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HILBERT POLYNOMIALS OF THE ALGEBRAS OF SL2-INVARIANTS

We consider one of the fundamental problems of classical invariant theory, the research of

Hilbert polynomials for an algebra of invariants of Lie group SL2. Form of the Hilbert polynomials

gives us important information about the structure of the algebra. Besides, the coefficients and the

degree of the Hilbert polynomial play an important role in algebraic geometry. It is well known

that the Hilbert function of the algebra SLn-invariants is quasi-polynomial. The Cayley-Sylvester

formula for calculation of values of the Hilbert function for algebra of covariants of binary d-form

Cd = C[Vd ⊕ C2]SL2
(here Vd is the d + 1-dimensional space of binary forms of degree d) was ob-

tained by Sylvester. Then it was generalized to the algebra of joint invariants for n binary forms. But

the Cayley-Sylvester formula is not expressed in terms of polynomials.

In our article we consider the problem of computing the Hilbert polynomials for the algebras

of joint invariants and joint covariants of n linear forms and n quadratic forms. We express the

Hilbert polynomials H(I
(n)
1 , i) = dim(C

(n)
1 )i, H(C

(n)
1 , i) = dim(C

(n)
1 )i, H(I

(n)
2 , i) = dim(I

(n)
2 )i,

H(C
(n)
2 , i) = dim(C

(n)
2 )i of those algebras in terms of quasi-polynomials. We also present them in

the form of Narayana numbers and generalized hypergeometric series.
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INTRODUCTION

Let K be a field of characteristic zero. Let Vd be the d + 1-dimensional module of binary

forms of degree d. Let Vd = Vd1
⊕ Vd2

⊕ . . . ⊕ Vdn
, d := (d1, d2, . . . dn). Denote by K[Vd]

SL2 the

algebra of polynomial SL2-invariant functions on Vd. It is well known that Id := K[Vd]
SL2 is

finitely generated and graded:

Id := (Id)0 ⊕ (Id)1 ⊕ . . . ⊕ (Id)i ⊕ . . . ,

here (Id)i is a vector K-space of invariants of degree i. The dimension of the vector space (Id)i

is called the Hilbert function of the algebra Id. It is defined as a function of the variable i :

H(Id, i) = dim(Id)i.

It is well known that the Hilbert function of an arbitrary finitely generated graded K-

algebra is a quasi-polynomial (starting from some i), see [7, 13, 15]. Since the algebra of in-

variants Id is finitely generated, we have

H(Id, i) = h0(i)i
r + h1(i)i

r−1 + . . . ,
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where hk(i) is some periodic function with values in Q. The quasi-polynomialH(Id, i) is called

the Hilbert polynomial of algebra of invariants Id.

For the case of one binary form (n = 1) there exists classical Cayley-Sylvester formula for

calculation of values of Hilbert function of Id :

H(Id, i) = ωd(i, 0)− ωd(i, 2),

where ωd(i, k) is the number of non-negative integer solutions of the system:






α1 + 2α2 + . . . + dαd =
di − k

2
,

α1 + α2 + . . . + αd = i.

Also (see [8, 14]) we have

H(Id, i) =
[

q
id
2

]
((

1 − qd+1
) (

1 − qd+2
)

. . .
(
1 − qd+i

)

(1 − q2) (1 − q3) . . . (1 − qi)

)

,

where
[

q
id
2

]

denotes the coefficient of q
id
2 . Generalizations of these formulas to the algebra Id

was obtained in [1–4].

However, all these results are combinatorial formulas. They are not expressed in terms of

Hilbert polynomials in i. Note that, it is hard to calculate for those formulas even for small

values of dk and i.

Although, Maple-procedure for computing of the Hilbert polynomials of the algebras of

SL2-invariants for small values of d was being offered in [5].

A partial characterization of Hilbert polynomials for non-standard graded algebras was

obtained in [6].

Consider a direct sum of n linear forms nV1 = V1 ⊕ V1 ⊕ . . . ⊕ V1
︸ ︷︷ ︸

n times

. In the language of clas-

sical invariant theory the algebras I
(n)
1 := C[nV1]

SL2 and C
(n)
1 := C[nV1 ⊕ C2]SL2 are called

the algebra of joint invariants and the algebra of joint covariants for the n linear forms respectively.

Let V2 be the complex vector space of quadratic binary forms endowed with the natural action

of the special linear group SL2. Consider the corresponding action of the group SL2 on the

algebras of polynomial functions C[nV2] and C[nV2 ⊕ C2], where nV2 := V2 ⊕ V2 ⊕ · · · ⊕ V2
︸ ︷︷ ︸

n times

.

