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ON FELLER SEMIGROUP GENERATED BY SOLUTION OF NONLOCAL PARABOLIC
CONJUGATION PROBLEM

The paper deals with the problem of construction of Feller semigroup for one-dimensional in-
homogeneous diffusion processes with membrane placed at a point whose position on the real line
is determined by a given function that depends on the time variable. It is assumed that in the inner
points of the half-lines separated by a membrane the desired process must coincide with the ordi-
nary diffusion processes given there, and its behavior on the common boundary of these regions is
determined by the nonlocal conjugation condition of Feller-Wentzell’s type. This problem is often
called a problem of pasting together two diffusion processes on a line.

In order to study the described problem we use analytical methods. Such an approach allows
us to determine the desired operator family using the solution of the corresponding problem of
conjugation for a linear parabolic equation of the second order (the Kolmogorov backward equation)
with discontinuous coefficients. This solution is constructed by the boundary integral equations
method under the assumption that the coefficients of the equation satisfy the Holder condition
with a nonzero exponent, the initial function is bounded and continuous on the whole real line, and
the parameters characterizing the Feller-Wentzell conjugation condition and the curve defining the
common boundary of the domains, where the equation is given, satisfies the Holder condition with
exponent greater than 3.
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INTRODUCTION
Consider on a plane (s, x) the set
St={(5x): 0<s<t<T, —0<x<oo},

and denote by S; the closure of S;. Suppose that S; contains a continuous curve x = h(s), 0 <
s < T, which separates S; into two domains:

St(l):{(s,x): 0<s<t<T, —oco<ux<h(s)}

and
sz):{(s,x): 0<s<t<T, h(s) < x < oo}
Put D15 = (—o0,h(s)) and Dps = (h(s),c0).
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Consider in St two uniformly parabolic operators with bounded coefficients

0 @j_ o 1 ‘ 92 ‘ J .
$—1—LS _g—i-ibl(s,x)w—i-az(s,x)a,1—1,2. (1)

The problem is to find a solution u(s, x, t) of the equation

3_2 +1%u=0, (sx)es",i=1,2 @)

which satisfies the ’initial’ condition

li?tnt(s, x,t)=¢(x), x€R, (3)

two conjugation conditions
u(s,h(s) —0),t) = u(s,h(s) +0,t), 0<s<t<T, 4)
y(s)u(s, h(s), t) + / [u(s, h(s),t) —u(s,y,t)|u(s,dy) =0, 0<s<t<T, (5)

D15sUD>g
and two fitting conditions
¢(h(t) =0) = ¢(h(t) +0), 6)
r(B)(h(t)) + / [p(r(t)) — @(y)]p(t, dy) = 0. )
D1;UDy;

The initial function ¢(x) in (3) is assumed to be bounded and continuous on R (in this case
condition (6) holds automatically), the function 7(s) and the Borel measure y(s,-) in (5) are
nonnegative and such that y(s) + u(s, D15 U Dys) > 0 for all s € [0, T].

The problem (2)—(7) arises, in particular, in the theory of diffusion processes in the construc-
tion of a one-dimensional model of the diffusion phenomenon with a membrane, or, what is
the same, in solving using the analytical methods the so-called problem of pasting together
two diffusion processes on a line [3,4,8,9]. In the considered case, the membrane is supposed
to be moving, and it is placed at the point x = h(s), which is at the same time the point of past-
ing together two given diffusion processes. If we assume that the solution u(s, x, t) = Ty p(x)
of (2)—(7) is a two-parameter Feller semigroup associated with some inhomogeneous Markov
process on a line, then the validity for it of equation (2) implies that this process coincides in
D;; with the diffusion processes given there by the differential operators Lgl), i =1,2, and
initial condition (3) is in agreement with the equality Tss = I, where I is the identity opera-
tor. Next, conjugation condition (4) is the reflection of the Feller property of the process and
equality (5) is the Feller-Wentzell conjugation condition which has two terms. The local term
is responsible for disappearance of the diffusing particle and the nonlocal one for the jump-
like nature of the exit of process from the boundary of the region. Recall that in the general
case the Feller-Wentzell conjugation condition contains also the derivatives of the unknown
function in both variables, which correspond to the properties of the partial reflection at the
common boundary of the regions and the phenomenon of "viscosity” [1, 6, 11].

