
ISSN 2075-9827 e-ISSN 2313-0210 http://www.journals.pu.if.ua/index.php/cmp

Carpathian Math. Publ. 2018, 10 (2), 395–401 Карпатськi матем. публ. 2018, Т.10, №2, С.395–401

doi:10.15330/cmp.10.2.395-401

VASYLYSHYN T.V.

SYMMETRIC ∗-POLYNOMIALS ON Cn

∗-Polynomials are natural generalizations of usual polynomials between complex vector spaces.

A ∗-polynomial is a function between complex vector spaces X and Y, which is a sum of so-called

(p, q)-polynomials. In turn, for nonnegative integers p and q, a (p, q)-polynomial is a function be-

tween X and Y, which is the restriction to the diagonal of some mapping, acting from the Cartesian

power Xp+q to Y, which is linear with respect to every of its first p arguments, antilinear with respect

to every of its last q arguments and invariant with respect to permutations of its first p arguments

and last q arguments separately.

In this work we construct formulas for recovering of (p, q)-polynomial components of ∗-polyno-

mials, acting between complex vector spaces X and Y, by the values of ∗-polynomials. We use these

formulas for investigations of ∗-polynomials, acting from the n-dimensional complex vector space

C
n to C, which are symmetric, that is, invariant with respect to permutations of coordinates of its

argument. We show that every symmetric ∗-polynomial, acting from C
n to C, can be represented as

an algebraic combination of some “elementary” symmetric ∗-polynomials.

Results of the paper can be used for investigations of algebras, generated by symmetric ∗-poly-

nomials, acting from Cn to C.
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INTRODUCTION AND PRELIMINARIES

∗-Polynomials (see definition below), acting between complex vector spaces X and Y, were

studied in [4–6]. If X has a symmetric structure, like a symmetric basis, it is natural to consider

∗-polynomials, which are invariant (symmetric) with respect to a group of operators, acting

on X, which preserve this structure.

Symmetric (invariant) analytic functions of several complex variables with respect to a

group of operators on the n-dimensional complex vector space Cn were investigated by many

authors (see, e. g., [1–3]).

In this work we consider symmetric (see definition below) ∗-polynomials, acting from

C
n to C. We investigate the structure of such ∗-polynomials and show that every symmetric

∗-polynomial, acting from C
n to C, can be represented as an algebraic combination of some

“elementary” symmetric ∗-polynomials. Also we establish the general result, which gives us

the method of recovering of components of a ∗-polynomial by the values of this ∗-polynomial.

Let N be the set of all positive integers and Z+ be the set of all nonnegative integers.

Let X and Y be complex vector spaces. A mapping A : Xp+q → Y, where p, q ∈ Z+ are

such that p 6= 0 or q 6= 0, is called a (p, q)-linear mapping, if A is linear with respect to every
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of first p arguments and it is antilinear with respect to every of last q arguments. A (p, q)-

linear mapping, which is invariant with respect to permutations of its first p arguments and

last q arguments separately, is called (p, q)-symmetric. A mapping P : X → Y is called a

(p, q)-polynomial if there exists a (p, q)-symmetric (p, q)-linear mapping AP : Xp+q → Y such

that P is the restriction to the diagonal of AP, i.e.

P(x) = AP(x, . . . , x
︸ ︷︷ ︸

p+q

)

for every x ∈ X. The mapping AP is called the (p, q)-symmetric (p, q)-linear mapping, associ-

ated with P. Note that

P(x1 + . . . + xm) = ∑
µ1+...+µm=p
µ1,...,µm∈Z+

∑
ν1+...+νm=p
ν1,...,νm∈Z+

p!

µ1! . . . µm!

q!

ν1! . . . νm!

× AP(x1, . . . , x1
︸ ︷︷ ︸

µ1

, . . . , xm, . . . , xm
︸ ︷︷ ︸

µm

, x1, . . . , x1
︸ ︷︷ ︸

ν1

, . . . , xm, . . . , xm
︸ ︷︷ ︸

νm

), (1)

for every x1, . . . , xm ∈ X. Also note that

P(λx) = λpλ̄qP(x) (2)

for every x ∈ X and λ ∈ C.

