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FERAHTIA N.1, ALLAOUI S.E.2
A GENERALIZATION OF A LOCALIZATION PROPERTY OF BESOV SPACES

The notion of a localization property of Besov spaces is introduced by G. Bourdaud, where he
has provided that the Besov spaces Bj ,(IR"), with s € R and p,q € [1,+oo] such that p # g, are
not localizable in the ¢ norm. Further, he has provided that the Besov spaces Bj , are embedded
into localized Besov spaces (Bj ) (e, By, < (B ), for p > q). Also, he has provided that
the localized Besov spaces (Bj,;)¢» are embedded into the Besov spaces By, (i.e., (B} 5)er — Bj
for p < g). In particular, B;/p is localizable in the ¢7 norm, where (7 is the space of sequences
(ax)x such that ||(ax)|¢» < co. In this paper, we generalize the Bourdaud theorem of a localization
property of Besov spaces B} ,(R") on the " space, where r € [1,+o0]. More precisely, we show
that any Besov space Bj , is embedded into the localized Besov space (B}, ;) (ie., By, < (B ),
for r > max(p,q)). Also we show that any localized Besov space (B;,q) o is embedded into the
Besov space B;,q (i.e., (B;/q)[r — Bp e for r < min(p, q)). Finally, we show that the Lizorkin-Triebel
spaces Fj (IR"), where s € Rand p € [1,+00) and q € [1, +c0] are localizable in the ¢/ norm (i.e.,
F]zsz,q = (Fzsz,q)ép)-
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INTRODUCTION

Functional calculus is one of the basic theory in functional analysis [5]. It has enabled to
study function-analytic in topological (in particular, normed) spaces of functions. For instance,
several authors such as Peetre [7], Dahlberg [4], Marcus and Mizel [6] have studied functional
calculus in certain Sobolev and Besov spaces. In particular, Bourdaud [1, 2] have established a
way of functional calculus in localized Besov spaces. More precisely, in [1] he has proved the
following result.

Theorem 1. Letp,q € [1,+00],s € R, B; and (B3, ) are respectively the Besov and localized

Besov spaces. Then

Pq)

(i) B, 4 — (B} q)w, forp > ¢,
(ii) (Byg)ew < B} 4 forp <gq.
In particular, By, ,, is localizable in the (P norm, where (P is the space of sequences (a ), such

1
that || (ar)ller = (Lo lax|?)? < co.
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In this paper, we generalize this result by proving that it is valid for any ¢" space, where
r € [1,+o0]. This paper is organized as follows. In section 1, we recall basic concepts of Besov
and Lizorkin-Triebel spaces, the decomposition of Littlewood-Paley, and some notations that
will be needed throughout this paper. In section 2, we give a generalization of Bourdaud
theorem of a localization property of Besov spaces on the ¢ space, where r € [1, +c0]. Also,
we show that the Lizorkin-Triebel spaces are localizable in the ¢/ norm. Finally, we present
some conclusions and discuss future research in section 3.

1 PRELIMINARIES AND NOTATIONS

This section contains the basic definitions and notations that will be needed throughout
this paper.

1.1 Notations

We note (ey, ..., e,) the canonical basis of R", x.y = x1y1 + - - - + X,y the scalar product in
R”, and fora € N", |a| = a1 + -+ + ay, aaqx?‘,ﬁ_é% the partial derivative of the function f is
denoted by 0% f.

If f: R" — C, the support of f denoted by suppf. D(IR") is the space of test functions,
i.e. of smooth functions which have compact support, D’'(R") is the dual of D(R") . S(R")
is the Schwartz space of functions C*®(R") rapidly decreasing on R”, the dual S'(R") is the
space of tempered distributions.

If f € S(R"), then it Fourier transform defined by

FUF)@) = [ exp(—ivd) f(x)dx

and its inverse Fourier transform defined by

FAF@E) = o) [ explixd)F @)z

Let A; and A; be two spaces, we say that A; — A if there exists ¢ > 0 such that
I-Ila, < cll-||la,- Let p’ be the conjugate exponent of p, % + % = 1 where p € [1, +c0].

