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APPLICATION OF DUALITY THEORY TO SOLVE TWO-CRITERIA PROBLEM OF
LINEAR PROGRAMMING FOR ECOLOGICAL-ECONOMIC SYSTEM

In the paper, we investigate two-criterion optimization problem: maximization of one target
function and minimization of another target function. To solve the offered two-criterion problem,
the method of the main criterion is applied. We consider the problem of production activity of
the ecological-economic system with the maximization of the value of the final product as the first
target function and the minimization of emissions of polluters into the environment as the second
target function. We constructed of two production functions (economic and ecological). To construct
the economic production function, we select maximal producing of the final products in a costing
form as the most essential (main) criterion. Also, there is introduced the appropriate data of the
criterion level total volume of emissions of polluters into the environment. After this two-criteria
problem is reduced to one - criteria problem. For the construction of ecological production func-
tion, the main criterion in the problem of the minimal general volume of emissions of polluters into
the environment is defined. We use a parameter of the criterion level of the second criterion and
obtained one-criterion problem. Therefore, investigation of the appropriate dual problems explic-
itly provides economic and ecological production functions to the deduced one-criterion problems.
These functions in input two-criterion problem give way to optimal manage of ecological-economic
system.

Key words and phrases: Optimal management, two-criterion problem, dual problem, target func-
tion, main criterion method, ecological-economic equilibrium, production function.
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INTRODUCTION

Public production envisages not only a creation of material welfares but also activity con-
nected with a decrease of environmental pollution and restoring of natural resources. High
level of competitiveness in West European industries as well as a new policy of sustainable
development causes a rethinking of management strategy of individual countries.

One of basic tasks, which a modern specialist-economist must be able to solve, is providing
of the state, when economic and ecological requirements are balanced. That means providing
equilibrium state of ecological economy. The ecological economy is a market economy that
studies interaction between ecosystems, social associations and economic systems and also
conditions that provide a steady, inexhausting state and progressive development of all three
systems. The main task of the ecological economy is forming of fundamentally new direc-
tions of transformation of economy based on permanent recreation of innovative processes of
reformation of production and consumption of products. The final goal of ecological econ-
omy is the sequential passing to ecologically more perfect production technologies, types of

YAK 519.863
2010 Mathematics Subject Classification: 90B30, 90C29, 91B38, 91B76.

@ Khrushch L.Z., 2018



APPLICATION OF DUALITY THEORY TO SOLVE TWO-CRITERIA PROBLEM OF LINEAR PROGRAMMING ... 325

products, processes of consumption, economic relations, lifestyle [11]. At consideration of eco-
logical economy activity of production can be presented as an ecological-economic production
function in which, next to economic values ecological factors also have their market estimation.
There is a necessity to build such a production function that has two constituents: economic
and ecological.

ANALYSIS OF THE LAST RESEARCHES AND PUBLICATIONS

A modeling of the ecological-economic systems is the topic of many researches. The ecolo-
gical-economic models by a structure can be divided into balance, optimization and simulation
models. The balance models include the inter-branch Leontief-Ford model of the economy
structure impact on the environment [6], and also its generalizations such as the Ayres-Kneese
model [1] and the Willen model [23]. At the fact, the Willen model is a matrix balance in
the Ayres-Kneese model. Among the simulation models we should mention the Meadows
model [10] and the Forrester model [3]. ]J.W. Forrester attempted to analyze the interactions
of demographic, industrial and agrarian systems. In the optimization ecological-economic
models, the formation of the optimality criterion is fundamental. Particularly, I. Schimazu [21]
proposed optimality criterion, which corresponds to three stages of society development. H.
E. Dali [2] and T. H. Tietenberg [22] also considered ecological component in their models.
Other scientists [12,18-20] investigated regulation of the ecological consequences of economic
growth and improvements for environmental management.

Among the Ukrainian scientists we have to mark works of I.Lyashenko. Exactly his school
works actively on the problems of ecological-economic modeling. In spite of the large volume
of publications, plenty of questions and problems for today are not studied enough, and the
problem of the balanced economic, social and ecological development remains unsolved.

Now the problems of ecological-economic equilibrium are actively studied.

In [24, p. 446-455] the problem of manufactures ecologization is analyzed and the expan-
sion of the classical model of interbranch balance and its transformation into the optimization
model by inclusion of restrictions on emissions is carried out. This model is completed by
marginal variables and by corresponding to them coefficients.