For convenience, we define (0, 0)-polynomials from X to Y as constant mappings.

A mapping P : X → Y is called a ∗-polynomial if it can be represented in the form

P =
K

∑
k=0

k

∑
j=0

Pj,k−j, (3)

where K ∈ Z+ and Pj,k−j is a (j, k − j)-polynomial for every k ∈ {0, . . . , K} and j ∈ {0, . . . , k}.

Let deg P be the maximal number k ∈ Z+, for which there exists j ∈ {0, . . . , k} such that

Pj,k−j 6≡ 0.

A ∗-polynomial P : Cn → C, where n ∈ N, is called symmetric if

P((z1, . . . , zn)) = P((zσ(1), . . . , zσ(n)))

for every (z1, . . . , zn) ∈ Cn and for every bijection σ : {1, . . . , n} → {1, . . . , n}.

For every γ = (γ1, γ2) ∈ Z2
+ let us define a (γ1, γ2)-polynomial H

(n)
γ : Cn → C by

H
(n)
γ (z) =

n

∑
m=1

z
γ1
m z̄

γ2
m , (4)

where z = (z1, . . . , zn) ∈ Cn. Note that H
(n)
γ is symmetric.

A mapping f : S → C, where S is an arbitrary set, is called an algebraic combination of

mappings f1, . . . , fk : S → C if there exists a polynomial Q : C
k → C such that

f (x) = Q( f1(x), . . . , fk(x))

for every x ∈ S.

In this work we show that every symmetric ∗-polynomial, acting from Cn to C, can be

represented as an algebraic combination of ∗-polynomials H
(n)
γ , defined by (4).
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1 THE MAIN RESULT

Let us prove formulas for recovering of (p, q)-polynomials by the values of a ∗-polynomial.

For complex numbers t1, . . . , tm, let Vt1,...,tm be the Vandermonde matrix:

Vt1,...,tm :=








1 t1 t2
1 . . . tm−1

1

1 t2 t2
2 . . . tm−1

2
...

...
...

. . .
...

1 tm t2
m . . . tm−1

m








.

It is well-known that

det(Vt1,...,tm) = ∏
1≤j<s≤m

(ts − tj).

If all the numbers t1, . . . , tm are distinct, then det(Vt1 ,...,tm) 6= 0.

Proposition 1. Let P : X → Y be a ∗-polynomial of the form (3), where X and Y are complex

vector spaces. Let λ0, . . . , λK be distinct real numbers. Then

k

∑
j=0

Pj,k−j(x) =
K

∑
s=0

wksP(λsx)

for every k ∈ {0, . . . , K} and x ∈ X, where wks are elements of the matrix W = (wks)k,s=0,K,

which is the inverse matrix of the Vandermonde matrix Vλ0,...,λK
.

Proof. Let x ∈ X. For every s ∈ {0, . . . , K}, by (3),

P(λsx) =
K

∑
k=0

k

∑
j=0

Pj,k−j(λsx).

By (2), taking into account that λs is real,

Pj,k−j(λsx) = λ
j
sλ̄

k−j
s Pj,k−j(x) = λ

j
sλ

k−j
s Pj,k−j(x) = λk

s Pj,k−j(x).

Therefore, for every s ∈ {0, . . . , K},

P(λsx) =
K

∑
k=0

λk
s

k

∑
j=0

Pj,k−j(x).

Thus, we have the vector equality
(

P(λ0x), . . . , P(λKx)
)T

= Vλ0 ,...,λK

(
P0,0(x), ∑

1
j=0 Pj,1−j(x), . . . , ∑

K
j=0 Pj,K−j(x)

)T
.

Since λ0, . . . , λK are distinct, it follows that det(Vλ0 ,...,λK
) 6= 0. Consequently, Vλ0,...,λK

is invert-

ible. Let

W = (wks)k,s=0,K := V−1
λ0,...,λK

.

Then
(
P0,0(x), ∑

1
j=0 Pj,1−j(x), . . . , ∑

K
j=0 Pj,K−j(x)

)T
= W

(
P(λ0x), . . . , P(λKx)

)T
.