Denote by I
(n)
2 = C[nV2]

SL2 and by C
(n)
2 = C[nV2 ⊕ C2] SL2 the corresponding algebras of in-

variant polynomial functions. In the language of classical invariant theory the algebras I
(n)
2

and C
(n)
2 are called the algebra of joint invariants and the algebra of joint covariants for the n quadratic

forms respectively.

The algebras C
(n)
1 , I

(n)
1 , C

(n)
2 and I

(n)
2 are graded:

C
(n)
1 = (C

(n)
1 )0 + (C

(n)
1 )1 + · · ·+ (C

(n)
1 )i + · · · , I

(n)
1 = (I

(n)
1 )0 + (I

(n)
1 )1 + · · ·+ (I

(n)
1 )i + · · · ,

C
(n)
2 = (C

(n)
2 )0 + (C

(n)
2 )1 + · · ·+ (C

(n)
2 )i + · · · , I

(n)
2 = (I

(n)
2 )0 + (I

(n)
2 )1 + · · ·+ (I

(n)
2 )i + · · · ,

where each of the subspaces (C
(n)
1 )i, (I

(n)
1 )i, (C

(n)
2 )i and (I

(n)
2 )i is finite dimensional. The func-

tions

H(C
(n)
1 , i) = dim(C

(n)
1 )i, H(I

(n)
1 , i) = dim(I

(n)
1 )i,

H(C
(n)
2 , i) = dim(C

(n)
2 )i, H(I

(n)
2 , i) = dim(I

(n)
2 )i
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are called the Hilbert polynomials of the algebra of joint covariants for the n linear forms, the

Hilbert polynomial of the algebra of joint invariants for the n linear forms, the Hilbert polyno-

mial of the algebra of joint covariants for the n quadratic forms and the Hilbert polynomial of

the algebra of joint invariants for the n quadratic forms, respectively. The formal power series

P(C
(n)
1 , z) =

∞

∑
i=0

H(C
(n)
1 , i) zi, P(I

(n)
1 , z) =

∞

∑
i=0

H(I
(n)
1 , i) zi,

P(C
(n)
2 , z) =

∞

∑
i=0

H(C
(n)
2 , i) zi, P(I

(n)
2 , z) =

∞

∑
i=0

H(I
(n)
2 , i) zi

are called the Poincaré series of the algebras C
(n)
1 , I

(n)
1 , C

(n)
2 and I

(n)
2 respectively.

In the present paper we obtain explicit formulas for computation of the Hilbert polynomial

of those algebras. We present some results in terms of generalized hypergeometric functions. A

generalized hypergeometric function is given by a hypergeometric series, i.e., a series for which

the ratio of successive terms can be written as follows

pFq

[
a1, . . . , ap

b1, . . . , bq

∣
∣
∣
∣

z

]

=
∞

∑
k=0

p

∏
h=1

(ah)kzk

q

∏
j=1

(bj)kk!

,

where (a)k = a(a + 1) . . . (a + k − 1) is the Pochhammer symbol or rising factorial.

If any aj is a non-positive integer (0,−1,−2, . . .), then the series has only a finite number of

terms and in fact is a polynomial of degree aj. If any bk is a non-positive integer (excepting the

previous case with bk < aj), then the denominators become 0 and the series is undefined.

In the present paper we compute the Hilbert polynomials of the algebras of joint covariants

and invariants for the n linear and quadratic forms:

H(I
(n)
1 , i) =

{

Nn+k−1, k+1, if i = 2k,

0, if i = 2k + 1,

H(C
(n)
1 , i) =







(
n + k − 1

k

)2

, if i = 2k,

nNn+k, k+1, if i = 2k + 1,

H(I
(n)
2 , i)=







[ i
2 ]

∑
k=0

(
n+k−1

k

)2(n+i−2k−2

n−2

)
3k − i + 1

k + 1
, if i > 1,

1, if i = 1,

H(C
(n)
2 , i) =

[ i
2 ]

∑
k=0

(
n + k − 1

k

)2(n + i − 2k − 1

n − 1

)

,

where Nn,k =
1
n (

n
k)(

n
k−1), (1 ≤ k ≤ n) is the Narayana number.
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We also express the Hilbert polynomials H(I
(n)
2 , i),H(C

(n)
2 , i) in terms of generalized hy-

pergeometric function:

H(I
(n)
2 , i) = (1 − n)

(
n + i − 2

i

)

5F4

[
n, n,− i

2 ,− i−1
2 ,− i

3 +
4
3

1,−n+i−2
2 ,−n+i−3

2 ,− i
3 +

1
3

∣
∣
∣
∣
∣

1

]

, if n > 3, i > 1,

H(C
(n)
2 , i) =

(
n + i − 1

i

)

4F3

[
n, n,− i

2 ,− i−1
2 ,−n

3

1,−n+i−1
2 ,−n+i−2

2

∣
∣
∣
∣
∣

1

]

, if n > 2.

