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FAITHFUL GROUP ACTIONS AND SCHREIER GRAPHS

Each action of a finitely generated group on a set uniquely defines a labelled directed graph
called the Schreier graph of the action. Schreier graphs are used mainly as a tool to establish ge-
ometrical and dynamical properties of corresponding group actions. In particilar, they are widely
used in order to check amenability of different classed of groups. In the present paper Schreier
graphs are utilized to construct new examples of faithful actions of free products of groups. Using
Schreier graphs of group actions a sufficient condition for a group action to be faithful is presented.
This result is applied to finite automaton actions on spaces of words i.e. actions defined by finite
automata over finite alphabets. It is shown how to construct new faithful automaton presentations
of groups upon given such a presentation. As an example a new countable series of faithful finite
automaton presentations of free products of finite groups is constructed. The obtained results can
be regarded as another way to construct new faithful actions of groups as soon as at least one such
an action is provided.

Key words and phrases: group action, faithful action, Schreier graph, free product, automaton
permutation.
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INTRODUCTION

O. Shreier introduced in [8] graphs to represent cosets by finite index subgroups in free
groups. Such kind of graphs were later named after Schreier and they naturally arise in geo-
metric group theory. In particular they were used to produce exotic example of group actions
and to establish rare properties of graphs and groups [1,2,4].

In this paper we use Schreier graphs of group actions to give a sufficient condition for a
group action to be faithful. This approach gives an alternative way to construct faithful group
actions of free products compared to a well-known method based on ping-pong lemma (see
e.g. [5,7]). As an application we construct a new countable series of faithful finite automaton
presentations of free products of finite groups.

This result generalizes our previous construction from [3] and its proof explores the main
theorem from [6].

The paper is organized as follows. In the first section we recall the definition of Schreier
graphs and introduce Schreier embedding of group actions. Then we prove the main theorem,
which allows to built new faithful group actions upon given one.

In the second section we recall basic definitions about automaton permutations and define
a countable series of finite automaton actions of free products of finite groups. In the last
section we prove the result about Schreier embeddability of constructed actions and apply the
main theorem to obtain faithfulness of them.
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1 SCHREIER GRAPHS

Let G be a group with a finite generation set S, acting on a set M.

Definition 1. The Schreier graph T'(G,S, M) of the action of the group G on the set M is a
directed graph with the set of vertices M and the set of edges M x S, where for every m € M
and s € S there is an edge (m, s) from m to s(m) and this edge has a label s.

Definition 2. The Schreier graphs I'y and I'; of the group G with the generation set S acting
on the sets M and M, respectively are called isomorphic if they are isomorphic as oriented
edge-labeled graphs, i.e., there is a one-to-one function f : My — My such that for arbitrary
vertices v1,v; of the graph I'y there is an arrow from vy to v, with the label s € S if and only if
the graph I'; contains an arrow from f(v1) to f(v,) with the label s.

It immediately follows from the definition that for isomorphic Schreier graphs I'y and I’
there exists a path between two vertices v; and v, in I'y with the labels of the edges g1,...,gx
if and only if I'; contains a path between f(v1) and f(v;,) with the labels of the edges g1, . . ., gn-

It is possible to give a natural sufficient condition for the faithfulness of the group actioni
in terms of the Schreier graphs. Namely, let the group G act on the sets M; and M), that is, the
actions 11 and ¥, of the group G are given on these sets respectively.

Definition 3. The action  is Schreier-embedded into the action , if a group G has a genera-
tion set A such that each connected component of the Schreier graph of action y; of this group
with respect to the generation set A is isomorphic to some component of the Schreier graph of
the action 1 of this group with respect to the same generation set A.

We call actions 11, i Schreier-equivalent if ¢ is Schreier-embedded into ¢, and vice versa.
We have the following useful observation.

Theorem 1. Let; and y, be actions of a group G such that ; is Shreier-embedded into ;. If
the action 1, is faithful then the action , is faithful as well.

Proof. Let 11 and 4, be actions on sets M; and M, respectively. Denote by A a generating set
of G used to construct Schreier-embedding of the action ¢; in the action .

Assume that the action 1, is not faithful. Then there exists a non-identity element g of the
group G that fixes an arbitrary element of the set M. Then g = g1...g, forsome gy,...,9x €
A. So paths with the edges labeled g, . .., g» in the Schreier graph of the action 1, are cycles.

By the assumption of the theorem, the action ¢; of the group G is Schreier-embedded into
the action 1, of the same group. Therefore all paths with the labels g1, ..., g in the Schreier
graph of the action ¢; of the group G are cycles as well. This implies that the non-identity
element ¢ = g7 ...gy of the group G fixes arbitrary element from the set M;. This contradicts
with the faithfulness of the action ;. O

2 AUTOMATON ACTIONS OF FREE PRODUCTS

Let an alphabet be a finite set X, | X| > 1. A sequence x; ... x, of elements from the alphabet
is the word of length n. An empty word A has a length equal to zero. Denote by X" the set of
words of length n over the alphabet X. Consider X* and X“ — words of finite and infinite
length respectively. For arbitrary words u,v € X*[J X“ one can define the product of two
words v and u by concatenation uv € X* J X“.