Therefore,
k

∑
j=0

Pj,k−j(x) =
K

∑
s=0

wksP(λsx)

for every k ∈ {0, . . . , K}.
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Proposition 2. Let k ∈ Z+ and Pj,k−j : X → Y be a (j, k − j)-polynomial for every j ∈

{0, . . . , k}, where X and Y are complex vector spaces. Let ε0, . . . , εk be complex numbers such

that ε2
0, . . . , ε2

k are distinct and |ε0| = . . . = |εk| = 1. Then

Pj,k−j(x) =
k

∑
l=0

ujlε
k
l

k

∑
j=0

Pj,k−j(ε lx)

for every j ∈ {0, . . . , k} and x ∈ X, where ujl are elements of the matrix U = (ujl)j,l=0,K, which

is the inverse matrix of the Vandermonde matrix Vε2
0,...,ε2

K
.

Proof. Let x ∈ X. For every j, l ∈ {0, . . . , k}, by (2), Pj,k−j(ε lx) = ε
j
l ε̄

k−j
l Pj,k−j(x). Since |ε l | = 1,

it follows that ε̄
k−j
l = ε

j−k
l . Therefore,Pj,k−j(ε lx) = ε

2j−k
l Pj,k−j(x).

Consequently,

εk
l

k

∑
j=0

Pj,k−j(ε l x) =
k

∑
j=0

ε
2j
l Pj,k−j(x)

for every l ∈ {0, . . . , k}. Thus, we have the vector equality

(
εk

0 ∑
k
j=0 Pj,k−j(ε0x), . . . , εk

k ∑
k
j=0 Pj,k−j(εkx)

)T
= Vε2

0,...,ε2
k

(
P0,k(x), P1,k−1(x), . . . , Pk,0(x)

)T
.

Since ε2
0, . . . , ε2

k are distinct, it follows that det(Vε2
0 ,...,ε2

k
) 6= 0. Consequently, Vε2

0 ,...,ε2
k

is invertible.

Let

U = (ujl)j,l=0,k := V−1
ε2

0,...,ε2
k

.

Then

(
P0,k(x), P1,k−1(x), . . . , Pk,0(x)

)T
= U

(
εk

0 ∑
k
j=0 Pj,k−j(ε0x), . . . , εk

k ∑
k
j=0 Pj,k−j(εkx)

)T
.

Therefore,

Pj,k−j(x) =
k

∑
l=0

ujlε
k
l

k

∑
j=0

Pj,k−j(ε lx)

for every j ∈ {0, . . . , k}.

Let us consider ∗-polynomials on Cn.

Lemma 1. Every ∗-polynomial P : Cn → C can be uniquely represented in the form

P(z) =
K

∑
k=0

k

∑
j=0

∑
µ1+...+µn=j
µ1,...,µn∈Z+

∑
ν1+...+νn=k−j

ν1,...,νn∈Z+

αµ1,...,µn,ν1,...,νnz
µ1
1 . . . z

µn
n z̄ν1

1 . . . z̄νn
n , (5)

where z = (z1, . . . , zn) ∈ C
n, K = deg P and αµ1,...,µn,ν1,...,νn ∈ C.

Proof. Let P : Cn → C be a ∗-polynomial of the form (3). If K = 0, then P = P0,0, where

P0,0 ∈ C. Thus, in this case, we have the representation of P in the form (5). Consider the case

K > 0. Every z = (z1, . . . , zn) ∈ Cn can be represented as z = ∑
n
m=1 zmem, where

em = (0, . . . , 0
︸ ︷︷ ︸

m−1

, 1, 0, . . . , 0
︸ ︷︷ ︸

n−m

)
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for every m ∈ {1, . . . , n}. Therefore, by (1),

P(z) = P0,0 +
K

∑
k=0

k

∑
j=0

∑
µ1+...+µn=j
µ1,...,µn∈Z+

∑
ν1+...+νn=k−j

ν1,...,νn∈Z+

j!

µ1! . . . µn!

(k − j)!

