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SOME ANALYTIC PROPERTIES OF THE WEYL FUNCTION OF A CLOSED LINEAR
RELATION

Let L and Ly, where L is an expansion of Ly, be closed linear relations (multivalued operators)
in a Hilbert space H. In terms of abstract boundary operators (i.e. in the form which in the case
of differential operators leads immediately to boundary conditions) some analytic properties of the
Weyl function M(A) corresponding to a certain boundary pair of the couple (L, Lg) are studied.

In particular, applying Hilbert resolvent identity for relations, the criterion of invertibility in
the algebra of bounded linear operators in H for transformation M(A) — M(Ag) in certain small
punctured neighbourhood of A is established. It is proved that in this case A is a first-order pole for
the operator-function (M(A) — M(Ag))*. The corresponding residue and Laurent series expansion
are found.

Under some additional assumptions, the behaviour of so called vy-field Z, (being an operator-
function closely connected to M(A)) as A — —oo is investigated.
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INTRODUCTION

The theory of linear relations (multivalued operators) in Hilbert space was initiated by R.
Arens [1]. Various aspects of the extension theory of linear relations (in particular, nondensely
defined operators; first of all, Hermitian ones) were studied by a number of authors (see, e.g.
[3,15,16], [5]- 8], [9], [10], [14]).

Let us explain that under (closed) linear relation in H, where H is a fixed complex Hilbert
space equipped with inner product (-|-), we understand a (closed) linear manifold in
H? L H @ H and that in the theory of linear relations every linear operator is identified with
its graph. Each such relation T has the adjoint T* which is defined as follows:

T = H*SJT (: J(H?& T))

(here and below @ and © are the symbols of orthogonal sum and orthogonal complement,

respectively; for all hy, hy € H [ (hy,hy) o (—ihy,ihy)).
In this paper the role of initial object is played by two couples (L, Ly) and (M, M) of closed
linear relations in H such that

LyCL M=L; My=L"
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Let us note that in [13,15-17] the term “dual pair” was using instead of “couple” in the
present paper. The authors of [2] were using the term adjoint pair.

The notion of Weyl function had been introduced at first in [4] under the assumption that
Ly is a nonnegative densely defined operator and M = L. Later on it was extended onto more
wide varieties of operators and relations in some of papers, mentioned above (e.g. [5,7,15,16]).
It turned out that this notion is very important in the extension theory, since certain classes of
extensions of a given operator or relation may be described by using this notion.

In this article (which can be regarded as a continuation of investigations originated in [20,
21]) we study some analytic properties of the Weyl function of (L, Ly) corresponding to the
certain its boundary pair (see Definitions 1, 2).

1 NOTATIONS AND PRELIMINARY RESULTS

Through this paper we use the following notations:

D(T), R(T), kerT are, respectively, the domain, range, and kernel of a (linear) relation (in
partial, operator) T:

D(T)={y€H|Qy €H): (yy) €T}, R(T)={y' €H|(FyeH): (yy) €T};

kerT ={y € H|(y,0) € T};

ifAeCthenT—A={(y,y —Ay) | (y,y) € T}, sequently

Ker(T— A) = {y € H| (5,0) € T— A} (= {y € H| (y, Ay) € T});

T ={(,y) e H*|(v,y') € T};

p(T) = {A € C|ker(T —A) = {0}, R(T —A) = H} (the resolvent set of T);

1x is the identity in X;

+, + are, respectively, the symbols of sum and direct sum in a linear space.

If X, Y are Hilbert spaces then (-|-)x is the symbol of scalar product in X, B(X,Y) is the set

d
of linear bounded operators A : X — Y such that D(A) = X; B(X) ) B(X,X).
If A; : X — Y; (i = 1,2) are linear operators then the notation A = A; & A, means that

. Alx
Ax = < Ayx )for every x € X.

Definition 1 ( [18]). Let G be an (auxiliary) Hilbert space and T € B(L,G). The pair (G,T) is
called a boundary pair for (L, Ly) if R(T) = G, kerI' = Ly.

