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BOUNDARY VALUE PROBLEM SOLUTION EXISTENCE FOR LINEAR
INTEGRO-DIFFERENTIAL EQUATIONS WITH MANY DELAYS

For the study of boundary value problems for delay differential equations, the contraction map-
ping principle and topological methods are used to obtain sufficient conditions for the existence of
a solution of differential equations with a constant delay. In this paper, the ideas of the contraction
mapping principle are used to obtain sufficient conditions for the existence of a solution of linear
boundary value problems for integro- differential equations with many variable delays.

Smoothness properties of the solutions of such equations are studied and the definition of the
boundary value problem solution is proposed. Properties of the variable delays are analyzed and
functional space is obtained in which the boundary value problem is equivalent to a special integral
equation. Sufficient, simple for practical verification coefficient conditions for the original equation
are found under which there exists a unique solution of the boundary value problem.
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INTRODUCTION

Boundary value problems for differential and integro-differential equations with delay are
an important part of the modern theory of differential-functional equations. Analytical solu-
tions for such problems can only be found for the simplest types of equations, therefore the
problem of finding approximate solutions is relevant. At the same time, it is important to study
the solubility of boundary value problems with delay and properties of their solutions.

The study of the conditions for the existence of unique solutions of boundary value prob-
lems with delay using the contraction mapping principle was carried out in the papers [1, 5, 8].
Boundary value problems for differential and integro-differential equations of neutral type are
investigated in [2, 3, 7] with the use of topological methods. We also note the technique of a
numerical-analytic method for studying boundary value problems for differential-functional
equations in papers [9, 10]. In this paper, the coefficient conditions for the existence of a solu-
tion of the boundary value problem for linear integro-differential equations with many delays,
which are efficient for verification in practice, are investigated.

YAK 517929
2010 Mathematics Subject Classification: 34K06, 34K10.

@ Cherevko I.M., Dorosh A.B., 2018



66 CHEREVKO I.M., DOROSH A.B.
1 PROBLEM STATEMENT

Let us consider the following boundary value problem

n

- (”z(x)y(x () + i)y (x — 1(x)

(1)
+Z/Kz]xs (s — s ))ds)) +f(x),

y (x) = ¢V (x), j=0,1, x € [a%;a], y(b) =1, (2)
where 1 (x) = 0 and 7; (x), i = 1,7, are continuous nonnegative functions defined on [a, ],
¢ (x) is a continuously differentiable function given on [a*; 4], 2* = min { inf (x—17( },

0<i<n | x€[a;b]
v € R
Let a;(x), bj(x), i = 0,n, f(x) be continuous functions on [a;b] and Kjj (x,s),i = 0,7,

j = 0,1, be continuous functions of both arguments in the domain [a, b] x [a, b]
We introduce the sets of points determined by the delays 7 (x),..., T (x):

n
E={xelab: x—7(x)=0j=12.} E=JE
i=1

Let the delays 7; (x), i = 1, n, be such that the sets E;, i = 1,n are finite. We number the
points of the set E in ascending order. Also, we introduce the notations:

J=1[a%a], I=1a,b], H =[a,x1], Lh=[x,x2), ..., I = [xk_1, %, Lrs1 =[x, 1],

B(]ul){y(x):y(X)G (C(]UI)H(Cl(])Ucl ) <k01C2 ))

y ()| <Py, Jy'(x)] < Pz},

where Py, P, are positive constants. A function y = y (x) from the space B(J U I) is called a so-
lution of the problem (1)—(2) if it satisfies the equation (1) on [g; b] (with the possible exception
of the set E) and the boundary conditions (2).