The classical solvability of problem (2)—(7) is proved under the assumption that the coeffi-
cients of equation (2) satisfy the Holder condition with a nonzero exponent, the initial function
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@ in (3) is bounded and continuous on the whole real line, and the parameters <y, u characteriz-
ing the Feller-Wentzell conjugation condition (5) and the curve x = h(s) defining the common
boundary of the domains St(l) and St(z) satisfy the Holder condition with exponent greater than
1. In the investigations we use the fundamental solutions of the parabolic equations and the
heat potentials generated by them [2,5,8]. As a result of their application, problem (2)—(7)
is reduced to a system of two singular Volterra integral equations of the second kind which
solution is obtained by the method of successive approximations.

Note that a similar problem was considered earlier in [9] for the case where the membrane
is placed at a fixed point of the line. We also mention works [7,10], which present the results
concerning the construction of diffusion processes with jumps at the points of the boundary
of the region by the methods of stochastic [7] and functional analysis [10].

Assume that the following conditions I-V are satisfied.

I. Equation (2) is a parabolic equation in the domain S, i.e., there exist positive constants
b and B such that

0<b<bi(s,x) <B<oo,i=1,2, (s,x) €Sr.

II. The coefficients b;(s, x) and a;(s,x), i = 1,2, are continuous in (s, x) and belong to the
Holder class H2 A (S7), 0 < & < 1 (to recall the definitions of Holder classes see [5]).

III. The initial function ¢(x) belongs to the space of bounded continuous functions, which
we will denote by C,(IR). The norm in this space is defined by the equality |¢| =

sup |@(x)].
x€R

IV. In condition (5) the measure y(s, -) is nonnegative, u(s, D1s U Dys) =1, s € [0, T] and for
all f € Cp(R) the integrals

') = [ fWntsdy), =12
Djq

belong to the Holder class H s ([0, T]).
V. The functions 7(s) and k(s) are continuous and belong to H = ([0, T]).

In view of IV condition (5) can be rewritten as follows

(&) + Duls b)) = [ uls,y, (s, dy). ®
D13UD»s

Conditions I, II provide the existence of a fundamental solution for each of the equations
in (2) (see [5,8]), i.e., the existence of a function G;(s, x,t,y), i=1,2 (0<s < t<T; x,y € R),
which satisfies equation (2) for fixed t € (0,T], y € R as a function of (s,x) € [0,t) x R and
has the form

Gi(s,x,t,y) = Zio(s,x, t,y) + Za (s, x, t,y), i=1,2, )
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where
. — b. - —% _ (y — x)Z
ZZO(S/ X, t/y) [27T l(tly)(t S)] exp Zbi(t y)(t — S) s (10)
t
Zia(s,x, t,y) = [dt | Zi(s,x,T,2)Qi(T,2,t,y)dz, (11)
jol

and the function Q;(s, x, t,y) is a solution of some singular Volterra integral equation of the
second kind.

Note that
_— _ 142r4p (y — X)z
‘DsDxZiO(S/ X, f,y)} < C(t — S) 2 exp —C? ’ (12)
p _ 142r4p—a (y — x)2
‘DngZil (s, x, t,y)} < C(t—s) 7 exp T (13)

wherei =1,2, 0 <s <t <T, x,y € R, Cicare positive constants; in the sequel, various pos-
itive constants will be denoted by symbols C or ¢; r and p are nonnegative integers satisfying
2r + p < 2, D! is the partial derivative with respect to s of order r, DY is the partial derivative
with respect to x of order p.

Given a fundamental solution G;(s, x,t,y), i = 1,2, and a function h(s), we define the
integrals
uiO(S/ X, t) = /Gi(sr X, t, y)q)(y)dy, i=12, (14)
R
t
i (s, %, 1) = / Gi(s,x, T, h(T))Vi(T, dT, i=1,2. (15)
S

Here ¢ and V;, i = 1,2 are given functions, 0 < s <t < T, x € R. In the theory of parabolic
equations the function u;(s, x, ) is called the Poisson potential, and the function u;; (s, x, t) the
parabolic simple-layer potential.