Theorem 1 ( [18,19]). There exist Hilbert spaces G1, G, and the operators
I'h e B(L, Gl), I, e B(L, Gz), fl S B(M, Gz), fz S B(M, Gl)

such that

i) (G1 @ Gy, I'1 ®T) is a boundary pair for (L, Ly);

i) (Go ® Gy, I'1 @ T2) is a boundary pair for (M, My);

iii) forall § = (y,y') € L, forall 2 = (z,Z/) € M (V'|z) — (y|Z) = T19T22)g, —
(T29[T12)c,-

We suppose below that the resolvent set p (Ly) of the relation L, Y rer I'; is not empty and
A € p(Ly). Then A € p (M), where M, Y ker [, (=L3) and
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def

d
L& tef

(Lo—A) Y e B(H), M;= (My—2A) ' (=L%) € B(H).

N Lyy A M5z
Put for all H Lyy= for all H M-z = A
ut forall y € AY <y+)\L,\y>'Ora z € H Myz <Z+)\MXZ)'
forally = (y,y') € H* Lyg = Ly + (v + ALyY'),
forall2 = (z,2') € H? My2 = Mz + (2 + AM;Z))
(it is clear that ix = MX/ ]\7[% =1,

A - - 5 ~ A 4
Zy= (M) (< L), Zp= (M) (= ), 2= (53 ).
Note that in some articles Z, is said to be ay-field.

Lemma1 ([19]). ) R(Ly) = L,, R(Mz) = My;
.. Z) € B(Gy,H) and R(Z)) = ker(L —A),
W) 7 € B(Gy,H) and R(Z,) = ker(M — 1);
111)R(Z;\) C L and ThZy = 1g,

Proposition1([1,3,6]). Let S be closed linear nonnegative, in symbols S > 0 (that is (z|y) > 0
forall (y,z) € S), selfadjoint relation in H and A < 0. Then

i)

—_

reps), |[s-n7 < B (1)

ii) Put S(0) ={y €« H: (0,y) € S}, Ss =S ({0} &5(0)). S; is the graph of selfadjoint
operator Sop : S(0)* S(0)*(= D(S)) (which is said to be an operator part of S) with

D<sop>=D<s>andR(< ~A)gp) = SO,

It is clear that (1) implies

forall fe H lim (S—A)"'f=0. )

A——o00

Moreover, if S is an operator, then

forall f € H lim A=A FHf] =0 3)

Indeed, for each g € D(S) wehave A (S—A) 'g+g=(S—A)"" Sg/\ — 0 (see (2)). Further,
——

in view of (1) forall A € (—o0,0) HA (S—A) "'+ 1HH <2

Since D(S) = H, two latter relations guarantee that (3) is true. It follows from the well
known criterion of the strong convergence for the operator sequences (see [12, p. 59]).

2 AUXILIARY STATEMENTS

Remark 1. Applying Hilbert resolvent identity for relations (see [6]) it is easy to prove that

forall A, y € p(Ly) Ly—Ly=(A—p)LyLu(= (A —p) L,Ly). (4)
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Indeed,

Ly =Ly = (Ly = Ly, ALy = ply) = (L = Ly, (A= p) La+p (Ly — L))

(A= p) LaLy, (A= p) Ly +p (A = ) LaLy)
= (A—u)Lr (Ly, 1g + puLly) = (A —p) LiLp.

Similar arguments show that
forall A, p € p(Ly) Ly—Ly=(A—p)LiLu(= (A —p) LyLy).
Lemma 2. Let A, p € p(Lp). Then

Zy=Zy = A =p) LaZu(= (A = 1) LyZy),
2y = Zp= (A= p) Zgla(= (A =) Z3Ly),
Zy— Zy =A—-n IAJAZV(: (A= p) LuZy).

