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ON THE SIMILARITY OF MATRICES AB AND BA OVER A FIELD

Let A and B be n-by-n matrices over a field. The study of the relationship between the products of
matrices AB and BA has a long history. It is well-known that AB and BA have equal characteristic
polynomials (and, therefore, eigenvalues, traces, etc.). One beautiful result was obtained by H.
Flanders in 1951. He determined the relationship between the elementary divisors of AB and BA,
which can be treated as a criterion when two matrices C and D can be realized as C = AB and
D = BA. If one of the matrices (A or B) is invertible, then the matrices AB and BA are similar.
If both A and B are singular then matrices AB and BA are not always similar. We give conditions
under which matrices AB and BA are similar. The rank of matrices plays an important role in these
investigations.
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1 INTRODUCTION

Let F be a field and let M, ,(F) denote the set of m-by-n matrices with entries from F. In
what follows, GL(n,F) the group of nonsingular matrices in M, ,(F), I is the identity k x k
matrix, and 0y, ,, is the zero m x n matrix.

Let A, B € M,,,(F). It is well known that the characteristic polynomials of AB and BA are
the same (see, for example, [6,9, 10,14]). If one of the matrices (A or B) is invertible, then the
matrices AB and BA are similar. If both A and B are singular then matrices AB and BA are
not always similar (see [6, Sec. 1.3]). It is clear that matrices AB and BA are similar if and only
if the matrix polynomials [,A — AB and I;A — BA are equivalent. It is evident, if matrices A
and B commute then AB and BA are similar.

Let A € My n,(F) and B € M,,,(F). In paper [3], H. Flanders solved the problem of de-
termining the relationship between the elementary divisors of AB and those of BA. Another
proof of Flanders’ theorem, with some generalizations, has been given in [11] (see also [1]).
Robert C. Thompson [13] proposed a new proof of Flanders’ theorem. It is obvious that some
connection exists between the ranks of A and B and the intertwining of the elementary divi-
sors of AB and BA. A constructive proof of Flanders’ theorem was also given in [7]. Using the
Weyr characteristic the relationship between the Jordan forms of the matrix products AB and
BA for matrices A and B was given in [8]. Robert E. Hartwig [5] generalizes Flanders’ result for
matrices over a regular strongly-pi-regular ring. It will be observed that an extension of these
results to rings would be valuable and interesting. The rank conditions under which matrices
AB and BA are similar were proposed in [2,3,13].

Suppose that A and B are complex n x n matrices. The matrix AB is similar to BA if and
only if rank (AB)/ = rank (BA)/ for each j = 1,2,...,n (see [6, Sec. 3]). If A is positive
semidefinite matrix and B is normal matrix, in [4] it has been proved that AB and BA are
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similar. The smallest nonnegative integer k such that rank A**1 = rank A, is the index for A
and denoted by Ind(A). In [8] was proved that matrices AB and BA are similar if and only if
Ind(AB) = Ind(BA) = k and rank (AB)’ = rank (BA) foralli =1,2,...,k— 1.

In this note we investigate the following widely known question: Let A, B € M, ,(F). When
are matrices AB and BA similar? We give conditions in terms of rank matrices, under which
matrices AB and BA are similar. If matrices AB and BA are similar we give their canonical
form with respect to similarity.

2  MAIN RESULTS

Let A,B € M,,,(F) be singular matrices and let rank A = r. We introduce the following
notation for the matrices A and B. For A there exist matrices U, V € GL(n,F) such that

Ly Or,n—r }

On—r,r On—r,n—r

UAV = [

By1 By

Put V-1BU! =
{321 B2

} , where By; € M, ,(F). Itis easy to make sure that

UABU ' =C = [ Bu Bz ] (1)

On—r,r On—r,n—r

and

(2)

V1BAV =D = { B Ornr ] .

By Onfr,nfr

We will use these notations to give the characterization of similarity of matrices AB and
BA. Thus, AB and BA are similar if and only if the polynomial matrices I[,A — C and I,A — D
are equivalent, i.e. the Smith normal forms of these polynomial matrices are coincide.

In view of the above, we give the following description of similarity of the matrices AB and
BA.

Theorem 1. Let A, B € M, ,,(F) be singular matrices. If

(a) rank By; = rank [ Bu ] =rank [ By1 By |, or

By
(b) Bi1 =0,, and rank By} = rank By, or

Byq Bip

c) the matrix | !
() |: B2 On—r,n—r

] is symmetric,

then matrices AB and BA are similar.