We recall some properties of functions u;y(s, x,t) and u;1 (s, x,t), i = 1,2. Let ¢ € C,(R).
Then from the properties of the fundamental solution G;(s, x,t,y), i = 1,2, it follows that the
potential u;y exists and satisfies equation (2) and the initial” condition

ligluio(s, x,t)=¢(x), x€R,i=1,2, (16)
sTt

in the domain (s, x) € [0,¢) x R for a fixed t € (0, T| as a function of arguments (s, x).
In addition, for the function u;y(s, x, t), i = 1,2, the inequality

rmyP _rip
|DEDu(s, x,1)] < C(t — )~ |lgl], (17)

(where r and p are positive integers for which 2r 4+ p < 2) holds in each of the domains
0<s<t<T, xeR.
Consider integral (15). If we assume that the density V (7, t) is continuous for T € [s, ) and

has a weak singularity with exponent > —% when 7 = ¢, then the function u;(s, x,t), i = 1,2,
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is bounded and continuous in 0 < s <t < T, x € R, it satisfies equation (2) in the domain
(s,x) € [0,t) x (R \ k(s)) and the initial condition

li%n uip(s,x,t) =0, x€R,i=1,2. (18)
st

An important property of the function u;; is reflected in the so-called theorem on the jump
of the co-normal derivative of the parabolic simple-layer potential (see, for instance, [5, 8]). In
the present paper this assertion is not used, and therefore we do not provide it.

1 EXISTENCE AND UNIQUENESS

We find a solution of (2)—(7) in the form of sum of potentials u;y and u;; with unknown
densities Vj(s,t), i = 1,2:

u(s, x,t) = / Gi(s, x,t,y)p(y)dy

+/G s,x, T, h(T)Vi(t,t)dt, (s5,x) €S\, i=1,2. (19)

Using conjugation conditions (4), (5) and (8), we get the following system of Volterra inte-
gral equations of the first kind for V;(s, t):

(7(s +1/Gsh 5), 7, h(0))Vi(t, )dt

2 t
-y / Vi(t, t)dr / Gi(s,y, T, h(T))u(s, dy) = @;(s,1), i=1,2, (20)
j=1 Djq

where

(s, 1) Z / ujo(s,y, t)u(s, dy) — (v(s) + Duio(s, h(s), t), i=12.

]1D

Consider the function ®;(s, f) in (20). Let us prove that

lgrtlcb(s ) =0, i=1,2; (21)
(®@i(s, £) — @i(5,8)| < Clloll(t—s)" 3" (s —5)'2", §<s. (22)

Assertion (21) can be easily verified using property (16) of the Poisson potential u;y and
fitting condition (7):

lim (s, 1) z/qo u(t, dy) — ((5) + Dg(h(t))

sTt i= 1D

= / [p(y) — o(h(t))]u(t, dy) —y(t)@(h(t)) = 0.

D1:UD;
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To prove inequality (22), we write the difference ®;(s,t) — ®;(5,t) as a sum I; + I, + I3,
where

L= Z/ wjo(s,y,t) — ujo(5, v, £)]u(s, dy),

= 1D

L = (7(5) + Duio(s, h(s), t) — (7(s) + Dui(s, h(s), t),
2

=) </”j0(§,y/f)ﬂ(51dy) —/ujo(ﬁy,t)y(ﬁdy))
j=1 e

Js ]

and study separately each term of this sum.
Since for s <s

[ujo(s,y,t) —ujo(s,y,t)|
~ I+a - 1-a
= lujo(s,y,t) —ujo(S, 4, )7 |ujo(s,y,t) —ujo(5,y,t)| 2

al/l' §/ 7 1# ~ 1—a
<|MROD w0
§=5406(s—5)
<Cllgll [(t=5-0(s =) s =5)] * <Clloll[((t-s)

+(5—5)(1-0) (s —5)] T <Cloll(t—s)"F(s-5)F, 0<o<1,

inequality (22) holds for the term I;. Recalling that the functions -y and / are Holder continuous
(see assumption V) and using previous considerations, we arrive at inequality (22) for I,. For
I3 we have the estimate

1t+a
[I3] < Clloli(s —35),

which is an obvious consequence of assumption IV. Thus,
1t 1t

L+ L+ Ll <Clgf(t=s)"2(s=5) 2, 5<s,

what had to be proved.
In order to regularize system of Volterra integral equations of the first kind (20), we apply
to both sides of each of its equations the integro-differential operator £, which acts by the rule

stq)—\/? / —s) 2<I>(p, Jdp, 0<s<t<T,i=12. (23)

Consider first the action of the operator £ on the right hand side of the i-th equation of
system (20),1 = 1,2.

In view of (21) and (22), for the function ®;(s,t) = &(s,t)P; we easily get the following
formula:

3

(s, t) = m/ )2 (@i, ) — Dils, 1)]dp

_ \/%(t —8) T2 di(s,t), i=1,2. (24)
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Besides, for the function ®;(s, t) in each domain of the form 0 < s < ¢ < T the inequality

NI—=

|@;(s, t)| < Cllo||(t—s)" (25)
holds.

