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BOUNDARY VALUE PROBLEM SOLUTION EXISTENCE FOR LINEAR

INTEGRO-DIFFERENTIAL EQUATIONS WITH MANY DELAYS

For the study of boundary value problems for delay differential equations, the contraction map-

ping principle and topological methods are used to obtain sufficient conditions for the existence of

a solution of differential equations with a constant delay. In this paper, the ideas of the contraction

mapping principle are used to obtain sufficient conditions for the existence of a solution of linear

boundary value problems for integro- differential equations with many variable delays.

Smoothness properties of the solutions of such equations are studied and the definition of the

boundary value problem solution is proposed. Properties of the variable delays are analyzed and

functional space is obtained in which the boundary value problem is equivalent to a special integral

equation. Sufficient, simple for practical verification coefficient conditions for the original equation

are found under which there exists a unique solution of the boundary value problem.
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INTRODUCTION

Boundary value problems for differential and integro-differential equations with delay are

an important part of the modern theory of differential-functional equations. Analytical solu-

tions for such problems can only be found for the simplest types of equations, therefore the

problem of finding approximate solutions is relevant. At the same time, it is important to study

the solubility of boundary value problems with delay and properties of their solutions.

The study of the conditions for the existence of unique solutions of boundary value prob-

lems with delay using the contraction mapping principle was carried out in the papers [1, 5, 8].

Boundary value problems for differential and integro-differential equations of neutral type are

investigated in [2, 3, 7] with the use of topological methods. We also note the technique of a

numerical-analytic method for studying boundary value problems for differential-functional

equations in papers [9, 10]. In this paper, the coefficient conditions for the existence of a solu-

tion of the boundary value problem for linear integro-differential equations with many delays,

which are efficient for verification in practice, are investigated.
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1 PROBLEM STATEMENT

Let us consider the following boundary value problem

y′′(x) =
n

∑
i=0



ai(x)y(x − τi(x)) + bi(x)y′(x − τi(x))

+
1

∑
j=0

b
∫

a

Kij(x, s)y(j)(s − τi(s))ds)



 + f (x) ,

(1)

y(j) (x) = ϕ(j) (x) , j = 0, 1, x ∈ [a∗; a] , y(b) = γ, (2)

where τ0 (x) = 0 and τi (x) , i = 1, n, are continuous nonnegative functions defined on [a, b],

ϕ (x) is a continuously differentiable function given on [a∗; a], a∗ = min
0≤i<n

{

inf
x∈[a;b]

(x − τi (x))

}

,

γ ∈ R.

Let ai(x), bi(x), i = 0, n, f (x) be continuous functions on [a; b] and Kij (x, s) , i = 0, n,

j = 0, 1, be continuous functions of both arguments in the domain [a, b]× [a, b].

We introduce the sets of points determined by the delays τ1 (x) , . . . , τn (x):

Ei =
{

xj ∈ [a, b] : xj − τi

(

xj

)

= 0, j = 1, 2, . . .
}

, E =
n
⋃

i=1

Ei.

Let the delays τi (x) , i = 1, n, be such that the sets Ei, i = 1, n are finite. We number the

points of the set E in ascending order. Also, we introduce the notations:

J = [a∗; a] , I = [a, b] , I1 = [a, x1] , I2 = [x1, x2] , . . . , Ik = [xk−1, xk] , Ik+1 = [xk, b] ,

B
(

J ∪ I
)

=







y (x) : y (x) ∈



C(J ∪ I) ∩
(

C1(J)∪ C1(I)
)

∩

(k+1
⋃

j=1

C2
(

Ij

)

)



 ,

|y (x)| ≤ P1, |y′(x)| ≤ P2







,

where P1, P2 are positive constants. A function y = y (x) from the space B(J ∪ I) is called a so-

lution of the problem (1)–(2) if it satisfies the equation (1) on [a; b] (with the possible exception

of the set E) and the boundary conditions (2).

2 SOLUTION EXISTENCE

It follows from the definition of the space B(J ∪ I) that the solution of the problem (1)–(2)

is continuously differentiable for any x ∈ [a, b], where y′ (a) is the right derivative.