Let k € Z"; 1 is the translation operator defined by 7 f(-) = f(- — k); L? is the space of the
measurable functions f such that || f||.r = ( fIR" |f(x)|? dx)% < 00; (1 is the space of sequences

1
(ax)x such that [|(ax) |l = (T2 |ax]7)7 < oo.
Let0 < p <o0,0< g < o0, 50

o0

kaHM(LP) = (Z ka(x)HZ) < 00, kaHLP(M) = H(i \fk(x)’q)%”p < 0.

k=0 k=0

==

1.2 The decomposition of Littlewood-Paley
Let ¢ € S(R"), which satisfy the conditions:

(i) suppp C{ € R":1<|¢| <3},
(i) ¢() >0, for1 < [¢] <3,

(ii)) Tjez 9(277¢) =1, for § € R"\ {0}.
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The construction of ¢ does not pose any difficulty, see for example [3] . We put ¢({) = 1 —
it @(277¢), then it follows that the function ¢ € C®(R"), such that supp ¢ C {& € R" :
|¢| < 3}. In the following, we fix the partition of the unit and we obtain:

¢(C) + Z}"’:l(p(Z’jC) =1 (forall¢ € R").
To this partition we associate a sequence of convolution operators A; : S’ — C*, defined by
f(A]f)(ﬁ) = g0(2_j§)f(§), forj = 1,2,... and F(Aof)(&) = @(&)f(E). Also, we define the

operators Qi by F(Qif) (&) = (27%¢)F (&), k =1,2,...,forall f € &, the decomposition of f
of the Littlewood-Paley type given by

f=Y0f (1)

j=0
The series (1) converges in the sense of tempered distributions. The series (1) can be written as
f=Qf+ Y A,
j>k+1

This formula is valid for any f € S’ and k € IN, such that Qi f = YJ;<x A f.

Definition 1 ([10]). Let f € 8" and a > 0. We define the maximal operators associated to the
Ay and Qi by
. Af(x —y)| + |Qcf(x — )|
A f(x) = sup [8f(x = y)| and Q;"f(x) = sup ————3-.
k yeR” (1 + 2k‘y‘)a : yeR” (1 + 2k‘y‘)a
Definition 2 ([8]). Lets € R,p,q € [1,+co]. The Besov space By, (IR") is the set of all f €
S'(R") satisfying
. 1
<0 (25| A; 7)1 < 400, for o,
Hf”Bf,,q(IR”) — (2]20( S” ]f”P) ) q 7& (2)
sup-o(27[18,f1l,) < +oo, for g = co.
Definition 3 ([8]). Lets € R, p € [1, +oo[ and q € [1, +oo]. The Lizorkin-Triebel space F, ,(IR")
is the set of all f € S'(IR") satisfying

: 1
_ =0 @7[A )Nl < oo, for q # o 3
£ 1lEs,, () = SiiAs 3)
Isup;=o(27[Ajf[)|lp < +oo, for q = co.

Remark 1. In the formula (2) (resp. (3)), we can replace A; by A;"” with a > % (resp. a >

W), and we obtain an equivalent norm in Bj ,(IR") (resp. F; ,(R")).
For more details, see Peetre [7] and Triebel [10] .
Proposition 1 ([2]). Lets € R.

(i) For all v > 1 there exists ¢ > 0 such that for any sequence of functions ( f]) j>0, where
supp Ffj C {&: v 12 < |g| < y2/}, we have

I Z(:)fjHB;,q < C(§2S]q|’fjl|p)q-
]: ]:

(i) For alla > 1 there exists c > 0 such that for any sequence of functions (f;);jcn, where
supp Ffj C {¢:a12 < || < a2}, we have

[eS) Ie9) ) 1
1Y filles, < ell(3 279 £1T) 71l
j=0

j=0
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2 LOCALIZATION OF BESOV SPACES

In this section, we give a generalization of Bourdaud theorem of a localization property
of Besov spaces on the ¢ space, where r € [1,+c0]. Also, we show that the Lizorkin-Triebel
spaces are localizable in the /¥ norm. We start with these important concepts.

Let E be a Banach space of distributions. We associate on the space E the following hypoth-
esis.

1) Translation invariance; if we denote T, the operator given by 7, f(t) = f(x — t), then 7y is
an isometric of E;

2) Localization invariance; for all f € E and ¢ € D(IR"), we have that ¢f € E.

Let ¢ € D(IR"). The notion of localized is defined by fx = T,¢ - f, it follows immediately from
the hypothesis 1) and 2) that the family (fy)yer» is bounded in E. We consider the set A as the
class of all the functions ¢ € D(IR") satisfying

Y ¢p(x—k)=1 forallx € R".
kezn

Definition 4 ([1]). Let E be a Banach space of distributions, E is localizable in the ¢ norm
(1 < p < o), if there exist ¢ € A and a constant ¢ > 1, such that

cMAle < (Y lueflIE)

kez"

<=

<c|flle

i.e. E = (E)y», we denote by (E)» the distribution space of u such that

Il ey, = lwp-ullkeznller < oo

Proposition 2 ([1]). Let S be the Schwartz space, if the function @ € S is not null on the support
of ¢, then we have

lll ey, ~ [[ClT0-ul|E)kez [l er-

Proposition 3 ([1]). Let B;,q be a Besov space, and N be a natural number fulfill N > s, and
A, u € S, such that

(i) u(g) # 0, for [¢] <3,
(i) A(€) #0, for1 < |¢] <3 and A(*)(0) = 0 for |a| < N.