Proof. (a) Since rank By = rank { gn } =rank [ By; By |, then the equations XBy; = By
21

and B11Y = By are solvable. Let matrices X; € My,—,,(F) and Y; € M, ,,—,(F) be the solutions
to these equations respectively.

I Orn—r
-X1 I

Tl [ Bll Or,n—r ] Tfl — { Bll Or,n—r

For matrix Ty = [ ] we have

By Onfr,nfr Onfr,r Onfr,nfr
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Ir _Yl

Similarly, for matrix T, = { ] we have

T‘l{ By1 Byo ]Tz—{ Bi1 Oru—r ]
5 = .

On—rr On—rn—r On—rr On—rn—r
Hence, matrices { Ofli,r OnBrl;r } and [ g; Ogr’::r ] are similar. Thus, AB and BA are
similar.
(b) Let By = 0y and rank By; = rank Bjp = s. For By; there exist matrices U; € GL(r, F)
and V; € GL(n — r,F) such that

Osmor—s 1
ulBlzvl — |: S,N—r—= S :| .

Orfs,nfrfs Orfs,s

Thus, for the matrix T7 = diag (Ul, Vlfl) we have

Tl [ Or,r BlZ ] Tl_l _ |: Os,nfs Is :| )

On—r,r On—r,n—r On—s,n—s On—s,s

Similarly, for matrix By there exist U, € GL(n — r,F) and V, € GL(r, F) such that

On—r—ss On—r—sr—
UB1pVp = [ n I’S 5,8 ”OS’:'S’ S]

and for the matrix T, = diag (Vz_l, Uz) we have

Or,r B12 } T{l — [ On—s,s On—s,n—s ] )

L [ I Ospes

On—rr On—rn—r

It is obvious that matrices Or,r Bz and Oy Ornr are similar. Thus, AB
Onfr,r Onfr,nfr By Onfr,nfr

and BA are similar.

(c) Matrix{ Bn Bz

Onfr,r Onfr,nfr

By B

T
are similar.
Onfr,r Onr,nr:|

} and its transpose {

Hence, we have

T
B11 B12 . Bfl Or,nfr . B11 Or,n—r
B{z On—r,n—r By On—r,n—r .

On—rr On—rn—r

Thus, matrices AB and BA are similar. The proof of Theorem 1 is complete. ]
From Theorem 1 we have the following statement.

Corollary 1. Let A, B € M, ,(F) be singular matrices. If det Bj; # 0 then matrices AB and BA
are similar.

Consider the following example.
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Example. Let F = Q be the field of rational numbers and let

7 =3 —-11 9 —-23 —18 -2 16
5 -2 -10 8 —55 —43 -5 38
A=l _12 5 21 —17| ™4 B=1 5 5 _4 48
12 -5 —-16 13 —80 —64 -5 59
be matrices over Q. For nonsingular matrices
0o 1 11 32 12
-1 0 11 75 25
U=1_41 1 01| @ V=100 9 4
-1 -1 -1 0 0 0 11 5
over Q we have
1000
101 00| | Iz 03
uAv = 0010 [03,1 0 }
0000
and
01 21| [Bu B 000
v iBU ! = = 2120 whereByy= | 0 1 2
01 3|1 B>y Bx» 01 3
0122

By
By
matrices AB and BA are similar to the matrix Bq7.

Lemma 1. Let A, B € M,,,(F) be singular matrices. If rank AB = rank BA = 1, then AB and
BA are similar.

Thus, rank By; = rank { = rank [ B11 Biz ] = 2. By statement (a) of Theorem 1

To prove the Lemma we need the following proposition (see also Chapter 2 in [6] and
Theorem 1 in [12]).

Proposition 1. Let C € M, ,(F) be a matrix of rank one and tr C = c¢. The matrix C is similar

to one of the matrices
Dy = diag(c,0,...,0) ifc#0

. 01 ,
Dz—dlag<[00],0, eee, 0)11‘0—0.
Proof. The proof of the Proposition is algorithmic. The matrix C we write in the form C =p -7,

where p € M,,1(F) and 7 € M; ,,(F). For the vector p there exists a matrix P € GL(n, F) such
thatP-p=[1 0 ... 0] T Then C is similar to a matrix of the form

PCP*l — Py - —Pfl =C = |: X11 ‘ X12 R X1p . 3
p-q ! Onfl,l ‘ Onfl,nfl ( )
It is clear that w17 = c is a trace of the matrix C.
1 |0p1
__ %12
Suppose, ¢ # 0. For the matrix T; = S € GL(n,F) we have

n—1

Xn

Cc
T, 'CiTy = diag(c, 0, ...,0) = Dy.
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Thus, if tr C = ¢ # 0, then matrices C and D; are similar.
Let tr C = 0. From equality (3) it follows

0 ‘ X12 cen X1n ]
C = .
! [ On_l,l ‘ On_l,n—l

For elements {ap, 13, ..., ay,} there exists a matrix Ty € GL(n — 1,F) such that
[ X1, ®13, ..., Qp } Ty = [ 10 ... 0 } . Thus, for the matrix

1 |0y
T, — ,
2 { 0u-11] To

] € GL(n,F)

we have
1 ) 01
T, “CiT; = diag 00| 0, ..., 0 ) =Ds.