Let us introduce a norm in the space B(J ∪ I):

‖y‖B = max

{

8

(b − a)2
max
x∈J∪I

|y (x)| ,
2

b − a
max

(

max
x∈J

∣

∣y′ (x)
∣

∣ , max
x∈I

∣

∣y′ (x)
∣

∣

)}

.
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The space B(J ∪ I) with this norm is a Banach space. The boundary value problem (1)–(2) is

equivalent to the following integral equation [5, 7]:

y(x) =

b
∫

a∗

[

n

∑
i=0

(

ai (s) y (s − τi (s)) + bi (s) y′ (s − τi (s))

+
1

∑
j=0

b
∫

a

Kij (s, ξ) y(j) (ξ − τi (ξ)) dξ

)]

G (x, s) ds + l (x) , x ∈ J ∪ I,

(3)

G (x, s) =

{

G (x, s) , x, s ∈ I,

0, otherwise,
l (x) =

{

ϕ (x) , x ∈ J,
γ−ϕ(a)

b−a (x − a) + ϕ (a) , x ∈ I,

where G (x, s) is the Green function of the following boundary value problem y′′ (x) = 0,

x ∈ I, y (a) = y (b) = 0. We define the operator T in the space B(J ∪ I) in the following way

(Ty) (x) =

b
∫

a∗

[

n

∑
i=0

(

ai (s) y (s − τi (s)) + bi (s) y′ (s − τi (s))

+
1

∑
j=0

b
∫

a

Kij (s, ξ) y(j) (ξ − τi (ξ)) dξ

)]

G (x, s) ds + l (x) , x ∈ J ∪ I.

(4)

(Ty)′ (x) =

b
∫

a∗

[

n

∑
i=0

(

ai (s) y (s − τi (s)) + bi (s) y′ (s − τi (s))

+
1

∑
j=0

b
∫

a

Kij (s, ξ) y(j) (ξ − τi (ξ)) dξ

)]

G
′
x (x, s) ds +

γ − ϕ (a)

b − a
, x ∈ J ∪ I.

(5)

Let the coefficients in the equation (1) be such that the following inequalities are true

|ai(x)| ≤ Ai, |bi(x)| ≤ Bi, |Kij(x, s)| ≤ Kij, i = 0, n, j = 0, 1, | f (x)| ≤ F, x ∈ [a; b]. We

denote P =
n

∑
i=0

(

AiP1 + BiP2 + (b − a)
1

∑
j=0

KijPj+1

)

+ F, where P1, P2 are the positive constans

which are included in the definition of space B(J ∪ I).

Theorem 1. Let the following conditions hold:

1)max

{

max
x∈J

|ϕ (x)| , (b−a)2

8 P + max
(

|ϕ (a)| , |γ|
)

}

≤ P1,

2)max

{

max
x∈J

|ϕ′ (x)| , b−a
2 P +

∣

∣

∣

γ−ϕ(a)
b−a

∣

∣

∣

}

≤ P2,

3) (b−a)2

8

n

∑
i=0

(

Ai + (b − a)Ki0

)

+ b−a
2

n

∑
i=0

(

Bi + (b − a)Ki1

)

< 1.

Then there exists a unique solution of the problem (1)–(2) in B (J ∪ I).

Proof. Based on Green’s function

G (x, s) =

{

(s−a)(x−b)
b−a , a ≤ s ≤ x ≤ b,

(x−a)(s−b)
b−a , a ≤ x ≤ s ≤ b,
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we obtain the following estimates:

b
∫

a

∣

∣

∣
G (x, s)

∣

∣

∣
ds ≤

(b − a)2

8
,

b
∫

a

∣

∣

∣
G′

x(x, s)
∣

∣

∣
ds ≤

b − a

2
. (6)

When the conditions 1)—2) and the inequalities (6) are true, the operator T maps the space

B(J ∪ I) onto itself. Let y1, y2 ∈ B (J ∪ I). Considering the estimates (6), we get

∣

∣

∣
(Ty1)(x)− (Ty2)(x)

∣

∣

∣
=

∣

∣

∣

∣

∣

b
∫

a∗

[

n

∑
i=0

(

ai(s)
(

y1(s − τi(s))− y2(s − τi(s))
)

+ bi(s)
(

y′1(s − τi(s))− y′2(s − τi(s))
)

+
1

∑
j=0

b
∫

a

Kij (s, ξ)
(

y
(j)
1 (ξ − τi(ξ)) − y

(j)
2 (ξ − τi(ξ))