Proof. Taking into account (4) we obtain

The equality (5) is proved. The proof of (6) is analogous. Furthermore,

AZy —uZy =A(Zy—Zy) + (A — ) Zy,

=AA = LaZy+ (A —p) Zy = (A—p) Qg +ALy) Zy.

The latter identity together (5) implies (7).

Corollary 1. For arbitrary A € p(Ly), n € IN we have

Proof. First of all, note that

LY =meyt, LY =milfly, LYY =il L),

(5)
(6)
(7)

(8)
)
(10)

(11)

In the case n = 1 these equalities follow immediately from the Hilbert resolvent identity. In the
general case induction should be applied. The equalities (11) imply (8), (9). In order to prove

(10) note that (AZ A)(") = nzg‘n_l) + AZ/(\”) (it can be shown by induction). The latter identity

together with (9) imply (11).

Lemma 3. Suppose that A, u € p(Ly). Then

- -1 .
(Z52\) € B(G1,Go) & R(Lo— i) +ker (L—A) = H.

0

(12)
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Proof. It is sufficient to verify the next implications:

i) R(Lo—pu)Nker (L—A) = {0} = ker <Z§ZA> = {0},
ii) R(Lo— ) + ker (L—A) = H= R (Z;zA) =Gy,
iii) ker (Z;zA) = {0} = R(Lo— p) Nker (L — A) = {0},
iv) R (Z;zA) = Gy = R(Lo— ) + ker (L— A) = H.

Let us consider each of them.

i) Assume that for some a € G, the equality Z%Z,\a = I'1L,Zya = 0 holds. Then
ﬁHZAa € kerI';. But iHZAa € L, = kerl,, hence iHZ)\a € Lyp. In other words,

(e 11210 )  tr Comeants (01 ) € b= mprictn 230 € it

—u). But (see Lemma 1) Za € ker (L — A), therefore Zya =0, Zya =0. Thusa = I2Zya = 0.

ii) For arbitrary h € G there exists § = < ]]j , ) € L, = kerI'; satisfying the equality
I'1j = h. We have: ( 5, oy ) € Ly — p, in particular, y = L, (y' — py) . Further, there exist

u € R(Lo—p), a € Gysuchthaty — uy = u + Z)a. It means that for some fjp = ( Yo ) € H?
0
the equalities u = v, — uyo, yo = Ly (y) — p#yo) are fulfilled. Whence using these equalities we

obtain

LuZya=L,(y —py—u) =Ly (Y — uy) — (yo — uvo)) = Ly (v — my) — Ly (vo — uyo)
( w(y = ny) )_( (¥o — Myo) )
v —uy +puLy(y — py) Yo — #yo + uLu(yo — wyo)
— _( Y >:<y>_<y0>:A_A
(y—wﬂty) <y6—wo+uyo y Yo v
consequently

VAVATES T1LuZya=T1(9—90) =T19 =h
iii) Assume thaty € R (Lo — u) Nker (L — A). Theny = Z,a for some a € G, and

yeR(Lo—p). (13)

The inclusion (13) implies y € R (L, — p) . It is easy to see that
(Lyyy) € L2 = (14)
Taking into account (13), (14) and the equality ker (L, — A) = {0}, we obtain (L,y,y) € Lo—
—u. The latter inclusion yields ﬂyy = < ;;fﬂlwy ) € Loy, therefore Fliyy = FliyZAa = 0.

Now it is clear thata =0, y = 0.
iv) For any h € H we have L,h € L, (see Lemma 1). Put I'1L,h = g. There exists

u € ker (L—A) = R(Z,) such that ['1L,u = g, consequently Ty1L, (h —u) = 0. Moreover,
Ly(h—u) € Ly, ie. ( iffhu_u) ) € Lo—pu. Thush = u+ (h—u) € ker(L—A) +

+R (Lo—u). ]
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5 -1
Remark 2. Assume that Ay € p (L), (Z%OZM) € B(G1,Gy), and

O<AA0<min{ ! , —— L - } (15)
ol 123l ] 25,22

5 -1
Then <Z%ZAO> € B (Gy, Gy) (here and below || T|| is the norm of operator T).