In [14, p. 931-938] the research of optimal trajectories of development of the ecological-
economic system is carried out in case of equable division of labour resources between bran-
ches of material and nature protection productions.

In [15, p. 217-221], [16, p. 31] the technological structure of production in the ecological-
economic system with taking into account introduction of technological innovations was re-
searched. In particular, on the basis of distribution of production capacities according to tech-
nologies a corresponding equalization of dynamics, based on the set initial conditions and
limits on economic and ecological resources, was built. The modelling of ecological-economic
interaction in the process of realization of Kyoto protocol decisions which was made is very
important [13].

In [17, p. 331-333] the parametrization of mathematical models of the ecological - eco-
nomic systems is carried out in space of indexes of economic structure of society, prices and
environmental pollution.

In [5, p. 170] the conditions for optimal interaction between basic and auxiliary productions
in the ecological-economic systems have been investigated. The are the basis for prediction the
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of the investment level into auxiliary production, which provides its possible growth.

In [4, p. 184-185] the dynamic models of single sectorial economy taking into account the
utilization processes of the created pollution and socio-economic structurization were devel-
oped.

In [8, p. 149-150] a comparative analysis of the most famous models of ecological-eco-
nomic systems is presented. The approach to modelling of economic systems considering
environmental factors, based on a modified model of Leontief-Ford and the principle of input-
output is proposed.

The research of ecological-economic equilibrium is necessary nowadays, when the envi-
ronmental pollution gained the global character. Using of ecological-economic function is very
important in the researches as such function will reflect modelling of ecological-economic sys-
tem.

The aim of our researches is a construction of optimal functioning model for ecological-
economic system to find a solution of suitable two-criterion problem. The problem has solu-
tion as two ecological-production functions. We simultaneously consider the maximization of
value of the final product and the minimization of emissions of polluters. Since it is difficult to
create an effective production activity that takes into account not only economic benefits but
also an environmental impact, we want to propose an ecological-economic model combining
simultaneously these two factors. It is a necessary way of the problem solving.

THE MAIN RESULTS OF RESEARCHES

Let us consider at the ecological-economic system that includes a basic (material) produc-
tion and auxiliary production (sewage treatment plants). The volumes of productions are
limited to the present resources. The central core of the ecological-economic system is an
inter-branch model of V. Leontief and D. Ford [7, p. 21]. It represents cooperation of indus-
tries of producing of products and industries that destroy harmful wastes. The efficiency of
production activity is described by two criteria (economic and ecological). The first criterion
is maximal producing of the final products in a cost form. The second criterion is minimal
general volume of emissions of polluters into the environment.

We suggest to describe production activity of the ecological-economic system as following
two-criteria problem of linear programming;:

fi(x) = clyl — max, fo(x) = czyz — min,
= Apxt + Apx® +yl, % = Apal + Apx? — 2, (1)

Bix! + Box* <R, x! >0, ¥* >0, y* >0, y* >0,
where c! is a vector of products’ prices, c? is a vector of equivalence’s coefficients of polluters
(in relation to harm or in relation to the cost of destruction), x! is a vector of the gross produc-
ing of products, y! is a vector of producing of final products, x? is a vector of volumes of the
destroyed polluters, y? is a vector of volumes of emissions of polluters in the environment, A1;
and Ajp are technological matrices of direct issue of products, Ay; and Ay, are technological
matrices of the direct producing of pollutants (in a basic production and sewage treatment
plants accordingly), By and B, are matrices of costs of economic resources for the basic and the
auxiliary productions, R is a vector of present economic resources.
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The necessary and sufficient condition of non-negativity of solutions of the Leontief-Ford
A Ap
Ag1 Ay
0 is the condition x> = (E; — Az)f1 <A21 (Ex — Az)f1 y! —yz) > 0, where Ay, = Axp +
A (E1 — All)fl A1y, and Eq,E; are diagonal identity matrices [7, p. 27]. Besides from Leon-
tief-Ford inter-branch balance we can get the next x! = (I; — A11) ™!+ (Apx® +y!). It implies
that if x> > 0 and y! > 0 then x! > 0. So, the productivity of ecological-economic system
(x! > 0,x2 > 0) will be provided when (y' > 0,4> > 0). Then the two-criterion problem (1)
after the exclusion of variables x! and x? can be the following form:

model at the productivity of block matrix A = ( ) > 0 and at the y! > 0, y* >

fi(x) = c'y! = max, fr(x) = c*y* — min,
xt=Apxt + Apx® +y,

2= (Ey— Ay)~! <A21 (Ex— Ay) 'yt — y2> >0,
Diy' —Doy?* <R, y' >0, > >0,

()

where . . .
Dy =B1(E1— A1) +By(Ex—A2) An(E1—Ann) >0,

Dy =By (E1 — A1) " A (B — Ap) ' + By (Ex — Ay) ™' > 0.

For the investigation of two-criterion problem (2) we apply the method of main criterion [9,
p- 47]. Thus, we build two production functions (economic and ecological).

For the construction of economic production function we will distinguish fj (x) as the main
criterion and we will set admissible value Z > 0 for the criterion level f,(x), that is total
volume of emissions of polluters into the environment.

We obtain the following one-criterion problem:

cly! = max,

C2y2 <7z,

(Ex — A2) 1 Ag (BEa — A2) Myt — (B — Ay) 12 >0,
Diy' —Dyy* <R, y' >0, y¥* > 0.

3)

Let us write the problem (3) in the next way:

cly! = max,

C2y2 < Z,

— (Ey— A2) " Ayt (Ea — A2) 'yt + (B2 — A) 2 <0,
Diy' —Dyy* <R, y' >0, y¥* > 0.

(4)

The dual problem to problem (3) has the following form:

pZ + rR — min,

—q(Ey— Ap) t Ay (Ey — An) Yt 4Dy > €
pc? +q(Ey— Ap) ' —rDy >0,
p=>0,q>20,r=>0,

(5)
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where p > 0,4 > 0,7 > 0 are dual variables (the cost of emissions of polluters into the envi-
ronment, the cost of the destroyed polluters, the cost of economic resources).

For problem (5) we will find the basic feasible solution from the auxiliary system of linear
equations:

—q (Ez — Azz)_l A21 (El — All)_l ]/1 +1’D1 — A= Cl,

(6)
p? 4+ q(Ey— Ap) ' —rDy—w =0,

where A > 0, w > 0 are slack variables.
We find all basic feasible solutions of system (6), namely (pi,qi,77),(p5,95,75) -,
(ps,q3,v%) . Then we explicitly write down an economic production function

piZ+riR=f] (x(Z,R)),x € My,
F(Z,R) =y =min(p*Z+r"R)=< ... ... ...
piZ+1iR = fj (x(Z,R)) ,x € M;,

where |J;_; M; = M is the domain of definition of the problem (3).

A production function depends on the parameter Z and is presented in dependence of the
chosen set. At the different values of parameter Z we will obtain the different optimal solutions
for the two-criterion problem (1).

For the construction of ecological production function we will define f,(x) as the main
criterion in problem (2) and we will set admissible value Q > 0 of final producing products in
a cost form (the first criterion).

We will get the following one-criterion problem

c2y2 — min,

cy' > Q,

(E2—Ap) " An (B2 — A2) 'yt — (B2 — A) "2 >0,
Diy' —Dyy* <R, y' >0, y¥* > 0.

(7)

Let us write problem (7) in the next way:

— ®y? — max,

—cyt <-Q

—(E2— An) " Ay (E1 — An) 'yt + (B2 — An) 12 <0,
Diy' =Dy <R, y' >0, y* > 0.

(8)

The dual problem to problem (8) looks as following:

— uQ + wR — min,

—uc' —v(Ey — Ap) ' An (E1 — A1)t +wDy >0,
0(Ey — Ap) !t —wDy > —¢2,

u>0,0v>0w>0,

©)

where u > 0,0 > 0,w > 0 are dual variables (the cost of producing of final products, the cost
of the destroyed polluters, the cost of economic resources).
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For problem (9) we will find the basic feasible solutions from the auxiliary system of linear
equations:
—uc! — U(Ez — A22)71A21(E1 - A11>71 +wDy —pu =0,
’()(Ez — Azz)fl —wDy) —v = —C2,
where y > 0,v > 0 are slack variables.
We find all basic feasible solutions of system (10), namely (uj,v},wy), (u3,05,,W3),...,
(uf, vi, wy) . Then we explicitly write down an economic production function

F(Q,R) = ¢*y** = min(—u*Q + w*R) = max(u*Q — w*R) =
uiQ—wiR = f (x(Q,R)),x € My,

(10)

uiQ -~ wiR = f (x(Q R)), x € M,
where [J¥_, M; = M is the domain of definition of the problem (7).