)

dξ

)]

Ḡ(x, s)ds

∣

∣

∣

∣

∣

≤

b
∫

a∗

[

n

∑
i=0

(

Ai

∣

∣

∣
y1(s − τi(s))− y2(s − τi(s))

∣

∣

∣
+ Bi

∣

∣

∣
y′1(s − τi(s))− y′2(s − τi(s))

∣

∣

∣

+
1

∑
j=0

b
∫

a

∣

∣

∣
Kij (s, ξ)

∣

∣

∣

∣

∣

∣
y
(j)
1 (ξ − τi(ξ))− y

(j)
2 (ξ − τi(ξ))

∣

∣

∣
dξ

)]

∣

∣

∣
Ḡ(x, s)

∣

∣

∣
ds

≤

b
∫

a∗

[

n

∑
i=0

(

Ai max
s∈J∪I

∣

∣

∣
y1 − y2

∣

∣

∣
+ Bi max

{

max
s∈I

∣

∣

∣
y′1 − y′2

∣

∣

∣
, max

s∈J

∣

∣

∣
y′1 − y′2

∣

∣

∣

}

+

b
∫

a

Ki0 max
s∈J∪I

∣

∣

∣
y1 − y2

∣

∣

∣
dξ +

b
∫

a

Ki1 max

{

max
s∈I

∣

∣

∣
y′1 − y′2

∣

∣

∣
, max

s∈J

∣

∣

∣
y′1 − y′2

∣

∣

∣

}

dξ

)]

∣

∣

∣
Ḡ(x, s)

∣

∣

∣
ds

=

b
∫

a∗

[

(b − a)2

8

8

(b − a)2
max
s∈J∪I

∣

∣

∣
y1 − y2

∣

∣

∣

n

∑
i=0

Ai

+
b − a

2

2

b − a
max

{

max
s∈I

∣

∣

∣y′1 − y′2

∣

∣

∣, max
s∈J

∣

∣

∣y′1 − y′2

∣

∣

∣

} n

∑
i=0

Bi

+
(b − a)2

8

8

(b − a)2
max
s∈J∪I

∣

∣

∣
y1 − y2

∣

∣

∣
(b − a)

n

∑
i=0

Ki0

+
b − a

2

2

b − a
max

{

max
s∈I

∣

∣

∣
y′1 − y′2

∣

∣

∣
, max

s∈J

∣

∣

∣
y′1 − y′2

∣

∣

∣

}

(b − a)
n

∑
i=0

Ki1

]

∣

∣

∣
Ḡ(x, s)

∣

∣

∣
ds

≤
(b − a)2

8

[

(b − a)2

8

8

(b − a)2
max
s∈J∪I

∣

∣

∣
y1 − y2

∣

∣

∣

( n

∑
i=0

Ai + (b − a)
n

∑
i=0

Ki0

)

+
b − a

2

2

b − a
max

{

max
s∈I

∣

∣

∣y′1 − y′2

∣

∣

∣, max
s∈J

∣

∣

∣y′1 − y′2

∣

∣

∣

}( n

∑
i=0

Bi + (b − a)
n

∑
i=0

Ki1

)

]

≤ ‖y1 − y2‖B
(b − a)2

8

[

(b − a)2

8

n

∑
i=0

(

Ai + (b − a)Ki0

)

+
b − a

2

n

∑
i=0

(

Bi + (b − a)Ki1

)

]

.
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∣

∣

∣(Ty′1)(x)− (Ty′2)(x)
∣

∣

∣ ≤ ‖y1 − y2‖B
b − a

2

[

(b − a)2

8

n

∑
i=0

(

Ai + (b − a)Ki0

)

+
b − a

2

n

∑
i=0

(

Bi + (b − a)Ki1

)

]

.

Based on the obtained estimates, we have

max
x∈J∪I

∣

∣

∣
(Ty1)(x)− (Ty2)(x)

∣

∣

∣

≤ ‖y1 − y2‖B
(b − a)2

8

[

(b − a)2

8

n

∑
i=0

(

Ai + (b − a)Ki0

)

+
b − a

2

n

∑
i=0

(

Bi + (b − a)Ki1

)

]

,

max

{

max
x∈J

∣

∣

∣
(Ty′1)(x)− (Ty′2)(x)

∣

∣

∣
, max

x∈I

∣

∣

∣
(Ty′1)(x)− (Ty′2)(x)

∣

∣

∣

}

≤ ‖y1 − y2‖B
b − a

2

[

(b − a)2

8

n

∑
i=0

(

Ai + (b − a)Ki0

)

+
b − a

2

n

∑
i=0

(

Bi + (b − a)Ki1

)

]

.