Now, we apply the operator £ to the left hand side of the i-th equation of system (20),
i = 1,2. As aresult, we obtain the expression, which after changing the order of integration
and using formulas (9), (10) can be represented in the form

t
Vi) 295 [ e o -
bi(s, h(s)) TV e ];S/NZJ(S’ Dy =12, (26)

where

T

Ni(s,7) = [ (0 =5)" 4| (Zanlo. (o), % (2)) = Zinlp,0,7,0)) +1(6)Gilp, h(p), T, ()

S

+ Zalp,h(e), T h(0) — [ Gilo,y wh(x) o dy) | dp, i= ],

Dy,

T

Ni(s,7) = = [(0=5)"dp [ Gilo,y, T h(x)ulp,dy), i #].

S Djy

To simplify the derivatives of integrals depending on parameters in expression (26), we
show that

lim NZ']'(S, T) =0. (27)

sTT
In proving this fact, a certain complexity is only a study of the function

T

Lils ) = [(o=)"Hdp | Zyo(o,y, 7 h(D)n(p,dy)

s Djy

which appears in the expression for Nji(s, T) immediately after we rewrite G; according to
formula (9). For all other terms in formula for Nj;(s, T) the relation (27) is easily established by
using the inequalities (12), (13) and condition V.

Write the function L;(s, T) as follows

L]'(S, T) = le(S, T) + sz(S, T), (28)
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where

e W/
D/ it 2bj<(r}{h<f>(;<)r)2— 0) }W' )
- / P { B 2bj((r]{h_(f)(;()r)2_ ) }u(s, dy)},

Djq

Lio(s,T) = / —s’%r 0)” 2dp
\/27h; (T, h(T

x(/exp{-—2%éghé§;2iwﬁ}u@wwy

Djs

X

. . —h 2
Since the functions f,(y) = exp {%} belong to Cp(R) forall0 <s < p <7 <
t < T and are bounded by 1 on this set, and since condition IV holds, we have

Li(s, )| < C(t—s)'7", j=1,2 (29)
Let us study the function Lj>(s, ). Write it in the form
h(z))?
ex
,W @ / p{ rh( (T —5)
(y —h(s))? ]
—ex Ri(s, T, s, d
p{ 26t h(0)) (x —5) i(s, T, y) (s, dy)
y h(S))
ex Ri(s, T, s,dy), (30)
where R]-(s, T,y) denotes the integral
f ; ] (y—h(1))>  p-s
Rj(S/T/]/) = /(P - S) Z(T _P) 2 exp {_Zb]'("(,h(’l'))(’l' — S) ) T _P} sz
which after the substitution z = g—:z reduces to
[ (v — h(r))?
(s, T, z72(1+z) lexp{ — -z 5 dz,
Y O/ P{ 26, (, (D)) (T —3)
and thus, satisfies the inequality
(31)

IRi(s, T,y)] < C.
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Denote by L](21 ) the first term in the right hand side of equality (30) and by L](Z2 ) the second
one.

If we express, using the Lagrange formula, the difference of exponents in the square brack-
ets of the expression for Lj(zl) through the value of its derivative at the intermediate point
x =y —h(s) +0(h(s) — h(7)), and then take this derivative, we get

05,7y = 1 3
biz (o7) 2nb]-(r,h(r))D{ bi(T h(D)(T =3)
2

X

X exp {_ij(T,h(T))(T —5) } (h(T) — h(S))R]-(s, Tz]/),‘l/l(S,dy),

From this equality and estimate (31) and condition V it follows that
ILii(s,7)| < C(T —5)2. (32)
Then (31) implies

52
|L]'2(S,T)| S C <IM <S,D;Ss> —i—exp {—m}> ’ (33)

where D;-SS ={y € Djs: |y —h(s)| <}, ¢ is any positive number, B is the constant from I.
Combining (28)—(30), (32), (33), we conclude that

limL;(s, 7) = 0.
SlTr? i(s,7)

This completes the proof of (27).

With relation (27) in mind, we put the derivative under the integral sign in expression (26)
and then equate this expression to (24). After elementary simplifications, we get the system of
Volterra integral equations of the second kind, which is equivalent to (20)

2 t
Vils,t) = Y [ Kyls, Vim0t + ¥ils, ), 1=1,2 (34)
jzls

where

TZ‘(S, t) =V bi(S,h(S))EI\)Z'(S, t)/
KZ']'(S, ’l’) = \/%\/bi(s,h(s)) . %Ni]-(s, T).

