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ON THE STRUCTURE OF LEAST COMMON MULTIPLE MATRICES FROM SOME
CLASS OF MATRICES

For non-singular matrices with some restrictions, we establish the relationships between Smith
normal forms and transforming matrices (a invertible matrices that transform the matrix to its Smith
normal form) of two matrices with corresponding matrices of their least common right multiple
over a commutative principal ideal domains. Thus, for such a class of matrices, given answer to the
well-known task of M. Newman. Moreover, for such matrices, received a new method for finding
their least common right multiple which is based on the search for its Smith normal form and
transforming matrices.
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INTRODUCTION

Among the different problems and methods of their solutions that are considered in the
commutative ring theory the special role is played by those that are similar to integer arith-
metic ones, and they are the essential part of rings arithmetics. One of the mentioned prob-
lems, that are connected to the elementary divisibility theory, is how one can find the great-
est common divisor and the least common multiple of given matrices over some ring and
when such objects exist. The research in the area of such problems has started at the be-
ginning of 20th century. Due in essence to E. Cahen and A. Chatelet, C. MacDuffee [4] has
proposed elegant method of finding the greatest common divisor and the least common mul-
tiple of matrices using their Hermite forms. M. Newman and R. Thompson [10] studied the
question: how to find the invariant multipliers of greatest common divisor and least common
multiple of matrices over commutative principal ideal domains. The similar researches over
the Euclidean domains became rather active in the recent years, as can be seen in the works
of V. Nanda [5] , C. Yang, B. Li [1], S. Damkaew, S. Prugsapitak [2], N. Erawaty, M. Bahri,
L. Haraynto, A. Amir [3] et al. In the current research author propose a method how to find
least common multiple of matrices over commutative principal ideal domains, based on the
properties of their Smith normal forms and the invertible matrices that transform these matri-
ces to their Smith normal forms.

Let R be a commutative principal ideal domain with 1 # 0, M, (R) be a ring n x n matrices
over R. Consider a nonsingular matrix A € M;(R). Since R is a principal ideal domain there
are invertible matrices P4, Q 4, such that

PAAQA =E= diag(l,e,...,e).
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The matrix E above is called the Smith normal form or (canonical diagonal form) of matrix
A, and matrices P4 and Q4 are left and right transforming matrices of A respectively.

By P4 we denote the set of all left transforming matrices of matrix A. According to the
results [8,11] we know that P4 = GgP4 , where

Gg = {H € GL,(R) | 3H; € GL,(R) : HE = EH, }.

Note that it is a multiplicative group.
Suppose that the greatest common divisor of minor of size n — 1 of matrix B equals 1. Then

B ~ A =diag(1,...,1,9).
In the following we will use the set of matrices
L(E,A) ={L € GL,(R) | 3L1 € Mu(R) : LE = AL},

which is called a generating set (introdused by V. Shchedryk [8]).

If A = BC, then we will say that B is a left divisor of matrix A and A is a right multiple of
B.

Moreover, if M = AA; = BB then the matrix M is called a common right multiple of
matrices A and B. If in addition the matrix M above is a left divisor of any other common right
multiple of matrices A and B then we say that M is a least common right multiple of A and
B. ([A, B]; in notation).

By the symbols (a,b) and [a, b] we denote the greatest common divisor and the least com-
mon multiple of the elements a and b respectively, and the notation 4|b means that the element
a divides the element b.

1 MAIN RESULTS
Lemma 1. Let PzP,' = S = Hsi]-H’f . Then the element ((¢,0),s,1) is an invariant with respect
to transforming matrices Pg and P4.