1 HILBERT POLYNOMIALS OF THE ALGEBRAS OF JOINT INVARIANTS AND COVARIANTS OF n

LINEAR FORMS

Poincaré series for the algebras of joint invariants and covariants of n linear forms was

derived by L. Bedratyuk in [2]. Using them, author found the following explicit formula for

Poincaré series those algebras in [11]:

P(I
(n)
1 , z) =

Nn−2(z
2)

(1 − z2)2n−3
and P(C

(n)
1 , z) =

Wn−1(z
2) + nzNn−1(z

2)

(1 − z2)2n−1
,

where

Nn(z) =
n

∑
k=1

1

k

(
n − 1

k − 1

)(
n

k − 1

)

zk−1 and Wn(z) =
n

∑
k=0

(
n

k

)2

zk

are the Narayana polynomials. Let us use these formulas to obtain the Hilbert polynomials of

the algebras I
(n)
1 and C

(n)
1 .

To prove Theorem 1, we need the following lemma.

Lemma 1 ([9, 11, 16]). Let m, k, s be non-negative integers. Then the generalized Le Jen Shoo

identity holds:

min{k,m}

∑
i=0

(
m

i

)(
m + 2s

i + s

)(
k − i + 2m + 2s

2m + 2s

)

=

(
m + k + s

m + s

)(
m + k + 2s

m + s

)

.

Theorem 1. The following formulas hold

(i) H(I
(n)
1 , i) =

{

Nn+k−1, k+1, if i = 2k,

0, if i = 2k + 1,

(ii) H(C
(n)
1 , i)=

{

(n+k−1
k )

2
, if i=2k,

nNn+k, k+1, if i=2k+1,

where Nn, k =
1

n

(
n

k

)(
n

k − 1

)

are the Narayana numbers.

Proof. (i) Let us expand function

P(I
(n)
1 , z) =

Nn−2(z
2)

(1 − z2)2n−3
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into the Taylor series about z = 0:

P(I
(n)
1 , z) =

n−3

∑
k=0

(
n − 3

k

)(
n − 2

k

)
z2k

k + 1

∞

∑
i=0

(
(2n − 3) + i − 1

i

)

z2i

=
∞

∑
k=0

min{k,n−3}

∑
i=0

(
n − 3

i

)(
n − 2

i

)(
2n + k − i − 4

k − i

)
1

i + 1
z2k

=
∞

∑
k=0

z2k

n − 1

min{k,n−3}

∑
i=0

(
n − 3

i

)(
n − 1

i + 1

)(
2n + k − i − 4

k − i

)

.

Using Lemma 1 (m = n − 3 and s = 1), we have:

P(I
(n)
1 , z) =

∞

∑
k=0

1

n − 1

(
n + k − 2

n − 2

)(
n + k − 1

n − 2

)

z2k.

Statement (i) follows immediately from the definitions of Poincaré series, Hilbert polynomials

and Narayana numbers.

Note that the identity P(I
(n)
1 , z) = Nn−2(z

2)
(1−z2)2n−3 holds for n ≥ 3. Then statement (i) holds

for n ≥ 3. Consider the case n = 2.We obtain that (x1, y1) are coordinates for the first V1 and

(x2, y2) are coordinates for the second one, both with respect to the canonical representation

of SL2. There is a single quadratic invariant y1x2 − x1y2. Hence

P(I
(2)
1 , z) =

1

1 − z2
= 1 + z2 + z4 + z6 + . . . .

We have

H(I
(2)
1 , i) = cos2 πi

2
= N2+[ i

2 ]−1, 2−1 cos2 iπ

2
.

This proves that statement (i) holds for n ≥ 2.