A production function depends on the parameter Q and in dependence of the chosen set.
At the different values of the parameter Q we will get the different optimal solutions for the
two-criterion problem (1).

Thus, investigation of the proposed two-criterion production activity model of ecological-
economic system (1) is reduced to investigation of a pair of one-criterion problems (3) and
(7). Applying theory of duality we obtained a pair of production functions for the ecological-
economic system in an explicit form:

F(Z,R) = c'y"* = min(p*(Z,R) - Z +1*(Z,R) - R),
F(QR) = ¢y = max(u'(Q R) - Q- w’(Q,R) - R).
Example 1. To demonstrate the construction of a pair of production functions for the ecologi-
cal-economic system, we consider the following example. Let (1) be a given problem, where
A = (0,4), A1z = (0,2), Ay1 = (0,2), App = (0,1), By = (2), B, = (1), ¢! = (1), ¢? = (2),
R = (R). Then problem (2) looks as following
y! — max, yz — min,
b =0,4x +0,2¢% + 4/,
36 6
2 _ Eyl -2
4]/1 —2]/2 <R, yl >0, y2 > 0.
Setting admissible value Z = (Z) > 0 (that is a total volume of emissions of polluters into
the environment) we obtain one-criterion problem (4) in the following form:

X > >0,

yl — max, y2 <Z,
36
— 55V
4]/1 —2]/2 <R, yl >0, y2 > 0.
Let us write a dual problem to the problem:

6
1, %092
+5y <0,

pZ +rR — min,

6
I >
125q+4r >1,

p+gq_2r201
p>0,4>0r>0.
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Next, we construct an auxiliary system of linear equations and find the basic feasible solutions
of the problem

36
125q—|—4r—)\—1,
p+gq—2t—w:0.

To solve the system we examine it in these cases 1) p > 0,4 > 0;2)p > 0,r > 0;3)p > 0,A > 0;
HYp>0,w>0;5q>0,r>0,6)g>0,A>0,7)g>0,w>0;,8r>0,A>0,9r>0,w >0;
10) A > 0, w > 0. A feasible solution can be obtained in the cases 2 and 5. As consequence,
there is the following economic production function F(Z,R) = min{3} 52+ 1R, ‘;’giR}

We set Q = Q(R) > 0 as an admissible value of final producing products in a cost form.

Then problem (7) has form

y2—>min y1>Q,

36 1 6,

Y "5V =0

4]/1—2]/ SR,y ZO,]/ZZO.

It can be rewritten as following

—y2 — max, —yl <-Q,

36 1, 65
1253/ 5=

4y' —2 <R, y' >0, y* > 0.
Find a dual problem to it

—uQ 4+ wR — min,

36
— Yy — — >
u 1250+4w 0,

6
—v—2w > —1,
5U w =

u>00v>0 w>0.

To find non-trivial feasible solutions of the system

36
—u—ﬁv—l—élw—y—O,

5V~ 2w—v=-1
we investigate the cases 1) u > 0,v > 0;2)u >0, w > 0;3)u >0, u > 0;,4)u >0,v > 0;
5v>0w>060v>06u>0720v>0v>08w>0u>09w>0v>0;10)
u > 0,v > 0. It is possible to solve the problem only in cases 2 Ta 8. As a result, we obtain
an ecological production function F = min{—2Q + 1R; 1R}. Thus, there is a constructed pair
of productions functions for the ecological-economic system F(Z,R) = min{1Z + 1R;35R},
F(Q,R) = min{—2Q + 3R; 3R}.
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Conclusions. The proposed model of the ecological-economic system gives an opportunity

to treat the production activity as the problem of maximization of the final product value and
as the problem of minimization of polluters emissions into the environment. In both cases, the
ecological-economic production functions are constructed. The production functions describe
the optimal performance of the ecological-economic system. Our optimization model allows to
realize the largest volume of final product output, the best distribution of economic resources
and the least amount of polluters emissions into the environment. The proposed approach to
construct a pair of production functions best suits needs and is convenient for usage. Analysis
of this pair of production functions provides acceptance of better and more effective decisions
at the production management.
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Xpym A.3. 3acmocysanns meopii dsoicniocmi 00 po3s’g3ysants 0sokpumepiiiHol 3adaui ninitiHo2o0 npoepa-
MYBaHH 0119 exos020-ekoHoMiuHoi cucmemu // Kapmarcoki MateM. my6a. — 2018. — T.10, Ne2. — C.
324-332.

