m,

and consider the differential elliptic operator

m
Au = Z Z o N2 (x) by (x) D*u + Z ag(x x) DPu, (1)
1=0 |a|=21 |B|<2m
where by (x) € C®(Q) (Ja| =21, 1 = 0,1,...,m) are real functions, all derivatives of which

(inclusively the functions themselves) are bounded in Q). In sequel we assume that there exists
a positive number C such that for all § € R" and all x € ()

YT ba(x) 3" > CIEPT, b 0)(x) > C,

|a| 2m
Y ba(x)e* >0, I=1,...,m—1.
|| =21
Moreover, let ag(x) € C*(Q) (0 < |B| < 2m) and there exists a positive number 6 > 0 such

that D7ag(5) = O(p Rjpi+ 171 ~%) for 0 < |B| < 2m and for all multi-indices 7.
Letl < g < oo, T>pu+sq s € Ngand 7,u € R. Consider the weighted Sobolev space
W, (Q); p#; p7) endowed with the norm (see [8, Thm 3.2.4/2])

12w (ca;p) [/ < Y. ot (x) | D u(x)|? +pT(x)|u(x)|‘7>dx]".

|a[=s

Let7 >0,1<g <coand p~%(x) € L1(Q2) for an appropriate number a > 0. Then A given
by (1) with the domain D(A) = qum (Q); p#; p7) is the closed operator in L,(Q2) (see [8, Thm
6.6.2]). The spectrum of A consists of isolated eigenvalues {A; € C: j € IN} of finite algebraic
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multiplicity and its eigenvectors belongs to S,(,)(Q2), as well as, its linear span is dense in
So(x)(€2) and, as a consequence, it is dense in Ly (€2).

Let Ry (A) = {u €D%(A) = MNken DK(A): (Aj — A)'iu = 0} be the spectral subspace,
corresponding to the eigenvalue A; of multiplicity r;. Denote by R'(A) the complex lin-
ear span in Ly () of all spectral subspaces R, (A) such that [Aj[ < v. Following to [4], let
R(A) := Uy~ RY(A) be endowed with the quasi-norm

Ul (a) = ||u||L )y +inf{v>0:u e R"(A)}.

3 ANALYTICAL ESTIMATES OF SPECTRAL APPROXIMATIONS

Let us consider the subspace of all exponential type vectors £(A) of the elliptic operator A
as the union |J,~ o £Y(A) which is endowed with the quasi-norm

|ule(ay = l[ullL, ) +inf{v > 0:u e (A)},

where for any v > 0 the subspace £Y(A) = {u € E(A): [lullgviay < oo} is endowed with the
norm |[ul[gv(a)y = Lken, H(A/V)kuHLq(Q) (see [3,4]).

Let0 <s<ocoand 0 <r <ooor0 <s < ocoandr = 0. To investigate spectral approxima-
tion errors, we consider the appropriate Besov spaces

Bi(A, Ly(Q)) = {u € Ly(Q): [ulgay)) < =},
associated with the given operator A on the space L;(€}), which is endowed with the norm

([T rpcmea, @) F), o<r<s,
ulBs(aL () = 0 t
sup t°E(t,u; E(A), Ly (Q)), r = 00,
£>0
where E(t,u; E(A), Ly(Q))) = inf{Hu — uOHLq(Q): u’ € E(A), |ul]ga) < t} forall u € Ly;(Q))

andt > 0. Denote E(t,u; R(A), L;(Q))) = inf{Hu — uOHLq(Q): u? € R(A), [ul|g(a) < t} for all
uc Ly(Q)).

Now, we consider the space £Y(D {u € C*(O): D*u € Ly(Q), |a| =k € No} endowed
with the norm [|u||¢v(p) = Tiz0 Lja|= kv HD"‘uHL )- On &(D ) Uys0 V(D) we define the
quasi-norm [u[¢p) = ||u||L ) +inf {v > 0: ueé"’( )}

In [3, Thm 9] 1t is proved that £(D) coincides with the space M;(Q) = U,~o My(Q)
endowed with the quasi-norm

ey = inf o {lol,mn+ sup 2},
1(Q) vla=u,veLy(R") Ly (R") {esupp Fo }

where supp Fv denotes the support of the Fourier-image Fv of a function v € L;(IR") and
M (€2) means the space of entire analytic functions v(z) of the complex variable z € C" of
an exponential type v > 0 which restrictions to () belong to L,(2).
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Taking into account [1, Sec. 7.2] or [8, Sec. 2.5.4] and the mentioned above equality £(D) =
M,(Q2), the classic Besov space B ,(Q2) over Q) can be endowed with the norm

(/Ooo [E(t, u;s(D),Lq(Q))]’%l/r, 0<r<oo,

sup t°E(t,u; £(D), Ly(€))), r = 0o.

t>0

”u”B;,(Q) =

In B . (Q)) we consider the subspace which is associated with the function p(x),

B, o) (Q) = {u € B, (Q): supp! (x)|D*u(x)| < coforall x and I € NO}.
xeQ)

Theorem 1. The following Bernstein-Jackson inequalities hold,

lullsg ) < corluligalully oy 1 € R(A), @
E(t,1;R(A), Ly(Q) scs,rnunB;,(m, weB, Q) ©)

with the constants c;, = (rs™!(s +1)2)1/r and C;, = 2571 (r71s(s —{—1)_2)1/r ifr < oo,

Cs,00 = Cs00 = 1. In addition, for each u € B;/r,p(x)(()),
iﬂf{”” — 10l u’ € RV(A)} < v Cor [lullgs, () (4)