We denote by L;(j > 1) the respective symbol operators A(27/¢) and by Ly the symbol operator
1(&), therefore

loellg,, ~ 15N Ljullp)jenlen-

In the following theorem we give a generalization of Bourdaud theorem of a localization
property of Besov spaces on the ¢ spaces, by using Proposition 2 and Proposition 3.

Theorem 2. Letp,q,r € [1,+o0|, s € R, and B}, and (B}, ;) are respectively the Besov and
localized Besov spaces. Then

(i) B, 4 — (B} )¢ forr > max(p,q),
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(i) (B},q)er — B, 4 forr < min(p, q).
In particular, B, , space is localizable in the (P norm.

Proof. (i) We will show that
[ull (B < clluelig, for ¢ >0.

By Proposition 1, it follows that

: 1
H ZTkG.AJ-uHB;’q < C(Z 25]q|’Tk9~Aju|‘Z>q'
=0 =0

This implies that, ||7.60.u]|’ s S (52 257 ||Tk6.A]-u||Z) 7. Then it holds that

j

1 2 i ro1
(X Imully )7 < el Y (3 29|/ mo.apul})7).
kezr ' kezn j=0

Consequently

1 .
(X lmbullps )7 < (Y wb-Ajullp)kezeller(ia))-
kezn

Since, r > max(p, q) implies that g4 < r. Then from Minkowski inequality we have

127 |58 A1l p)kezn | ooy < cll (27 | Tb.Ajullpkeznlloa r)-

So, we can see that the inequality (4) becomes as follows

1 .
(X lmbullps )7 < (Y wb-Ajullp)kezn llager))-
kezn"

1 1) i 7.1
Consequently () ez ”Tk9~””%;,,q>’ < o(Xi20 279 (Lkezn ||b-Bjul|},) 7 ) 7. Therefore,

==

1 2 i
(X lbully )F < c(X 27(| w08l i u)) )7
kezn" j=0

75

(4)

(5)

Also, we have ¥ > max(p,q) implies that p < r, i.e. ¢ — ¢, it follows that ¢P(LF) —
¢'(LF). Consequently ||(ti0.Aju)kezn|leriry < cll (Tk0.8ju)kezn || r(1r)- So, we can see that the

inequality (5) becomes as follows () jczn ”Tke-”HE;q)% < (Lo Zsjq(HTkQ.Aju”gp(Lp))q)%. Since

L? is a space localizable in the /7 norm, then it holds that || 0.4 ul[p(1py ~ [|Ajulp. Hence,

1 2 i 1
(Y Mlmullps )7 < () 29| Amulp)s < cllullg,,-
kezr j=0

Thus, B}, = (Bjq)er-
(ii) Now, we will show that

||”||B;Iq < CH”H(B;,,)N for ¢ > 0.
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Let u € S'(R"). Then it holds that
L)y = ILi( Y weu)llp = | 3 Li(mgu)llp < c( 3 ILj(mepu)llp)
kezr kezr kezr

Since r < min(p, g), it holds that ¢" — (7, i.e.

1L (Tep-)llp)kezr e < el (ILj (1) |p)kez |-

So, we have
1 1
ILi)llp <c( Y. IILj(meu)l[p)? <c( Y ILj(wp-u)ll},)r
kezn kezZ"

This implies that

==

1
Z2SMHLuH 1<c Zzw Y ILi(mgan)lly)7)e.

=0 kezZn

Consequently

o ) 1 .
(2 Lyullp)r < c(l@NILj(teg-u)llp)kezn lleaery)-
=0
Since r < min(p, g), it holds that r < g. Then from Minkowski inequality we have

12 |ILj(teg-) | p)kez leaery < el 1L (1) | p)keze |l er eny-

So, we can see that the inequality (6) becomes as follows
3 SI9|| L. 17 < 257 || L.
(Y 2M[Ljullp)7 < c(lVIILj (1) | p)keznllergen))-
o

Consequently

o . 1 r
(Y 2°M|[Ljul|f)7 <e( ) ZZSMHL () |51 < (Y I Tp-ulls, ) < cllullss,),
i

kezZ® j=0 kezn

Thus, (B;

S
pa)er = By

==

(6)

0

Remark 2. The generalization of Bourdaud Theorem given by Sickel and Smirnov in 1999
[9] using the wavelet method, the aim of this work is to generalize the same Theorem of a

localization property by using a different method.