Y craTTi AOCAIAXEHO ONTUMIsalliifHy 3aAady 3 ABOMa KpPUTepPisMIL: MaKCUMi3allis OAHiEl IiAbO-
BOi pyHKIII Ta MiHiMi3amis iHIIOl MiABOBOI PYHKIIIT. AAST pO3B’SI3aHHST 3aITPOIIOHOBAHOI ABOKpUTe-
piltHOI 3aAadi 3aCTOCOBAHO METOA TOAOBHOTO KPUTEPifo, IPUUOMY PO3TASHYTO 3aAady BUpOOHIIO]
AISIABHOCTI €KOAOTO-€KOHOMIUHOI CCTeMM, B SIKill peanisyeThcsl MaKCMMi3allis BapTOCTI KiHIIeBO-
IO IPOAYKTY, SIK TlepIlia iAboBa (PYHKIIsI, i MiHiMi3aliss BUKMAIB 3a6pyAHIOBaUiB Y HaBKOAMIITHE
CepeAOBMINIE, SIK ApyTa LinboBa (pyHKIIS. BHaCAIAOK LIBOrO 3AiMCHIOETHCSI IOOYAOBAa ABOX BUpPO-
bEVaVX (PyHKIIM (€KOHOMIUHOI Ta €KOAOTiUHOI). AASI TOOYAOBY eKOHOMIUHOI BMpo6HMYOl pyHKITi
3a HaMbiABII CyTTEBMIT (TOAOBHIII) KPUTEPill BMAIAEHO MAaKCMMYM BUITYCKY KiHITEBOI MPOAYKIIl y
BapTicHiN dpopMi 11 BBEAEHO TTapaMeTp i3 3HaUeHHSIM eKCIIepTHO BCTaHOBAEHOTO “TIoporosoro” (3a-
AOBIABHOTO) piBHS iHIIOro Kpurepito. ITicAst IbOro ABOKpHUTepiaAbHY 3apady IPUBEAEHO AO OAHO-
KpUTepiaAbHOI 3aAaui. AHAAOTIUHO, AASI IIO6YAOBM €KOAOTIUHOI BUPOOHIUOI PYHKIIIT 32 HaOiABIIT
CYTTEBMIA (TOAOBHWIT) KPUTEPili BUAIA€HO MiHIMYM 3araAbHOTO OGCSITY BUKMAIB 3a0pyAHIOBAdiB y
HaBKOAMIITHE CepeAOBHIIle, BBeAeHO IapaMeTp “IOpOoroBoro” piBHsS APyTOro KpMUTepilo i oTpuma-
HO OAHOKpUTepiaabHY 3apady. ITIASIXOM AOCAIAKEHHS BIATTOBIAHMX ABOICTMX 3aAa4 AO OTPVIMAHMX
OAHOKPUTEPIilfHIX 3aAa4 Y SBHOMY BUTASIAL 3aIMICAaHO €KOHOMIUHY Ta €KOAOTiUHy BUpOOHMY pyH-
kuii. Taxi pyHKIII BiAHOCHO IIepBMHHOI ABOKPUTEPilfHOI 3apadi AAIOTh 3MOTY 3AIMICHIOBATHM OITH-
MaAbHe yPaBAIHHSI €KOAOT0-eKOHOMIUHOIO CHCTEMOIO.

Krwouosi cnosa i ppasu: OnTuMaAbHe yIIpaBAiHHSI, ABOKpUTepiliHa 3aAa4a, ABOICTa 3aAa4a, IiAbO-
Ba (pYHKIIisl, METOA TOAOBHOTO KPUTEPilo, eKOAOrO-eKOHOMIUHa piBHOBara, BUpOOHIIa (PyHKIIiS.