ν1! . . . νn!
z

µ1
1 . . . z

µn
n z̄ν1

1 . . . z̄νn
n

× APj,k−j
(e1, . . . , e1
︸ ︷︷ ︸

µ1

, . . . , en, . . . , en
︸ ︷︷ ︸

µn

, e1, . . . , e1
︸ ︷︷ ︸

ν1

, . . . , en, . . . , en
︸ ︷︷ ︸

νn

),

where APj,k−j
is the (j, k − j)-symmetric (j, k − j)-linear mapping, associated with the (j, k − j)-

polynomial Pj,k−j. Let α0,...,0 = P0,0 and

αµ1,...,µn,ν1,...,νn =
j!

µ1! . . . µn!

(k − j)!

ν1! . . . νn!

× APj,k−j
(e1, . . . , e1
︸ ︷︷ ︸

µ1

, . . . , en, . . . , en
︸ ︷︷ ︸

µn

, e1, . . . , e1
︸ ︷︷ ︸

ν1

, . . . , en, . . . , en
︸ ︷︷ ︸

νn

)

for µ1, . . . , µn, ν1, . . . , νn ∈ Z+ such that 1 ≤ µ1 + . . . + µn + ν1 + . . . + νn ≤ K. Then

P(z) =
K

∑
k=0

k

∑
j=0

∑
µ1+...+µn=j
µ1,...,µn∈Z+

∑
ν1+...+νn=k−j

ν1,...,νn∈Z+

αµ1,...,µn,ν1,...,νnz
µ1
1 . . . z

µn
n z̄ν1

1 . . . z̄νn
n .

Theorem 1. Every symmetric ∗-polynomial P : C
n → C can be represented as an algebraic

combination of ∗-polynomials H
(n)
γ , where γ = (γ1, γ2) ∈ Z2

+ are such that γ1 + γ2 ≤ deg P.

Proof. We proceed by induction on n. In the case n = 1 for z = z1 ∈ C, by Lemma 1, we have

P(z) =
deg P

∑
k=0

k

∑
j=0

αj,k−jz
j
1z̄

k−j
1 =

deg P

∑
k=0

k

∑
j=0

αj,k−jH
(1)
(j,k−j)

(z).

Suppose the statement holds for n − 1 and prove it for n. Let P : Cn → C be a symmetric

∗-polynomial and z = (z1, . . . , zn) ∈ Cn. Then P(z) can be represented in the form

P(z) =
K

∑
k=0

k

∑
j=0

z
j
n z̄

k−j
n rj,k−j((z1, . . . , zn−1)),

where K = deg P and rj,k−j : C
n−1 → C are ∗-polynomials. Let us show that ∗-polynomials

rj,k−j are symmetric. For fixed z1, . . . , zn−1 ∈ C, the mapping R : zn 7→ P((z1, . . . , zn)) is

a ∗-polynomial, acting from C to C. Let λ0, . . . , λK be distinct real numbers. Then, by Proposi-

tion 1,
k

∑
j=0

z
j
n z̄

k−j
n rj,k−j((z1, . . . , zn−1)) =

K

∑
s=0

wksR(λszn) (6)

for every k ∈ {0, . . . , K}. For k ∈ {0, . . . , K}, let ε0, . . . , εk be complex numbers such that

ε2
0, . . . , ε2

k are distinct and |ε0| = . . . = |εk| = 1. Then, by Proposition 2,

z
j
n z̄

k−j
n rj,k−j((z1, . . . , zn−1)) =

k

∑
l=0

ujlε
k
l

k

∑
j=0

(ε lzn)
j(ε̄ l z̄n)

k−jrj,k−j((z1, . . . , zn−1)) (7)
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for every j ∈ {0, . . . , k}. By (6) and (7),

z
j
n z̄

k−j
n rj,k−j((z1, . . . , zn−1)) =

k

∑
l=0

ujlε
k
l

K

∑
s=0

wksR(λsε lzn)

for every k ∈ {0, . . . , K} and j ∈ {0, . . . , k}. Let zn = 1. Then

rj,k−j((z1, . . . , zn−1)) =
k

∑
l=0

ujlε
k
l

K

∑
s=0

wksR(λsε l) =
k

∑
l=0

ujlε
k
l

K

∑
s=0

wksP((z1, . . . , zn−1, λsε l)). (8)

Let σ : {1, . . . , n − 1} → {1, . . . , n − 1} be a bijection. Then, by (8) and by the symmetry of P,

rj,k−j((zσ(1), . . . , zσ(n−1))) =
k

∑
l=0

ujlε
k
l

K

∑
s=0

wksP((zσ(1), . . . , zσ(n−1), λsε l))

=
k

∑
l=0

ujlε
k
l

K

∑
s=0

wksP((z1, . . . , zn−1, λsε l)) = rj,k−j((z1, . . . , zn−1)).