2 SOLUTION EXISTENCE

It follows from the definition of the space B(J U I) that the solution of the problem (1)—-(2)
is continuously differentiable for any x € [a, b], where i/’ (a) is the right derivative.
Let us introduce a norm in the space B(J U I):
/
x [y (x) \) } :

8 2
Iyl = max {2 max y ()], 2 max (max Iy ()
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The space B(J U I) with this norm is a Banach space. The boundary value problem (1)—(2) is
equivalent to the following integral equation [5, 7]:

o~/

1
+ Y (K09 @ (@)d@)

( y(s—1(s)+bi(s)y (s —7i(s))

@N
||M:

3)
G(x,8)ds+1(x), xeJUl,

=l _ G(xls)/ xlsell . q)(x)’ xe]’
G(x,s)_{ 0, otherwise, l(x)_{vg—%a)(x—a)%—q)(a), x€el,

where G (x,s) is the Green function of the following boundary value problem y” (x) = 0,
x € I,y (a) =y (b) = 0. We define the operator T in the space B(J U I) in the following way

||
\w
{ng

(”z y(s—Ti(s)) +bi(s)y' (s — 7 (s))

)
1 b ,
+_Z(:J/Kij(sfé‘)y(])(C—Ti(ﬁ))dé‘ﬂ (x,s)ds+1(x), xeJUL
J=Ya
b n
(Ty)' (x) :/ [Z()(ai ($)y (s = (s) +bi(s)y (s =7 (s))
" ©)

+Y (K090 @ <¢>>dé>] G, (x,s)ds + 10wy

Let the coefficients in the equation (1) be such that the following inequalities are true
la;(x)] < A, |bi(x)] < By, |Kji(x,s)] < KZ], =0,nj=01 |f(x)] <F x € [ab. We

n
denote P = Y} <A1-P1 + BiP, + (b —a) 2 Kl-]- f+1) + F, where Py, P, are the positive constans
i=0 j=0

which are included in the definition of space B(J U I).

Theorem 1. Let the following conditions hold:
2
1) max{max g (9], 5P+ max(lg (@), [71) } <
X

}sz,

3)@ E <A + (b - )K‘o) + b—zHé)(Bi +(b— ﬂ)K‘l) <1

Then there exists a unique solution of the problem (1)-(2) in B (JU I).

z>max{mg;<r¢< x)|, 2P+ 1520
X

Proof. Based on Green’s function
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we obtain the following estimates:

b
/’G(x,s)’ds < (b -

When the conditions 1)—2) and the inequalities (6) are true, the operator T maps the space
B(JUI) onto itself. Let y1,y2 € B (J U I). Considering the estimates (6), we get

b

)2
=

a

—a

(6)

G;(x,s)‘ds < b

b n
Ty ) = ()| = | [ [2 (az-<s>(y1<s () — yals — Ti(5)))

i=0

+bi(5) (¥4 (s = Ti(5)) — y(s — Ti(5)))

b
</ ;)(Aiyl(s T(5)) = v2(s = T(5)) | + Bilyi (s = 7i(s)) = ¥4(s — 7i(s))
b
= io Kij (5,8)| [ (@ — (&) ¥ (g - n(@)))dg)] G(x,5)|ds
=Y

yi— Y5 Vi — 15

5 (ampsfn ] v

, max
sef

|
}dé)]’éﬁmswds

/ i0 max’yl yz’d§+/l<11 max{max’y — 15,

seJul sel
b

—{—b_aim X< max
2 b—ua a aI y yZ

I
]yl Y2

el v

i=0
(b—a)> 8
g e yz\ ~0 LR

b_aimax max‘
2 b—a el N yz

bo—0) ¥R

i=0

yi— Y5 G(x,s)|ds
nax|; Gx)

< (b_8a>2 [(b—Sa)z o 8 ggﬁj(l)yl y2)<2A +(b—a iKZ())

i=0
b—a 2 ! "
> mmax{malx‘y — 5|, ])y ]/2)}<§)Bi+(b—a)g)l<il>
b—a)?|(b—a) & — b—a &
SHm—yﬂB( 8)[( 8)§joﬁ+w—amm>+ 5 XX?Hwb—@mO
i=0 i=0
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! / b—a (b—a)z n _
Ty})(x) — (Tyh)(x — Ai+ (b —a)K;
(T () = (Tya) ()| < lyn = walls [ 2 g( +(b—a) 0)