Indeed, let |A — Ag| < . Applying the theorem on perturbation of invertible in

b
2|l
B (H) operator (see [11, pp. 228-229 ]) we see that (15 + (A — Ag) LAO)_l € B(H) and

H (1 + (A= Ag)Ly,) ' — 1HH < 20A = Aol || LI (16)

Further, taking into account (6) in which yu is replaced by Ay we conclude that

s i 5 % -1
252y, = Z5-Zog = Zi | (T + (A = A0) L) ™' = 11| Za
Whence using above-mentioned theorem and (16) we obtain the following: (12) implies
. -1
<Z%Z)\O) eB (Gl, Gz) .
d -
Proposition 2. Suppose that My = Ly > 0, M =L, G = G ef’;’-[ =10, =1,
(in other words, (H,T1,T2) is a boundary triple (boundary value space) of L [5,9, 10, 15]). Let

d -
) f kerI'; be a (selfadjoint) nonnegative extension of Ly, and L), L), Z, be as above.
Under these assumptions

s— lim Z; =T (00 Q), w— lim Z, = QmI}, (17)
A——00 A——00

where s — lim and w — lim are respectively the symbols of strong and weak limits for operator-
functions, while Q and 7, are the orthoprojections H — L,(0) and H*> — {0} ® H.

Proof. Let f € H, P be the orthoprojection H — R <(L2 - A)Op> (= L2(0)1), and Q be the
orthoprojection H — (L — A) (0) (= L(0)) . Then f = Pf + Qf. We obtain

Lif = LiPf + LiQf = ((La=A),,)  Pf.
But (L, — A) op = Lop — A (indeed,

forall f € D (L2 = 4),,) = D (Lagp = A) (= D(L2)) (Loop = A) f = (L2 = A),, f € L2(0)";

on the other hand, the inclusions (f, (Lyep —A) f), <f (Lp —A)Opf) € Ly — A imply
(Lo = Mgy f = (Laop = A) f € (L2 = A) (0) = L2(0)), therefore

AL f+ f = A (Loop — M) Pf+Pf+Qf.
Taking into account (3) with S = L, we see that /\lim (AL f + f) = Qf, whence us-
——

ing (2) with S = L, we obtain Agr?oo Lif = < gf > , therefore )\E)IIloo Zif = )\E}II‘oo Tl f =
=T (0@ Q) f. The first of the equalities (17) has been proved. The second equality is a imme-
diate consequence from the first one. O
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3 MAIN RESULT
d o
Definition 2 ([16]). An operator-function M(A) “r 1Z)y (A € p(Lp)) is called the Weyl func-
tion of the couple (L, Ly) corresponding to its boundary pair (G1 ® Gy, I'1 ©17).
Lemma 4. Forany A, u € p(Ly), the equality

M) = M(p) = (A=) Z3Z0 (= (A — ) 737,
is true.

Proof. In view of (10) we obtain

M(A) = M(p) =T1 (Zy = 2,) = (A= ) TalaZy = (A= 0) 252y (= (A=) Z52,)

O
Consider some analytic properties of the operator-function M(A).
Lemma 5. M(A) is analytic B (G1, Gy)-valued function on p(L;). Moreover, for any n € IN
MW(A) =n1ZiL1Z,, (18)

in particular M'(A) = Z}Z A

Proof. Since L) is a B (H)-valued analytic function on p(L;), we conclude that
5 Ly 1g+ALy -
Zn = < AL,  Alyg + AL, i

is an analytic B (G,, H?)-valued function. But by virtue of Lemma 1 R(Z,) C L, sequently Z,
is a B (G, L)-valued analytic function. Moreover (see (10)) Zg\n) = n!L ALX*Z A, therefore
MMy =132\ = iy 1,117,
O