204 FEDOROVA M.

Definition 4. An initial automaton is a tuple A = (X, Q, ¢, ¥, qo),
- where X is a finite input and output alphabet, |X| = n,
- Q is a nonempty set, the set of inner states of the automaton A,
- ¢ and ¢ are transition and output functions, acting from Q x X into Q and X, respectively,
- go € Q is an initial state.

In particular, a finite automaton is an automaton with a finite set of states: |Q| < co. An
automaton is called permutational if for each state of the automaton the restriction of the output
function in this state determines some permutation on the alphabet.

The transformation of the set X* of all finite words over the alphabet X defined by the
finite initial permutational automata form a group FGA(X) with respect to a superposition.
Elements of this group are called finite automaton permutations over the alphabet X.

Consider the group G generated by a finite set S of finite automaton permutations over the
alphabet X. It acts on the set X* of all finite words over the alphabet X.

The sets X", n > 1, are invariant under the action of G. Thus the sequence I';, of finite
Schreier graphs of the action of G over X", n > 1, naturally arise. We call these graphs the
Schreier graphs of the action of G on the levels.

Let Gy,...,Gs be s (s > 2) finite groups of orders py, ..., ps respectively. Without loss of
generality suppose 1 < p; < ... < ps and denote n = p;. Let us remind the construction
from [6] of an embedding of the free product Gp * ... * G into the group FGA(X) of finite
automaton permutations over the alphabet X = {xy,...,x,}.

For every i, 1 < i < s fix a regular action of the group G; on the first p; symbols of X and
fix remain letters. Denote the letter x; by 0 and the word 0...0 € X® of all words of length s
by 0. Consider subsets M;, 1 <i < s, in X°:

M;={x...x0...0:x € X,x # 0}.

1

Foreachi,1 <i <s, we define the set D; = |J M].le , where
j#i

M]-Gi = {wg:weMj,gE Gi},l Si,jSS, D; = {x_1hg:h€ Gj,gE Gz,h#e],]#z}

Let ¢1; be functions, which assign to each element ¢ € G; a map ¢1;(g) on the set X* of all
infinite words over the alphabet X. An infinite word w € X* can be divided into syllables of
arbitrary length k € IN:

w = wlk, 1wlk,2] ...
Forall g € G;, u € X* we construct v; = (¢1;(g))(u) as follows. Let v1[s,1] = u[s, 1], and for
allj > 2

. uls, )8, ifuls,i— 1] € D;

s = [ oS ifuls,j—1) € D o
uls, j| otherwise.

Hence we have constructed everywhere defined transformations of the set of infinite words

over X.
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In [6] it is proved that for each element ¢ € G; the transformation ¢;(g) is a finite automa-
ton permutation over the alphabet X and the function ¢4; is a monomorphism from the group
G; into the group of finite automaton permutations FGA(X). Denoted by G1(Gy,...,Gs) a
subgroup of FGA(X) generated by the images of these monomorphisms.

Theorem 2 ([6]). The group G1(G;, ..., Gs) splits into the free product as follows:
G1(Gy,...,Gs) = Gy *... % Gs.

We proceed to the construction of a class of actions in each of which the action (1) is
Schreier-embedded. We define a series of sets of functions ¢;,t > 1 on G;,1 < i < s. The
function @y, t > 1 assigns to each element g € G; a finite automaton transformations ¢;;(g) of
the set X* of all infinite words over X. For arbitrary ¢ € G;, u € X*, we define vy = (¢4;(g))(u)
as follows. For arbitrary 1 < j < t+1 we put v;s,j] = u]s,j], and forall j > t +1

5, (u[s,j])8, ifuls,j—t] € D;
vtls, j] =
e uls, j otherwise.

()

It is directly verified that for eacht > 1and 7,1 < i < s the function ¢;; is a homomorphism
on the group G;. Hence, for each t > 1 we obtain an action of the free product G; * ... * G by
finite state automaton permutations.

Let G¢(G;,...,G;s) be a subgroup of the group of finite automaton permutations over X
generated by ¢41(G1), ..., ¢1s(Gs),t > 1. Note that for t = 1 we obtain the action given by
A. Oliynyk in [6], and for t = 2 — by the author in [3].

3 PROPERTIES OF ACTIONS

The Schreier-embeddability of the constructed actions of a free product of finite number of
finite groups is proved by the next theorem.

Lemma 1. The action given by equation (1) is Schreier-embedded into each action of the series
given by equation (2).

Proof. To prove the statement of the lemma we will express the first action in terms of the
second one. We fix t > 1.
We will use representation of an infinite word w as a product of subwords of length s:

w = wls, 1|wls,2]w[s,3|....
Then we construct t infinite words as follows

wy = wls, Nwls, t + 1wls, 2t + 1] ...
w; = wls, ijw(s, t +i|ws,2t +1] ...
w = wls, tlwls, 2t|wl]s, 3t] . ..