Since tr C = 0, matrices C and D; are similar. This completes the proof of the Proposition.
O

Proof. Let A, B € M, ,,(F) be singular matrices and
rank AB = rank BA = 1.

Suppose rank B > rank A = r. Matrix AB is similar to the matrix

C:{ By Bip ],

On—rr On—rn—r

where Bj1 € M, ,(F) (see equalities (1) and (2)). Similarly BA is similar to the matrix

B Orn—r
D= ’ .
{ Bxn On—r,n—r }

Thus, tr AB = tr BA = tr By;. Put tr B;; = c.

Suppose ¢ # 0. By Proposition 1 matrices AB and BA are similar to the matrix
D, = diag(c, 0, ...,0).

If ¢ = 0 then by Proposition matrices AB and BA are similar to the matrix

D, = diag ( [ 8 (1) ] , 0 ..., 0 ) , which completes the proof of the Lemma. O

Corollary 2. Let A,B € M, (F) be singular matrices and rank A = 1. If AB # 0,, and
BA # 0, then AB and BA are similar.

Corollary 3. Let A,B € My, (F). If AB # 0,2 and BA # 0, then AB and BA are similar.
Theorem 2. Let A,B € M, ,(F) and let rank A = 2. If rank AB = rank BA then AB and BA

are similar.

Proof. 1If rank AB = rank BA = 1 then by Lemma 1 matrices AB and BA are similar. Sup-
Bu B12

pose rank AB = rank BA = 2. Matrix AB is similar to the matrix C = ,
On—22 Op—2n—2
where By € Mj(F) (see equalities (1) and (2)). Similarly, BA is similar to the matrix

Bi1n  O2n—2 ] { B11 ]
D= ’ . Thus, rank —rank | By; B = 2.
[ Bo1 0p—2n—2 By [ B Buo |
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If By; = 0 or det By; # 0 then by Theorem 1b or Corollary 1 respectively matrices AB and
BA are similar. Let rank By; = 1 and let tr By; # 0. For By; there exists a matrix Uy; € GL(2,F)
such that

_ « 0
Uy By Uy = [ 0 0 }

where a = tr By1. For the matrix T1; = [ U 022 ] we have
Opn—22 In-2
a 0 E
TCT;'=Cn=| 00 .

0n—21 | On—2n—1

where By = By u; ! Ttis evident that rank Cj; = 2. Itis easy to make sure that if n = 3 then
Bio=[cis ¢ ]T and co3 # 0. For By, the exists a matrix Uy, € GL(n — 2, F) such that

~ xp 0 ... ... 0
Blzulz:[ol 1 0 .. o]'

Thus, for the matrix Ty, = { 0 1222 O%J’" -2 ] we have
n—2, 12

o« 0 a9 O 0
T1_21C11T12 = C12 = 00 0 1 2n—4
On—24 On—2,n-4
[« 00 0
It is obvious that matrix Cy, is similar to the matrix Ci3 = 0 01 2n=3
0n—24 |On—2n-3

BL BL
ourselves that the matrix 1 21

is similar to the matrix C;3. Thus, in the case
Onfr,r Onfr,nfr

when tr By # 0, matrices C and D are similar.

It may be noted that matrices D and DT are similar. Reasoning similarly we convince

Let us now consider the case when rank B;; = 1 and tr By; = 0. For By; there exists a matrix
V11 € GL(2,F) such that

B 01
Vi BV = { ] .

00
For the matrix S;; = [ 0V1;2 012'”22 ] we have
n—2, n—
» 00| B ; "
SllCSH = C21 = 00 s where BlZ = Blzvll .
04—21 | Op—2n—1

Obviously that rank Co; = 2. We note, if n = 3 then By, = [c13 3 ]T and cp3 # 0
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For By, the exists a matrix Vi, € GL(n — 2, F) such that

= 0O ... ... 0
B2z = H}l 1 0 .. o]'
Thus, for the matrix S1, = [ L Ona ] we have
Op—22 V12
018 O 0
51_21C21512 =Cyp = 00 0 1 2n—4
024 | On—2u—sa
010 0
It is evident that matrix Cy; is similar to the matrix Co3 = 001 2n—3
0p—24 |0u—2n-3
BT BL,

Reasoning similarly, we can prove that matrix [ 1 ] is similar to the matrix

Onfr,r Onfr,nfr

Csy3. Thus in the case when tr By = 0 matrices C and D are similar.
So, we have that matrices AB and BA are similar and the proof of Theorem 2 is complete.
O

From Theorem 2 we have the following statement.