o5 (b -, |

i=0

_|_

Based on the obtained estimates, we have

max |(Tyr) (x) — (Ty2) (x)|
< lly1 — w2l (b_8a>2 [(b;”)zg)(Aﬂr(b— ) i( K11>
max{ max|(Ty}) (x) ~ (Ty5) ()] max| (T3 ) () — (Ty3) ()|}
SHyl—yz”Bb;a[(b_ga)zi<fli+(b ) bfi( Kl)

i=0 i=0

xel

We multiply the first inequality by - = ) —8 - and the second one on ;=

=y | (Ty)(x) = (Twe) ()

n

i( &0+b_az<&+w—wﬁd,

i=0

< ly1 —yzl\B[

2
2 max{max\(f’m( ) — (Tyh) () ,max)<Tya><x> - <Ty§><x>\}

x€]j
i( K0+b;ai<&+@—wﬁd.

i=0

< ly1 —yzl\B[

Given the resulting inequalities, we get

max{ﬁ max|(Ty1) (x) — (Ty2) (x)],

xeJul

2 max{ max| (1) () — (1)),

xe]j

< ly1 — 2l [(b _8”)2 ii(:)(Ai + (b ) Z ( Kﬂ)

From the definition of the norm in the space B(] U I) we have:

| (Ty) () = (Ty2) ()|

B

(b—a)> & )

SHyl_yZHB[ 3 Z(Ai+(b )

i=0

7 LA 0ok |

The inequality (7) and the condition 3) imply that the operator T is a contraction in B(J U I)
and it has a single fixed point in this space [6], therefore the boundary value problem (1)—(2)
has a unique solution y(x) € B(J U I). The proof is complete. O
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Remark. An efficient algorithm for finding an approximate solution of the boundary value
problem (1)—(2) is the spline approximation method, using cubic splines with defect 2, which
is considered in the paper [4].
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AAsI AOCAIAXKEHHSI KpalloBUX 3apad AASL AMdpepeHIiaAbHIX PiBHSIHD i3 3alli3HEHHSIM 3aCTOCOBY-
JOThCSI METOAV CTUCAVIX BiAODpakeHb Ta TOIIOAOTIUHI METOAM AAST OAEPIKAHHSI AOCTaTHIX YMOB icHY-
BaHHSI pO3B’sI3Ky AMdpepeHIiaAbHVX PiBHSHBD 3i CTAAUM 3alli3HEHHSIM. Y AaHill pobOTi BUKOpUCTO-
BYIOTBCSI iAel METOAY CTMCAMIX BiAOOpakeHb AASI OAepKAHHs AOCTAaTHIX YMOB iCHYBaHHSI PO3B’SI3KY
AHIVHMX KpalfoBUX 3aAa4 AASI iHTeTpo-AvidpepeHIiaAbHMX PiBHSIHB i3 6araTbMa 3MiHHMMM 3aTli3He-
HHSIMIA

AOCAIAXEHO BAACTUBOCTI TAAAKOCTI pO3B’SI3KiB TaKMX PiBHSIHb Ta 3alIPOINOHOBAHO O3HAYEHHSI
PO3B’sI3Ky Kpariosoi 3apadi. [IpoanarizoBaHO BAACTMBOCTI 3MIiHHIIX 3aITi3HEeHb i 0OAepkaHO PYHKITIO-
HaABHUI POCTIp, B IKOMY KpalioBa 3aAa4a eKBiBaA€HTHA CTIeliaAbHOMY iHTerPaAbHOMY PiBHSIHHIO.
3HaliAeHO AeTrKi AAS TIPAKTMYHOI MepeBipKy AoCTaTHI KoedpillieHTHI yMOBYM Ha BUXiAHe PiBHSIHHS,
IIpY BUKOHAHHI SIKMX iCHY€ €AVHII PO3B’ 130K KpaiioBOi 3aAadi.

Kntouosi croea i ppasu: xpaviosi 3apadi, iHTerpo-AndpepeHiaAbHi piBHSIHHS, 3alli3HeHHSs, icCHyBa-
HHSI PO3B’SI3KY.