Proof. Let F4 € P4 and Fp € Pp be some other left transforming matrices of A and B. Then
exist matrices Hy € Gg and Hpg € Gy such that F4 = H4P4, Fg = HpPg. Consider the
following product of the matrices:

FgFy' = HpPp(HaPa)~' = HpPpPy'Hy' = HpSH,",
where S = PgP, . Let’s denote HpS = ||k;;||;. In view of Corollary 6 [8] Hj is of the form

hin ... g1 i
Hp =
B hnfl.l hnfl.nfl hnfl.n
5hn1 (5hn.n71 hnn
Hence,
511
knle Ohpr «.. Ohpp-1 han H
Sn—1.1
Sn1

=0(hps11 + -+ hpn—150-11) + hunsm = 0l + hynSp1.
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Consider the following greatest common divisor:
((&, 6),kn1) = ((&, 6), Ol +hunsu1) = ((&,9), hunSn1)-
The invertibility of Hp implies that (6, h,,) = 1. Therefore, ((¢,6), hyn) =1 and
((&, 8),kn1) = ((&6),5m1)-

Let’s denote SH, ' = ||t;;||{- Since H," € Gg then according to Corollary 6 of [8] the matrix
H " has the form

011 012 ... U1

-1 _ €071 U2 ... Uyy

H, =
Svnl Unz oo vnn
Hence,
o1
€021
tn = H Snl Sn2 --- Sun H . = 51011 + €(Sp2021 + - - + Sun¥p1)-
E0n1
Consider

((&,0),tn1) = ((&,0), 501011 + €(502021 + ... + Sunvn1)) = ((&,9),511711)-

Since (g,v11) = 1, then ((g,0),s,1v11) = ((¢,0), 541). Hence

((&,0), tn1) = ((&,6),5m)-

Applying the associativity of M, (R) completes the proof. O
Lemma 2. Let S = [[si[|f € GLu(R), Q = diag(wy,wy,...,wn), where w; | w1,
i=12,...,n—1,andE | Q,A | Q. Inorder toSL, = Lg, where L, € L(Q,E), Ly € L(Q),A)
it is necessary and sufficient that (a,b) | s,;, wherea = G 2}1)’ b= @ 221)'

Proof. Necessity. Since E | () then according to Corollary 5 of [8] matrices L4 and Lp are of
forms:

P11 P12 --- Pin q11 . d1.n—1 qin
TP P2 ... Pan q21 . q2.n—1 q2n
LA - (S,wl.) . 7 LB — . . . ’
€ 0 )
anl Pn2 --- Pun (5,—“}1)‘7111 e mqn—l.n—l Ann

respectively. Using the Property 4.8 [9], in this case, the set L(Q),E) is a group. Then S =
LgL7!, where LAfl € L(QO,E). It follows that

€ )
(Sr w1>’ (5/ wl)

(

) |Sn1-

If we denote a = (&fdl)’ b= ( 5,2)1) then we will get that (a,b) | s,1.
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Sufficiency. Let s,;1 = (a,b)t. By Theorem 2.13 [9] there exist some matrices H; € G, and
U € Gg such that

1 0 e 0 0
koy 1 - 0 0
H,SU = : SUREET (N
Ky 1
kp-11 kpo12 ... 1 0
(a, b)knl kn2 e kn.nfl 1
. . : : : K;i' o
Obviously, Ky; is invertible. Hence there exists some matrix Hy = 0 1 € G such that
1 0o ... 0 0
1 ... 0 0
HpHisu=| : . 1 =K
0 0o ... 1 0
(LZ, b)knl knp oo kyn—1 1

Since Hy, Hy € Gp then H; = HyH; € Gj. Therefore K = H3SU. Moreover, one can find
v1,02 € R such that
(a,b)k,1 = (av1 + bvy)kyy = avik,y + booky;.

If we consider the matrices

1 0 0 O
0 1 ... 0 O
Hy = N | S A (O LY
0 0 1 0
vaknl 0 0 1
and
1 0 0 0
1 0 0
V= ... || € L(QLE).
0 0 1 0
—avikyy —kpo ... —kpuo1 1

we obtain that H3SUV = Hy. Then SUV = Hy 1H,. Using Properties 2 and 3 [8] we will have
H§1H4 =L e L(O,A), UV =Ly € L(O,E), and so SL4 = Lp which had to be proved. =

Theorem 1. Let R be a commutative principal ideal domain and let
A ~diag(l,e,...,e), B~diag(1,...,1,9),
PgP,' = ||s||%, Pp € Pp, Py € P4. Then
[A,B]y = (LaPa)'Q = (LpPp) ',

where

Q= diag(%,e, 8 186]),

L4, L belong to sets L(Q), E), L(Q), A) respectively and satisfy the equality:
(PgP;")La = L.
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Proof. Remark that according to Lemma (1), the element ((g, 6),s,,1), and hence the matrix Q),
does not depend on the choice of transforming matrices P4 and Pg.
By Theorem 2 [6] the Smith normal form of the greatest common left divisor of the matrices
A and B is of the form
(A,B); ~diag(1,...,1,(g,0,541)).