(ii) As above we use Poincaré series of the algebra C
(n)
1 (n > 1):

P(C
(n)
1 , z) =

n−1

∑
k=0

(
n − 1

k

)2

z2k

(1 − z2)2n−1
+

n−2

∑
k=0

(
n − 2

k

)(
n

k + 1

)

z2k+1

(1 − z2)2n−1

=
n−1

∑
k=0

(
n − 1

k

)2

z2k
∞

∑
k=0

(
(2n − 1) + i − 1

i

)

z2i

+
n−2

∑
k=0

(
n − 2

k

)(
n

k + 1

)

z2k+1
∞

∑
k=0

(
(2n − 1) + i − 1

i

)

z2i

=
∞

∑
k=0

min{k,n−1}

∑
i=0

(
n − 1

i

)2(2n + k − i − 2

k − i

)

z2k

+
∞

∑
k=0

min{k,n−2}

∑
i=0

(
n − 2

i

)(
n

i + 1

)(
k − i + 2n − 2

2n − 2

)

z2k+1.

Using Lemma 1, we get:

P(C
(n)
1 , z) =

∞

∑
k=0

(
n + k − 1

k

)2

z2k +
∞

∑
k=0

(
n+k−1

n−1

)(
n+k

n−1

)

z2k+1.
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This proves (ii) for n > 1. Using a Maple-procedure for computing the Hilbert polynomials

of the algebra C
(1)
1 , see [5], we get H(C

(1)
1 , i) = 1. By formulas (ii) we have H(C

(1)
1 , i) = 1, too.

Hence, (ii) holds for n ≥ 1.

Corollary 1.

(i) H(I
(n)
1 , i) =

1

(n − 1)!(n − 2)!

n−1

∑
m=1

[
n − 1

m

] [
i

2

]m−1 n−1

∑
j=1

[
n − 1

j

] ([
i

2

]

+ 1

)j−1

, n > 1,

(ii) H(C
(n)
1 , i)=

1

(n − 1)!2

n

∑
m=1

n

∑
j=1

[
n

m

][
n

j

] im+j−2 cos2 iπ

2
+ (i + 1)m−1(i − 1)j−1 sin2 iπ

2
2m+j−2

,

where [n
m] are the unsigned Stirling numbers of the first kind.

Proof. (i) Let us express the Narayana numbers in terms of the unsigned Stirling numbers of

the first kind:

Nn+[ i
2 ]−1, n−1 =

1

n − 1

(
n + [ i

2 ]− 2

n − 2

)(
n + [ i

2 ]− 1

n − 2

)

=

(

[ i
2 ]
)

n−1

(

[ i
2 ] + 1

)

n−1

(n − 1)!(n − 2)![ i
2 ]([

i
2 ] + 1)

=
1

(n − 1)!(n − 2)!

n−1

∑
m=1

[
n − 1

m

] [
i

2

]m−1 n−1

∑
j=1

[
n − 1

j

] ([
i

2

]

+ 1

)j−1

.

In Theorem 1(i), we proved that H(I
(n)
1 , i) = Nn+[ i

2 ]−1, n−1 cos2 iπ
2 as n > 1. Since cos2 iπ

2 = 0

as i is odd, it follows that

H(I
(n)
1 , i) =

1

(n − 1)!(n − 2)!

n−1

∑
m=1

n−1

∑
j=1

[
n − 1

m

][
n − 1

j

] ([
i

2

]

+ 1

)j−1 [ i

2

]m−1

cos2 iπ

2

=
1

(n − 1)!(n − 2)!

n−1

∑
m=1

n−1

∑
j=1

[
n − 1

m

][
n − 1

j

]
im−1(i + 2)j−1

2m+j−2
cos2 iπ

2
, if n > 1.

(ii) The proof of (ii) is completely analogous to that of (i).

2 HILBERT POLYNOMIALS OF THE ALGEBRAS OF JOINT INVARIANTS AND COVARIANTS OF n

QUADRATIC FORMS

The Poincaré series of the algebras of joint invariants and covariants of n quadratic forms

are needed for the sequel. They were derived by L.Bedratyuk in [2]. Using them, the author

obtained the following formulas in [12]:

P(C
(n)
2 , z) =

Wn−1(z
2)

(1−z)n(1−z2)2n−1
and P(I

(n)
2 , z) =

Wn−1(z
2)− nzNn−1(z

2)

(1 − z)n(1 − z2)2n−1
.