The function ¥; in (34) satisfies inequality (25), but kernels Kj;(s, T) do not have the inte-

grable singularity. For K;;(s, T) we can only get the estimate
Kl-]-(s,r) gC(T—s)_l, 0<s<t<t<T. (35)

Estimate (35) is caused by the integral

/ 9Zjo(s,y, T, h(T)) u(s, dy), (36)

D5, %
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which is in the expression for the derivative of L;

sebie:0) = [ 0=973] [ Zn(p.0 e ento )
= [ Zitowm he)uts )| do
D,
7tbi (T, h(T)) 9Zjo(s,y, T, h(T))
_ u(s, dy)
2 <D]</§> dy
+ / 8Z]0 5, er h( >>Pl(5/d]/)>
R\D!"

All other components of the expression for K;;(s, T) admit inequalities the right hand sides of
which have the form C(8)(t — s)~1*2, where C() is a positive constant depending on 4.

Despite the fact that the kernels Kj;(s, T) do not have an integrable singularity, a solution
of system of equations (34) exists and can be found by the ordinary method of successive
approximations:

2\/ (s,t), 0<s<t<T,i=1,2, (37)

where

V(s 1) = ¥(s, 1),
2 1
Vs =Y [ Kyl v mdn, n=12,...
j=1

The convergence of series (37) is the consequence of the following inequality, which is
proved by induction according to the scheme applied in [9] in the study of system of equa-
tions (34) for the case when h = 0:

n
V(0| < Cllgli(t—5)72 Y Cha" P (m(a)), n=0,1,..., (38)
k=0

where

m(d) = m[(e)\ x t(s, DJ, U DS,) < 1 (for sufficiently small §).
s€|0,T

From inequality (38) it also follows that the function V;(s, t), i = 1,2, admits the estimate

Vi(s,t)| < Cllll(t—s)"2, 0<s<t<T. (39)
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Thus, we have constructed the solution u(s, x, t) of problem (2)—(7) of form (19), (37), which,

in view of estimates (12), (13), (17), (39), belongs to the class C1'2(St(1) U St(z)) N C(S;) and satis-
ties the inequality

lu(s, x, £)| < Cllg||(t —s)~2. (40)

The assertion on the uniqueness of the constructed solution of problem (2)—(7) follows from
the maximum principle [5].
The obtained result allows us to state the following theorem:

Theorem 1. Let the conditions I-V hold. Then problem (2)—(7) has a unique solution belonging

to C1'2(St(1) U St(z)) N C(S¢). Besides, this solution admits representation (19), (37) and estimate
(40).

2 CONSTRUCTION OF FELLER SEMIGROUP

Denote by Co(RR) the subspace of Cy(IR), which consists of all functions ¢ € Cp(R) for
which the condition (7) holds. Since the subspace Cy(IR) is closed in Cp(RR), it is a Banach
space.

We introduce the two-parameter family of linear operators Ts; : Co(R) — Cp(R), 0 < s <
t < T, by the following rule:

Tug(x) = uls, x,t, ), (41)

where u(s, x, t, @) is a solution of (2)—(7) with the function ¢ in (3).
Note that the operators Ts; have the following properties in Co(IR):

a) if a sequence of functions ¢, € Cy(RR) is such that sup || @] < oo and nlgn on(x) = ¢(x)
n [ee)

forall x € R, then lgn Tstpn(x) = Topp(x) forall0 <s <t < T, x € R;
n oo

b) the operators Ty are positivity preserving (0 < s < t < T), i.e, Typ > 0 for every
¢ € Co(R) such that ¢ > 0;

c) the operators Ts; are contractive (0 < s < t < T), i.e., they do not increase the norm of
the element;

d) Tst = Ts:Trt, 0 <s < T <t < T (the semigroup propery).

The proof of property a) is based on well known assertions of calculus on passage of the
limit under the summation and integral signs (here this concerns series (37) and integrals on
the right hand side of equality (19)). This property allows us to prove the next properties of
the operator family T;;, without loss of generality, under the assumption that the function ¢
has a compact support.

Let us prove property b). Let ¢ € Co(IR) be a nonnegative function with a compact support.
Denote by m the minimum of Ts+¢(x) in (s, x) € S;. If we assume that m < 0, then from the
minimum principle [5] it follows that the value m is attained only when s € (0,¢) and x = h(s).
Fix sp € (0,t) for which Ts:¢(h(sg)) = m. Then

10 Tarp(hlso) + [ [Tarph(s0) = Tarp ()]0, dy) <0,
Di5,UDag,
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which contradicts (5). The contradiction we arrived at indicates that m > 0, what had to be
proved.