According to Corollary 1.5 [9] we obtain
+det AdetB = det(A, B),det[A, B,

i.e.
detAdetB "1

detlA Bl = 2t a By~ T e ,5m)

= Wwiwr ... Wy_1Wy.

It follows from [10] that w, = [¢,6] and w; | ¢,i = 2,...,n— 1. Since E | Q) then ¢ | w;, for
i=2,...,n—1,thatisw; =¢,i =2,...,n— 1. Hence,
e 15(e, ) N (e,6)

w1 = e”—zeé(e,é,snl): (€,6,80m)"

Taking into account that the invariant factors of matrix are chosen precisely to the divisors of
unit, we obtain that the Smith normal form of the least common right multiple of matrices A
and B has the form:

Q= diag(ﬂ € ...,&¢0]).

((¢,6),5m)
By Lemma 1 [7] we will have
€ ) B (¢,9)
oy Ten) = Eown) = *
Since wy = %, then

(9) __ (&9)((&9),5m)

T @0 ) @O0 s5m), ()

= ((&,6),5m)-

This means that y | s;1. According to Lemma (2) there exist matrices Ly € L((),E), Lp €
L(Q), A) such that PgP, 'Ly = Lg, so

P,'LaQ =Py 'LpQ = M.

Since E | QY and A | ), then using Theorem 1 [8] the matrix M is the common right multiple of
A and B.

Let N be least common right multiple of matrices A and B. From the above, it follows
that N ~ Q. Hence N = P,'QQy'. Then M = P,'L,Q = P,,!Q is a right multiple of N :
M = NNj. According to Theorem 1 [8] this is equivalent to the fact that Py = LPy;, where
L € L(Q), Q). Using Property 4.6 [9] we get the equality L(Q2,Q)) = Gq. Then by Corollary
2 [8] the matrices M and N are right associated. Thus, M is the least common right multiples
of matrices A and B. The theorem is proved. O
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AAsT HeOCODAMBIIX MaTpMIIb, TPV IIeBHMX 0OMeXXEHHSIX, BCTAHOBAEHO B3a€MO3B’sI3KM MiX cpop-
mamy CMiTa Ta HepeTBOPIOBAABHMI MaTPULISIMM (06OPOTHIMY MaTPUIISIMI, ITIO 3BOASITH MAaTPUIIO
20 ii popmu CmiTa) ABOX MaTPUIIb 3 BiATIOBIAHMMI MaTPUIISIMA IX HAJIMEHILIOTO CIIIABHOTO ITPaBOro
KPaTHOTO Haj KOMYTaTVBHMMI OOAACTSIMM FOAOBHMX ineaniB. Tum cammM, AAsI TaKOTO Kaacy Ma-
TpMIIb, AAHO BiAIIOBiAb Ha BiaoMY 3apady M. HeroMeHa. Biabllle TOro, AAsI Taxyux MaTpuilb, BKa3aHO
HOBUMII METOA 3HaXOAXKEeHHs iX HalIMeHILIOrO CIiABHOTO IPaBOrO KPaTHOTO, SIKMX I'PYHTYETbCSI Ha
nomryKy vioro cpopmu CMiTa Ta mepeTBOPIOBAABHMX MaTPULIb.

Kntouosi croea i ppasu: dpopma CmiTa, mepeTBOPIOBaAbHI MaTpuili, HaliMeHIIle CITiAbHE KpaTHe
MaTpuIIh, KOMyTaT/BHA 06AACTb TOAOBHMX iAeaniB.