We multiply the first inequality by 8
(b−a)2 and the second one on 2

b−a :

8

(b − a)2
max
x∈J∪I

∣

∣

∣
(Ty1)(x)− (Ty2)(x)

∣

∣

∣

≤ ‖y1 − y2‖B

[

(b − a)2

8

n

∑
i=0

(

Ai + (b − a)Ki0

)

+
b − a

2

n

∑
i=0

(

Bi + (b − a)Ki1

)

]

,

2

b − a
max

{

max
x∈J

∣

∣

∣(Ty′1)(x)− (Ty′2)(x)
∣

∣

∣, max
x∈I

∣

∣

∣(Ty′1)(x)− (Ty′2)(x)
∣

∣

∣

}

≤ ‖y1 − y2‖B

[

(b − a)2

8

n

∑
i=0

(

Ai + (b − a)Ki0

)

+
b − a

2

n

∑
i=0

(

Bi + (b − a)Ki1

)

]

.

Given the resulting inequalities, we get

max

{

8

(b − a)2
max
x∈J∪I

∣

∣

∣
(Ty1)(x)− (Ty2)(x)

∣

∣

∣
,

2

b − a
max

{

max
x∈J

∣

∣

∣(Ty′1)(x)− (Ty′2)(x)
∣

∣

∣, max
x∈I

∣

∣

∣(Ty′1)(x)− (Ty′2)(x)
∣

∣

∣

}

}

≤ ‖y1 − y2‖B

[

(b − a)2

8

n

∑
i=0

(

Ai + (b − a)Ki0

)

+
b − a

2

n

∑
i=0

(

Bi + (b − a)Ki1

)

]

.

From the definition of the norm in the space B(J ∪ I) we have:
∥

∥

∥
(Ty1)(x)− (Ty2)(x)

∥

∥

∥

B

≤ ‖y1 − y2‖B

[

(b − a)2

8

n

∑
i=0

(

Ai + (b − a)Ki0

)

+
b − a

2

n

∑
i=0

(

Bi + (b − a)Ki1

)

]

.
(7)

The inequality (7) and the condition 3) imply that the operator T is a contraction in B(J ∪ I)

and it has a single fixed point in this space [6], therefore the boundary value problem (1)–(2)

has a unique solution y(x) ∈ B(J ∪ I). The proof is complete.
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Remark. An efficient algorithm for finding an approximate solution of the boundary value

problem (1)–(2) is the spline approximation method, using cubic splines with defect 2, which

is considered in the paper [4].
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Черевко I.М., Дорош А.Б. Iснування розв’язку крайової задачi для лiнiйних iнтегро-диференцiаль-

них рiвнянь iз багатьма запiзненнями // Карпатськi матем. публ. — 2018. — Т.10, №1. — C. 65–70.

Для дослiдження крайових задач для диференцiальних рiвнянь iз запiзненням застосову-

ються методи стислих вiдображень та топологiчнi методи для одержання достатнiх умов iсну-

вання розв’язку диференцiальних рiвнянь зi сталим запiзненням. У данiй роботi використо-

вуються iдеї методу стислих вiдображень для одержання достатнiх умов iснування розв’язку

лiнiйних крайових задач для iнтегро-диференцiальних рiвнянь iз багатьма змiнними запiзне-

ннями.

Дослiджено властивостi гладкостi розв’язкiв таких рiвнянь та запропоновано означення

розв’язку крайової задачi. Проаналiзовано властивостi змiнних запiзнень i одержано функцiо-

нальний простiр, в якому крайова задача еквiвалентна спецiальному iнтегральному рiвнянню.

Знайдено легкi для практичної перевiрки достатнi коефiцiєнтнi умови на вихiдне рiвняння,

при виконаннi яких iснує єдиний розв’язок крайової задачi.

Ключовi слова i фрази: крайовi задачi, iнтегро-диференцiальнi рiвняння, запiзнення, iснува-

ння розв’язку.