The proof of property c) is similar to the proof of b).

The semigroup property of operators T is a consequence of the assertion on the
uniqueness of the solution of problem (2)—(7). Indeed, to find u(s, x,t) = Ts:¢(x), provided
limgy u(s, x, t) = ¢(x), one can solve the problem first in the time interval [, t], and then solve
it in the time interval [s, 7] with that “initial” function u(t, x, t) = Tr¢(x), which was obtained;
in other words, Tst¢(x) = Tsr(Ter)(x), @ € Co(R), or Tt = Tsr Ty

Properties a)-d) of operators Ts; imply the following assertion.

Theorem 2. Let the conditions of Theorem 1 hold. Then the two-parameter tamily of operators

Tst, 0 <s <t < T, detined by (41), describes the inhomogeneous Feller process on the line R,
which coincides in D1; and Dy with given diffusion processes generated by operators Lgl) and

ng) respectively, and its behavior at point x = h(s) is determined by conjugation condition (5).
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Y cTaTTi pPO3rASIAAETHCS 3aAava 06y A0BY HamiBrpymm Meanrepa AAST OAHOBMMIPHOTO HEOAHOPI-
AHOTO AVY3iifHOTO IpoLiecy 3 MEMOPaHOIO, PO3TAIlIOBAHOIO B TOYLI, TIOAOXKEHHS SIKOI Ha UMCAOBIN
IIpsIMili BU3HAUAETHCST 38 AOTIOMOTOIO 3aAaHOI (pyHKIIIi, IITO 3aAeXUTh Bia dacoBoi 3miHHOI. [Tpn 11h0-
My HIPMITy CKa€ThCSI, II0 Y BHYTPIIIHiX TOUKaX MBIPSIMIX, PO3AIAEHMX MiX cO60I0 MeMOpaHOIo, ITy-
KaHMIA ITpollec Mae 36iraTumcs i3 3apraHMMM TaM 3BUMYAHMMY AMY3iHMMM IpoliecaMi, a Joro Imo-
BeAiHKa Ha CIIABHIN MeXi IMX 06AacTell BU3HAYAETHCS 3aAaHOK HEAOKAABHOIO YMOBOIO CITPSIKEHHST
Ty Qearepa-BenTiieas. AaHy 3aaauy Ile Ha3MBaIOTh 3aAa4e€l0 IIPO CKACIOBAHHS ABOX AUy 3iiHIX
MpoIeciB Ha OpSIMilL.

3 MeTOr0 BUBYEHHS CPOPMYABOBaHOI IpobAeMM B pobOTi 3acTocoBaHO aHaAiTiaHi MeToam. Ta-
KM MiAXiA AO3BOASIE BU3HAUWNTH LIIyKaHy CiM IO OIIepaTopiB 3 AOTIOMOIOI0 PO3B’SI3Ky BiATIOBiAHOI 3a-
Aaui CIIpsIKeHHST AAST AiHITHOTO ITapaboAIYHOTO piBHSIHHSI APYTOTO IOPSIAKY (0bepHEHOTO PiBHSHHS
Koamoroposa) 3 pospusHuMu koedpirtiearamu. Lleit po3s’si30k mo6yA0BaHO METOAOM I'PaHNIHNX iH-
TerpaAbHMX PiBHSHD 3a MPUITYIIeHHs], IO KoedpillieHTV piBHSIHHS 3aA0BOABHSIIOTH YMOBY I'eAbaepa
3 HEHyABOBUM TTOKA3HMKOM, TI0UaTKOBa (PYHKIIisI € 06MeXeHOIO 1 HellepepBHOIO Ha BCill UMCAOBIN
MpsIMil, a TapaMeTpy, sIKi XapakKTepu3yIoTh YMOBY clpsikeHHs Deanepa-BeHTreas Ta Kpusa, 110
BU3HAYaE CHiABHY MeXy obAacTeli, Ae 3apaHe PiBHSHHS, 3aA0BOABHSIIOTH YMOBY I'eAbaepa 3 moka-

3HUKOM OIABIIIM, HiX %

Kntouosi croea i ¢ppasu: Hamisrpyma deanepa, AndysiltEmit mpollec, mapaboaiuHa 3apava CIpsi-
KeHHSI.