Theorem 2. Suppose that Ag € p(Lz), R (Lo — Ap) + ker r (L —A) = H, and (15) holds. Then

i) (z;oon) €B(G1,Gy), (M(A)—M(A)) ! € B(G1,G);

ii) Ag is a first-order pole for the function (M(A) — M(Ag)) ' and
res 11, (M(D) = M) 7 = (23,2,,)

Proof. i) This statement is a direct consequence of Lemma 3, Remark 2 and Lemma 4.
ii) Put
(A —Ag)7" ( (A ) M(Ag)), A # Ag
) = { M/(Ao) = Zi-Zy,, A= Ao '

It is clear that Ahrg{ I[I(A) = M'(Ag) = Zj‘\—OZ ), (with respect to uniform operator conver-
—A0
gence). Hence, lim [(A —Ag)(M(A) — M(Ag) 1] = lim IT(A)~! = (Z* Z,,)~!. The theorem
A—Ag A—Ag Ao
is proved. O
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Remark 3. Theorem 2 yields that in some neighbourhood of the point Ay € p(Ly) such that
R (Lo — Ap) + ker (L — A) = H, the following expansion takes place:

(M(A) — M(Ag)) = A_LAO (Z;_OZAO) g HX::O(A — Ag)"R™, (19)

where R e B(Gy,Gy), n =0,1,2,... On the other hand, in view of (18) we obtain

¢

M(A) = M(Ag) = Y (A= Ap)"- Z;—OLKO*leO.

n=1

Multiplying both sides of two latter equalities we obtain the recurrent relations for the coeffi-
cients R in (19):

n
Y Z5 LR 7y, R =0 (neN), RD= (Z5-Z0g) "

In particular, RO = —R(=1). Z;—OLAOZAO CRGD),
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Hexait L ta Ly, Ae Ly C L, — 3aMKHeHi AiHiliHI BiAHOIIEHHS (6araTo3HaUHi onepaTopy) y KOM-
IIAeKCHOMY TiabbepToBOMY IpocTopi H. Y TepMiHax abCcTpaKTHMX IPaHIMIHNIX OIlepaTopiB (TO6TO y
BUTASIAL SIKUM Y BUTIAAKY AMicpepeHIIiaAbHIX OllepaTOpiB IPMBOAUTD 6e3MocepeAHbO AO TPAHIIHIIX
YMOB) AOCAIAXKYIOTBCSI AesIKi aHaAITHUHI BAACTMBOCTI (pyHKIil Bettast M(A), sia BiaioBiaae Aeskiit
rpannyHiit napi (L, Lo).

30KpeMa, 3aCTOCOBYIOUM PE30ABBEHTHY TOTOXHICTH I'iabbepTa AAS BiAHOIIEHB, BCTAHOBAECHO
KpUTepilt 060POTHOCTI Y aarebpi o6MeXeHNMX AiHIHNMX omepaTopis, Allounx y H, aast Biaobpaxe-
HHT M(A) — M(Ag) y AesIKOMYy AOCTaTHBO MaAOMY ITPOKOAEHOMY OKOAL TOukm Ag. AoBeAeHO, 110
B LIOMY BUITAAKY A( € OAIOCOM MEpIIIOro TOPSIAKY AASI omepaTop-dyskii (M(A) — M(Ag)) ',
3HalA€HO BiATIOBiAHI AMIIIOK Ta PO3BMHEHHS Y psia AopaHa.

ITpu AestKMX AOAATKOBMX MPUITYIIEHHSIX AOCAIAXKY€EThCSI IIOBEAIHKA Py A — —00 TaK 3BaHOTO
Y-LIOASL Z), SIKe SIBASIE COBOIO OIepaTop-pyHKIIIO, TiCHO 1OB’s13aHOi0 3 M (A).

Kntouosi cnosa i ¢ppasu: riabbepTiB MPOCTip, BiAHOIIEHHSI, OTIEPATOP, PO3IIMPEHHST, OAOC.