Theorem 2. Hilbert polynomials of the algebras of joint invariants and covariants of n quad-

ratic forms are calculated by the following formula:

(i) H(C
(n)
2 , i) =

[ i
2 ]

∑
k=0

(
n + k − 1

k

)2(n + i − 2k − 1

n − 1

)

,

(ii) H(I
(n)
2 , i)=







[ i
2 ]

∑
k=0

(
n+k−1

k

)2(n+i−2k−2

n−2

)
3k − i + 1

k + 1
, if i > 1,

1, if i = 1,

where n > 1.
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Proof. This theorem can be proved basically in the same way as Theorem 1.

(i) Let us expand the Poincaré series of the algebra C
(n)
2 into the Taylor series about z = 0.

We have:

P(C
(n)
2 , z) =

∞

∑
k=0

(
n + k − 1

k

)2

z2k
∞

∑
i=0

(
n + i − 1

i

)

zi

=
∞

∑
i=0

[ i
2 ]

∑
k=0

(
n + k − 1

k

)2(n + i − 2k − 1

i − 2k

)

zi.

(ii) Using Theorem 1 (ii), we get

P(I
(n)
2 , z)=

(
∞

∑
k=0

(
n + k − 1

k

)2

z2k −
∞

∑
k=0

(
n+k−1

n−1

)(
n+k

n−1

)

z2k+1

)
∞

∑
i=0

(
n + i − 1

i

)

zi

=
∞

∑
i=0

[i/2]

∑
k=0

(
n+k−1

k

)2(n+i−2k−1

n − 1

)

zi −
∞

∑
i=0

[i/2]

∑
k=0

(
n + k − 1

k

)(
n + k

n − 1

)(
n + i − 2k − 1

n − 1

)

zi+1

=
∞

∑
i=0

(
[i/2]

∑
k=0

(
n+k−1

k

)2(n+i−2k−1

n−1

)

−
[(i−1)/2]

∑
k=0

(
n+k−1

k

)(
n+k

n−1

)(
n+i−2k−2

n−1

))

zi.

By the definitions of Poincaré series and Hilbert polynomials,

H(I
(n)
2 , i)=

[i/2]

∑
k=0

(
n+k−1

k

)2(n+i−2k−1

n−1

)

−
[(i−1)/2]

∑
k=0

(
n+k−1

k

)(
n+k

n−1

)(
n+i−2k−2

n−1

)

.

Note that (n+i−2k−2
n−1 ) = 0, as k >

[
i−1

2

]

. We have

H(I
(n)
2 , i)=

[i/2]

∑
k=0

(
n+k−1

k

)2(n+i−2k−1

n−1

)

−
[i/2]

∑
k=0

(
n+k−1

k

)(
n+k

n−1

)(
n+i−2k−2

n−1

)

=
[i/2]

∑
k=0

(
n+k−1

k

)2(n+i−2k−2

n−2

)
3k − i + 1

k + 1
.

We used the Poincaré series I
(n)
2 and C

(n)
2 for n > 1. Using Maple-procedure for computing

the Hilbert polynomials of the algebras C
(1)
2 and I

(1)
2 (see [5]), we get

H(I
(1)
2 , i) =

1

2
cos(πi) +

1

2
= cos

(
πi

2

)

,

H(C
(1)
2 , i) =

i

2
+

1

4
cos(πi) +

3

4
=

[
i

2

]

+ 1.

This completes the proof of Theorem 2.

Let us express H(I
(n)
2 , i) in terms of a polynomial.

Corollary 2.

(i) H(C
(n)
2 , i) =

1

(n−1)!

[ i
2 ]

∑
k=0

n−1

∑
m=1

m−1

∑
j=1

(
n+k−1

k

)2(m − 1

j

)[
n−1

m

]

ij(−2k)m−j−1,

(ii) H(I
(n)
2 , i) =

1

(n−1)!

[ i
2 ]

∑
k=0

n−2

∑
m=1

(
n+k−1

k

)(
n+k−1

k+1

)[
n−2

m

]

(i−2k)m−1(3k−i+1).
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Proof. (i) By Theorem 2(i) we have:

H(C
(n)
2 , i) =

[ i
2 ]

∑
k=0

(
n + k − 1

k

)2(n + i − 2k − 1

i − 2k

)

.

Let us express (n+i−2k−1
i−2k ) in terms of the unsigned Stirling numbers of the first kind:

(
n + i − 2k − 1

i − 2k

)

=
∑

n−1
m=1 [

n−1
m ](i − 2k)m−1

(n − 1)!

=
1

(n − 1)!

n−1

∑
m=1

m−1

∑
j=0

[
n − 1

m

](
m − 1

j

)

(−2k)m−j−1ij.

(ii) The proof of (ii) is completely analogous to that of (i).