Theorem 3. Letp € [1,+00),q € [1,+o0],s € R, F; ; and (F} ;)¢ are respectively the Lizorkin-

7T PA

Triebel and localized Lizorkin-Triebel spaces. Then the space F, , is localizable in the (¥ norm,

ie Fy, = (F5)m

Proof. (i) (Pf;lq) w <= F, 5. We will show that

1 flles, < cllfll,,, forc>0.
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From Definition 3, [|f||r;, = [|(Z O25]‘7|A]f|‘7) |p- We put Ajf = Yyczn T@-Ajf, it follows
that 5, — (520(re 29 g 1)1)} - Consequently
11, = 1127 (5@ fkeze g llp-

Since, 1 < g. Then from Minkowski inequality we have
1f1lEs,, = 127 (T ez leageny lp < 127 (wepdjfrezn o on) Nl
Consequently

1
Ifllgs, <cll ) 225”|Tk§0A]f|" My < e X I Z2S]q|Tk90A]f|") I5)7

kezZn j=0 kezn =0

1
Hence, ||fr;, < c(Ckez I Tke-fll3s, )7- Thus, (Fj e — Fy g

(i) Fj ; = (F;,q) - Now, we will show that

Hf”(l—";/q)[p < CHpr;/q for ¢ > 0.
Let p,q € [1, +00] and s € R. Then it holds that
1

Z HTk(Pf”FS = Z ”Tk(PZA]pr;q )P = Z ”ZAka(P”FS )P

keZ” keZ” keZ” j=0

'vab—‘
—

From Proposition 1, it follows that

1 ; 1 1
(L lmepflys ) < e} I ZZS]"\AjkafPW)"I\;’i)P

keZ” keZ” j=0
1
< () [l 225”\A]f\‘7 H )b
keZ"

Since L7 is a space localizable in the ¢¥ norm, then it holds that

1

(L e flE )7 < ZZS”!A]W Hp<CHprs

keZ"

Thus, F; , <= (F} 4)er- O

3 CONCLUSION

In this work, we have generalized the Bourdaud theorem of a lacalization property of Besov
spaces B;,q (R") on the ¢" space, where s € R, p,q,7 € [1,+00]. Also, we have provided that
the Lizorkin-Triebel spaces are localizable in the ¢/ norm. In future work, we will investigate
the localization property on other functional spaces.
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ITonsaTTs AoKaAizaliliHOI BAACTMBOCTI mpocTopiB becoBa BBeaeHe I'. Bypao, BiH moxasas, 110
npocropu becosa By, ,(R"), ae s € Rip,q € [1,+o0] Taki, mo p # ¢, € HeAOKaAi30BHMMY Y HOP-
mi (. Taxox BiH moxasas, o npocropu becosa B} ; BxraseHi B AokarizoBasi mpocropu becosa
(B3,q) e (T506T0 B}, — (B;’q) p TPU P > q). Te:KO)K 6yro HSOKa3aHO, H_ISO AOKaAi30BaHI IpOCTOPU
Becosa (BM)‘U; BKAAACHI B MPOCTOPY Becosa .BM (T0§To (Byq)er — B, mpup < g). 3okpema
B}, € rokanisosrum B Hopmi (7, ae (¥ mpoctip nmocaiaoBHOCTel (i )y Taxux, mo [|(ax)|[pp < oo
Y miif cTaTTi MM y3araAbHMAM TeopeMy Bypao mpo AoxaaizamliliHy BaacTuBicTh mpocTopis becosa
By, ,(IR") Ha mpoctip £', ae r € [1,+00]. A Tounime My A0BeAw, o 6y Ab-sikmit mpoctip Becosa B} ,
€ BKAQAEHIII B AOKAAI30BaHIIA IIPOCTIp Bec9Ba (B}q)er (T06.T0 B, < (Byq)e mpur > max(p,q)‘).
Taxox My noxasan, o 6yAb-sIKuit AokarizoBaHwii npoctip becosa (Bj ;) - BkAaaeHMit B IpocTip
Becosa B;q (T.O6TO (B;q) ¢ By gmpur < m.in( p.q)). 1 Ha 3aBepIIIeHHs byro TOKA3AHO, L0 MpO-
cropu Aisopxina-Tpibeas F;,(R"), aes € R1ip,q € [1,+00] e roxarisosrumu B HopMi (¥ (TobTO
Eoq = (Fpqer).

Kntouosi cnosa i ppasu: mpoctopm becosa, mpocropu Aizopkina-Tpibensi, AokanisariiliHa BAaCTH-
BiCTb.