Corollary 4. Let A, B € M33(F). If rank AB = rank BA then matrices AB and BA are similar.

ACKNOWLEDGEMENTS

The author wishes to thank the referee for a careful reading of the manuscript and for his
comments and suggestions.

REFERENCES
[1] BernauS.]J., Abian A. Jordan canonical forms of matrices AB and BA. Rend. Istit. Mat. Univ. Trieste. 1989, 20 (1),
101-108.

[2] Cao C. G., Tang X. M., Yang L. The Rank Conditions such that AB and BA are Similar and Applications. Inter. J.
Algebra 2007, 1 (6), 283-292.

[3] Flanders H. Elementary divisors of AB and BA. Proc. Amer. Math. Soc. 1951, 2 (6), 871-874.

[4] GarciaS. R., Sherman D., Weiss G. On the similarity of AB and BA for normal and other matrices. Linear Algebra
Appl. 2016, 508 (1), 14-21.

[5] Hartwig R. E. On a theorem of Flanders. Proc. Amer. Math. Soc. 1982, 85 (3), 310-312.
[6] Horn R. A., Johnson C. R. Matrix Analysis, Cambridge University Press, New York, 1985.

[7] Johnson Ch.R., Schreiner E.A. The Relationship Between AB and BA. Amer. Math. Monthly. 1996, 103 (7),
578-582.

[8] LippertR. A., Strang G. The Jordan forms of AB and BA. Electron. J. Linear Algebra. 2009, 18, 281-288.
[9] MacDuffee C.C. The theory of matrices, Chelsea, New York, 1946.
[10] Parker W. V. The matrices AB and BA. Amer. Math. Monthly. 1953, 60 (5), 316-316.



ON THE SIMILARITY OF MATRICES AB AND BA OVER A FIELD 359

[11] Parker W. V., Mitchell B.E. Elementary divisors of certain matrices. Duke Math. ]. 1952, 19 (3), 483—485.

[12] Prokip V.M. The structure of matrices of rank one over the domain of principal ideals with respect to similarity
transformation. Math. methods and physiko-mechanical fields (in Ukrainian). 2016, 59 (3), 68-76.

[13] Thompson R. C. On the matrices AB and BA. Linear Algebra Appl. 1968, 1, 43-58.
[14] Williamson J. H. The characteristic polynomials of AB and BA. Edinburgh Math. Notes. 1954, 39, 13-13.

Received 01.07.2018

ITpoxin B.M. ITpo nodibnicme mampuye AB i BA nad nonem // KapmaTcbki MaTeM. my6a. — 2018.
— T.10, N22. — C. 352-359.

Hexait A i B—n X n MaTpuii Haa oAeM. BuBueHHsI 3B’s13kiB Mix Aob6yTkamy MaTpurb AB i BA
Mae€ AaBHIO icTopilo. 3araAbHOBiAOMO, 110 MaTpuli AB Ta BA MaloThb OAHAKOBi XapaKTepUCTUUHI
MHOTOUA€HM (OTKe, BAACHI 3HaUeHHsI, CAiay Tomlo). OAMH BaroMmii pe3yAbTar 6yB oTpyManHii X.
®daanapepcom y 1951 pouwi. Bin BKas3as 3B'130K MiX eaeMeHTapHMMM AiabHMKaMu AB ta BA, sxuii
MO>Ha PO3TASAATH K KpuUTepiit, koan ABi Matpuii C i D MoXyTh 6yTi 306paxkeHi y BUTASIAL A0-
byrkiB C = ABi D = BA. fIxmo oaHa 3 maTpuiib (A abo B) € HeocobamBoIo, TO Marpuii AB i
BA moaibHi. SIkmo x A i B ocobamsi MaTpuri, To maTpurii AB i BA He 3aBXAM moAi6Hi. B crarTi
HaBeAeHO YMOBY, 3a sSIKmx MaTputli AB i BA moaibHi. [TIOHATTS paHTy Biairpae BaXXAMBY POAb Y IMX
AOCAIAKEHHSIX.

Kntouosi cnosa i ¢ppasu: MaTpuils, MOAiGHICTD, paHT.