Thus, rj,k−j is symmetric for every k ∈ {0, . . . , K} and j ∈ {0, . . . , k}. By the induction hypothe-

sis, every ∗-polynomial rj,k−j can be represented as an algebraic combination of ∗-polynomials

H
(n−1)
γ . Since

H
(n−1)
γ ((z1, . . . , zn−1)) = H

(n)
γ ((z1, . . . , zn))− z

γ1
n z̄

γ2
n

for every γ = (γ1, γ2) ∈ Z
2
+, it follows that P can be represented as an algebraic combination

of ∗-polynomials H
(n)
γ and ∗-polynomials, defined by C

n ∋ (z1, . . . , zn) 7→ z
γ1
n z̄

γ2
n ∈ C, where

γ = (γ1, γ2) ∈ Z2
+. Therefore,

P(z) =
K

∑
k=0

k

∑
j=0

z
j
nz̄

k−j
n Qj,k−j(z),

where Qj,k−j is an algebraic combination of ∗-polynomials H
(n)
γ for every k ∈ {0, . . . , K} and

j ∈ {0, . . . , k}. Since ∗-polynomials H
(n)
γ are symmetric, it follows that ∗-polynomials Qj,k−j

are symmetric. Since ∗-polynomials P and Qj,k−j are symmetric, it follows that

P(z) =
K

∑
k=0

k

∑
j=0

z
j
mz̄

k−j
m Qj,k−j(z),

for every m ∈ {1, . . . , n}. Therefore,

n

∑
m=1

P(z) =
n

∑
m=1

K

∑
k=0

k

∑
j=0

z
j
m z̄

k−j
m Qj,k−j(z),

that is,

nP(z) =
K

∑
k=0

k

∑
j=0

n

∑
m=1

z
j
mz̄

k−j
m Qj,k−j(z).

Thus,

P(z) =
1

n

K

∑
k=0

k

∑
j=0

H
(n)
(j,k−j)

(z)Qj,k−j(z).

Hence, P is an algebraic combination of ∗-polynomials H
(n)
γ . This completes the proof.
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Василишин Т.В. Симетричнi ∗-полiноми на C
n // Карпатськi матем. публ. — 2018. — Т.10, №2.

— C. 395–401.

Поняття ∗-полiнома є природним узагальненням поняття полiнома мiж комплексними ве-

кторними просторами. ∗-Полiном — це функцiя мiж комплексними векторними просторами

X та Y, яка є сумою так званих (p, q)-полiномiв. В свою чергу, для невiд’ємних цiлих чисел p

i q, (p, q)-полiном — це функцiя мiж просторами X та Y, яка є звуженням на дiагональ де-

якого вiдображення, що дiє з декартового степеня Xp+q в Y, яке є лiнiйним вiдносно кожного

зi своїх перших p аргументiв, антилiнiйним вiдносно кожного зi своїх останнiх q аргументiв i

iнварiантним вiдносно перестановок окремо перших p аргументiв i останнiх q агрументiв.

В данiй роботi побудовано формули для знаходження (p, q)-полiномiальних компонентiв

∗-полiномiв, якi дiють мiж комплексними векторними просторами X та Y, за значеннями цих

∗-полiномiв. Цей результат використано для дослiдження ∗-полiномiв, якi дiють з n-вимiрного

комплексного векторного простору C
n в C, якi є симетричними, тобто, iнварiантними вiдно-

сно перестановок координат їхнього аргумента. Показано, що кожен симетричний ∗-полiном,

який дiє з C
n в C, можна подати у виглядi алгебраїчної комбiнацiї деяких “елементарних”

симетричних ∗-полiномiв.

Результати даної роботи можуть бути використанi для дослiдження алгебр, породжених

симетричними ∗-полiномами, якi дiють з Cn в C.
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