Proof. First, note that applying [2, Thm 2.2], we get the following equalities
E(A) =R(A), |ulga) = lulg(ay forall u e E(A). (5)
Now, we show that the following linear topological isomorphism holds,

Using [8, Thm 6.5.2/1, Thm 3.2.4/3], we have
A) = (DF(A) = W™ (€ 05 pT™%) = S, (),

where the locally convex space ©®*(A) endowed with the semi-norms ||AkuHLq(Q) for all
k € INy. Above, the equality also must be understood as linear topological isomorphism.
Let us prove the equality

E(A) = {u € £(D): supp'(x)|D*u(x)| < coforallx and [ € ]NO}. (7)
x€Q)
Since HAkuHL ) < vRJJullp, L) < (EM Y kHD"‘uHL y v kHuHL ) forallu € EY(A),
we get Y v~ 2k||Aku||Lq < Y (Xjuekv™ HD"‘uHL )+ k||u||L )). Substituting o = v
with v > 1, we have

N

vlull, o) L Vlulle ) 2v—1

——1 = [ullev(p) -1 v 1 [ullev(py

[ulleray < llullev(p)

It follows that {u € EVY(D): sup o' (x)|D*u(x)| < coforalla and I € Ny} C EY(A).
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On the other hand, applying [8, Thm 6.5.2/1, Lemma 6.2.3] for any k € IN, we obtain

k
HA uHLq(Q) > CkHuHW'%mk(Q;ka;quk)

—a| [[( L em i@l g o )]

|a|=2mk

1
> CkCp {/Q < Y D%u(x)|7 + |u(x )|‘7>dx} = Cka|’”HW5»nk(Q),

|| =2mk

where ¢, > 0 does not depend on k. Thus,

1A g o) = [AS(AW) 11, 00y = exepll Aullyam g

==

—ad( T nmug(mHAulliqm))

|a|=2mk

1

>ach( Y IAD ] o) +llAul] o)’
|a|=2mk

Q=

> CkC1C£+1<| |XZ: kHDaul|W2m + HuHWZm )) = Ck+1ck+ HuH 2"1 k+1)(0)
a|=2m

where ¢y 1 = cpc1 = cll‘+1 by induction on k. Hence, for each k € N and u € ©¥(A), we have

HAkuHLq(Q) > C’fcpHungmk(Q) forallu € ®*(A), where c; > 0 does not depend on k. This leads
to the inequality Ev*kHAkuHLq(Q) > 2((clcp)’1v)*k|\u|\wg(0) from which it follows that

EV(A) C {u € E(Clcﬂ)flv(D): sup p' (x)|D*u(x)| < oo foralla and I € ]NO}.
x€Q)

Hence, equality (7) holds. Now applying [3, Thm 9], we obtain the required equality (6).
Using (5) and [4, Thm 2], as well as, taking into account (7), we obtain the required inequal-
ities (2), (3), while (4) directly follows from (3) and [3, Thm 6]. O
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BcranoBaeHO aHAAITMUHI OLIHKY MOMMAOK CIIEKTPAABHMX alpOKCUMALIIil CMABHO BUPOAXKEHMX
eAinTUUHNX AMidpepeHITiaAbHIX OTlepaTopis B mpocTopi Aebera L;(()) Haa obmexeHoro obaacTio ().
Taki eAinTHUHI OIepaTOpM XapaKTepu3yIOThCsI CUABHMM BUPOAXKEHHSIM iX KoedpillieHTiB mobAM3y
rpaHuI, iX CIEKTP CKAAAA€ThCS i3 i30ABOBAHMX BAACHMX 3HaUeHb CKiHUeHHOI aarebpaiuHoi Kpa-
THOCTI, a AiHilfHa 06OAOHKA BAACHMX i TIpMeAHAHMX BEKTOPIB IIiAbHA B TpocTopi Ly(QY). Otpumani
pe3yAbTaTU IPYHTYIOThCSI Ha BiATIOBIAHOMY y3araAbHeHHI HepiBHOcTeli bepHinreriHa i AXXexcoHa 3
O6UMCAEHHSIM TOYHMX KOHCTAHT AASI KBa3iHOPMOBAHMX allpOKCMMAIIHMX IPOCTOpiB Tiiry becosa,
acoLifoBaHMX 3 AAHMM EAINTUYHMM OIlepaToOpoM. AITPOKCMMALiliHI IPOCTOPY BU3HAYAKOTHCST 3@ AO-
nomororo dyHkiionaay E (f, 1), sSIKuif xapakTepusye HallKOpPOTILy BiACTaHb BiA 3aAaHOI pyHKIIT
u € Ly(Q)) ro 3aMKHEHOI AiHIHOT 060AOHKM CTIEKTPAABHMX MIAIPOCTOPIB 3aAAHOTO ONepaTopa,
IIIO BiATIOBiAQIOTH BAACHMM 3HAUEHHSM, SIKi 3a aOCOAIOTHOIO BEAMUMHOIO He IIEPeBUIIYIOTh (pikco-
BaHe uicro ¢ > 0. ITpm 11boMy BKasaHa AiHilfHa 060AOHKA CIIEKTPaAbHMX ITiATIPOCTOPIB CITiBIIaAA€
3 MAIIPOCTOPOM IHAMX aHAAITUYHIX (PYHKIIN €KCIIOHEHITiaABHOTO THITY, IO He IepeBumye ¢ > 0.
Anpoxcnmanivtamii dpyskuionaa E (f, u) B HallloMy BUIIAAKY BiAirpae poAb, HOAIDHY MOAYAIO FAaA-
KocTi B Teopii pyHKIIiI.

Kontouosi cnosa i ¢ppasu: eAinTvdHi onepaTopy, CrieKTpaAbHi allpOKCHMAaIIil.