In other terms, the representation of infinite word w; as a product of subwords of length s
consists of those subwords of length s of w which numbers have the form tk +i, k > 0.
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Let ¢4i(g), & € G, defined by (2), acts on infinite words w. Denote by v; the word obtained
as the result of this action. Denote by v;,;, 0 < i < t infinite words that are the results of
the action ¢1;(g) on w; respectively. Comparing the words v and vy ;, we have the following
equations for arbitrary k > 1:

vels, tk — 1] = v11]s, k],

ve[s, th — 2] = v15]s, k], (3)

vels, th —t + 1] = v14_1][s, k|.

Thus, in order to express a second action in terms of the first one, it is sufficient to de-
compose the word w, on which the second mapping acts, on the words w;, apply the first
transformation to them, and create a new word using equalities (3).

Consider arbitrary connected component of the Schreier graph of the first action. Then
tix arbitrary vertex of this component. This vertex correspond to some infinite word w;. Let
us prove that in the Schreier graph of the second action there is an isomorphic connected
component to the selected one. For that purpose we consider the infinite word w1, that for
all k > 1 satisfies the equalities

woo,1 [S, tk — 1] =00,

woo,1 [S, tk — k + 1] = 00,

woo,l [S, tk] = W1 [S, k]

Since 00 ¢ D;,1 < i <'s, the wy 1 blocks whose numbers are not divisible by ¢ will not be
changed under the action of the second map. And the blocks which numbers are divisible by
t will be changed in the same way as w; under the action of the first map. Thus, the connected
component of the Schreier graph of the second action which contains the vertex corresponding
to the word wy; will be isomorphic to the connected component of the Schreier graph of the
first-action which contains the vertex corresponding to the word w.

Consequently, for arbitrary connected component of the Schreier graph of the first action
one can find an isomorphic connected component of the Schreier graph of the second action.
That is, the first action is Schreier-embedded into the second one. O

Note that we leave as open a question about Schreier equivalence of these actions.
The main result now can be formulated as follows.

Theorem 3. Each action of series (2) is faithful.

Proof. Theorem 2 implies that the action (1) is a faithful action of the free product

G1*x...*Gs.
Theorem 1 implies that the action (1) is Schreier-embedded into each action of the series given
by equation (2). Hence by theorem 1 action (2) for all + > 2 is faithful as well. O

Then we obtain as a corollary the following result.
Corollary 1. For eacht > 1 the group G¢(Gy, ..., Gs) splits into the free product
Gp*...%Gs.
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®epoposa M. Touni 0ii epyn ma epagpu Illpaepa // KapnaTcbki MaTeM. my6a. — 2017. — T.9, Ne2. —C.
202-207.

Koxwna aist cKiHueHHO NOPOAKEHOI IPYI Ha MHOXKIHI OAHO3HAYHO BM3HAUae MOMideHMIt OpieH-
TOBaHVIA rpadp, sIKmii HasmBaeThest rpadpom Illpaepa i€l ail. T'padou lpaepa mepeBaxHO BUKOPH-
CTOBYIOTBCSI SIK iHCTPYMEHT AASI BCTAHOBAEHHST FeOMETPUYHIX 1 AVHAMIUHMX BAACTMBOCTEN BiATIO-
BiAHVIX TPYTIOBUX Aill. 30KpeMa, IX BOHM IIIMPOKO BXMBaHi AAS TTepeBipKy aMeHab6eABHOCTI pi3HOMa-
HITHMX KAaciB Tpym. B aaHiit crarTi rpadpm lpaepa BXWUTO AAsI TOO6YAOBY HOBMX MIPMKAAAIB TOUHMX
AlVf BiABHMX AODOYTKIB rpym. Buxopucrosyroun rpacu [llpaepa aii rpym HaBeA€HO AOCTATHIO YMOBY
TOTO, KOAM Aisl TPYIIM € TOUHOIO. Lleii pe3yAbTaT 3acTOCOBAHO AO CKiHU@HHO aBTOMAaTHMX Aili Ha ITPO-
cTOpax CAiB, TOOTO AO Ailf, BM3HAUEHNX CKiHUEHHNMMM aBTOMaTaMM HaA CKiHUeHHMMM aAdpaBiTaMut.
ITokasHo, sk 6yAyBaTy HOBi TOUHI aBTOMATHI 300pa’keHHsI TPYII 3a YMOBM iCHYBaHHSI TaKOTO 306pa-
XeHHsI. SIK IpuKAaa, TO6yAOBaHO HOBY 3AiUeHHY cepilo TOUHMX CKiHUeHHO aBTOMATHMX 306pakeHb
BiABHIIX AOOYTKIB cKiHueHHMX IpyI. OTpyMaHi pe3yAbTaTi MOXHA PO3TASIAATH, SIK IIIe OAMH CIIOCiO

Kntouoei cnosa i ppasu: Aist rpymm, Tousa aist, rpad Illpaepa, BiabHMIT AOGYTOK, aBTOMATHa ITiA-
CTaHOBKa.