Let us express the Hilbert polynomial of the algebras of joint covariants and invariants for

n quadratic forms in terms of generalized hypergeometric function:

Corollary 3.

(i) H(C
(n)
2 , i) =

(
n + i − 1

i

)

4F3

[
n, n,− i

2 ,− i−1
2 ,−n

3

1,−n+i−1
2 ,−n+i−2

2

∣
∣
∣
∣
∣

1

]

, if n > 2,

(ii) H(I
(n)
2 , i) = (1 − n)

(
n + i − 2

i

)

5F4

[
n, n,− i

2 ,− i−1
2 ,− i

3 +
4
3

1,−n+i−2
2 ,−n+i−3

2 ,− i
3 +

1
3

∣
∣
∣
∣
∣

1

]

, if n > 3 and i > 1.

Proof. (i) By the above

H(C
(n)
2 , i) =

[ i
2 ]

∑
k=0

(
n + k − 1

k

)2(n + i − 2k − 1

i − 2k

)

.

Let us remark that (n+i−2k−1
i−2k ) = 0 as 2k > i. It means that:

H(C
(n)
2 , i) =

∞

∑
k=0

(
n + k − 1

k

)2(n + i − 2k − 1

i − 2k

)

.

Let us express ∑
∞
k=0 (

n+k−1
k )

2
(n+i−2k−1

i−2k ) in terms of a generalized hypergeometric function in a

way analogous to that used in [10]. Let us denote

ak =

(
n + k − 1

k

)2(n + i − 2k − 1

i − 2k

)

.

We have

a0 =

(
n + i − 1

i

)

,

ak+1

ak
=

(k + n)2(k − i
2)(k −

i−1
2 )

(k + 1)2(k − n+i−1
2 )(k − n+i−2

2 )
.
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It now follows that

H(C
(n)
2 , i) =

(
n + i − 1

i

)

4F3

[
n, n,− i

2 ,− i−1
2

1,−n+i−1
2 ,−n+i−2

2

∣
∣
∣
∣
∣

1

]

.

(ii) The proof of (ii) is completely analogous to that of (i).
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[16] Székely L. Common origin of cubic binomial identities; a generalization of Surányi’s proof on Le Jen Shoo’s formula.
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Iлаш Н.Б. Многочлени Гiльберта алгебр SL2-iнварiантiв // Карпатськi матем. публ. — 2018. —

Т.10, №2. — C. 303–312.

Ми розглядаємо одну з фундаментальних проблем класичної теорiї iнварiантiв — дослi-

дження многочленiв Гiльберта алгебри iнварiантiв групи Лi SL2. Форма многочленiв Гiльбер-

та несе важливу iнформацiю про структуру цiєї алгебри. Крiм того коефiцiєнти i степiнь мно-

гочленiв Гiльберта вiдiграють важливу роль в алгебраїчнiй геометрiї. Вiдомо, що починаючи

з деякого i функцiя Гiльберта алгебри SLn-iнварiантiв є квазiмногочленом. Формула Келлi-

Сiльвестра для обчислення значень функцiї Гiльберта алгебри коварiантiв бiнарної d-форми

Cd = C[Vd ⊕ C2] SL2 (тут Vd — комплексний d + 1-вимiрний векторний простiр бiнарних форм

степеня d) була запропонована ще Сiльвестром i пiзнiше узагальнена на алгебри спiльних iн-

варiантiв скiнченої кiлькостi бiнарних форм. Проте цi формули не виражають функцiї Гiль-

берта як многочлен вiд i.

В нашiй статтi ми розглядаємо задачу обчислення в явнiй формi многочленiв Гiльберта

алгебр спiльних iнварiантiв та спiльних коварiантiв n лiнiйних форм i n квадратичних форм.

Ми виразили многочлени Гiльберта цих алгебр H(I
(n)
1 , i) = dim(C

(n)
1 )i, H(C

(n)
1 , i) = dim(C

(n)
1 )i,

H(I
(n)
2 , i) = dim(I

(n)
2 )i, H(C

(n)
2 , i) = dim(C

(n)
2 )i у вигядi квазiмногочленiв вiд i, а також пода-

ли їх у термiнах вiдомих комбiнаторних структур, таких як число Нараяна та узагальнений

гiпергеометричний ряд.

Ключовi слова i фрази: класична теорiя iнварiантiв, iнварiанти, функцiя Гiльберта, много-

члени Гiльберта, квазiмногочлени, ряди Пуанкаре, комбiнаторика.


